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INSTRUCTIONS
1 This paper contains SIX(6) questions and comprises SIX(6) pages of questions and

FIVE(S) pages of appendix.

2 Answer ALL questions.

3 This is a Closed-book examination.

4 The number of marks allocated is shown at the end of each question.

5 Begin your answer to each question on a separate page of the answer book.
6 Answers will be graded for content and appropriate presentation.

Note: Exam Questions begin on Page 2
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Question 1

You are an investment manager looking after the pension fund for Company A’s employees. The
pension fund is liable to pay a fixed annual income to each retired employee until death of the
employee. The level of fixed annual income of each employee varies and depends on the
employee’s pre-retirement salary and number of years’ service at the company. Company A has
reserved $20 billion’s asset to meet this pension liability.

(a)

(b)

©

(d

Write down one example of diversifiable risk faced by Company A’s pension fund. Explain

how you can effectively manage the risk.
(3 marks)

Write down two examples of systematic risk faced by Company A’ pension fund. Explain

how you can effectively manage each of these two risks.
(6 marks)

You are provided with the following term structure of spot rates of the government bond.
The spot rates are per annum effective rates. Calculate the arbitrage-free forward rates that
are missing in the below table. Show your working process.

Term (t) Spot Rate (1) Forward Rate (£ ")
1 2.0% 2.0%
2 3.0% ?
3 3.5% ?

(Hint: Forward rate £ denotes the annual effective interest rate that is agreed upon today

to be applicable between t — 1 and t.)
(5 marks)

You are told that the pension fund needs to grow at a minimum rate of 5% p.a., in order to
meet the liability of paying future retirement benefits. You decide to invest 50% of the
pension fund asset into the government bond (assuming risk free with return as per in (c))
and the remaining into an equity fund.

The equity fund’s annual return follows a Normal distribution with mean of 10% and
standard deviation of 20%. The employees at Company are relatively young and there will
be no retirement income payments in the next year.

i) Calculate the 95% Value-at-Risk of next year’s percentage investment return.

(4 marks)

ii) Calculate the shortfall probability of not meeting the minimum growth rate.
(4 marks)

(TOTAL: 22 marks)
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Question 2
(a) Briefly describe the three stages in the workflow of data projects.

(6 marks)
(b) Briefly describe the five steps in a typical data analysis cycle.

(5 marks)

(TOTAL: 11 marks)

Question 3

You want to explore the relationship between a car’s CO; emission and its features, including three
variables: engine size, number of cylinders, and year of production.

(a) Set up a multiple linear regression model. Define each term and notation in the regression.

(5 marks)

(b) After running the multiple linear regression on 500 cars, you have obtained the following
summary of errors:

e Total sum of squared errors is equal to 7,253;
e Regression sum of squared errors is equal to 4,799.

Calculate R? and Adjusted R? of this regression model.
(4 marks)

(c) Your manager suggests that you should include the interaction term of engine size and
number of cylinders. You decide to perform a model selection based on AIC. You have
obtained the following summary of errors for your manager’s suggested model:

e Total sum of squared errors is equal to 7,253;
e Regression sum of squared errors is equal to 5,425.

Calculate AIC of the two models (the model in (b) and the model suggested by your
manager). Propose which model should be used.
(5 marks)

(d) Propose a machine learning model that can help you explore more flexible patterns and
interactions of these three explanatory variables. Explain why you propose this model.

(4 marks)

(TOTAL: 18 marks)
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Question 4

You are a credit risk analyst at Bank ABC. You are provided with a dataset of 1,000 customers’
credit and financial information. You decide to perform a binary regression model of the following:

Pr(Y; = 1|Xi1, . Xip) = Hu+ arXig + X5 + -+ a,Xi 5 + €),

where Y; is the binary response variable, i.e. whether the i*® customer defaults or not (1 denotes
default, and 0 denotes not default); {X;, X5, ..., X, } are the p predictors (such as income, savings,

debt); e; is the error term; and H(z) is a pre-defined function.

(a)

(b)

©

Explain the characteristics of function H(z) for a binary regression model.
(2 marks)

You decide to use a Probit regression model and include three predictors in the Probit
regression model: Income, Savings, and Debt amount. The outcome of estimating the
Probit regression model is shown below. Interpret the results in terms of the impact of each
predictor and whether they are significant.

call:
gim(formula = DEFAULT ~ INCOME + SAVINGS + DEBT, family = binomial(link = "probit™),
data = Credit_data)

Deviance Residuals:
Min 1g Median 3Q Max
-1.7108 -0.8227 -0.7451 1.3612 2.2408

Coefficients:
Estimate std. Error z value Pr(>|z])

{Intercept) -5.606e-01 6.382e-02 -8.783 < 2e-16 ***

INCOME -2.222e-06 7.038e-07 -3.158 0.00159 #**

SAVINGS -1.433e-07 1.309%e-07 -1.094 0.27380

DEBT 3.844e-07 7.240e-08 5.310 1.1e-07 ¥¥**

signif. codes: © **¥*’ 0,001 ‘**’ 0.01 ¥’ 0.05 ‘." 0.1 * ' 1

(Dispersion parameter for binomial family taken to be 1)

Null deviance: 1193.4 on 999 degrees of freedom
Residual deviance: 1162.3 on 996 degrees of freedom
AIC: 1170.3

(6 marks)

Using the estimated coefficients of the Probit regression model in (b), predict the default
probability of a customer who has an income of $100,000, savings of $300,000, and a debt
of $800,000.

(6 marks)

(TOTAL: 14 marks)
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Question 5
You are investigating the distribution of monthly inflation rate in Singapore. You decide to use an
ARIMA(p,d,q) model.
(a) Set up an ARIMA(p,d,q) model. Define all notation in your model.

(4 marks)
(b)  Briefly describe how you will use the Box-Jenkins Methodology to fit the ARIMA(p,d,q)

model.

(6 marks)

(c) After diagnostic checks and model selections, you find the optimal model is of the

following MA(1) model on differenced monthly inflation rate:
Xe=p+e +Peq

where {X}:s0 is the differenced sequence of inflation rate, and {e;};»o is a white noise
process with mean 0 and standard deviation of o.

i) Prove that X; meets the weak stationary conditions.
(5 marks)

ii) The estimated coefficient of the MA(1) model is § = —0.8. Calculate the auto-
correlation of this MA(1) model.
(3 marks)

iii) Below shows the ACF and PACF of X;. Comment on whether MA(1) is an appropriate

model for X;.
(3 marks)

ACF of X, PACF of X;

A 0.1

05 -04 -03 -02 -04 00

05 -04 -03 -02 -01 00 041

1

(TOTAL: 21 marks)
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Question 6

You are a risk analyst at a derivative investment fund. You are asked to develop a pricing model
for an exotic option, whose payoffs are determined by the average price of the underlying stock
over the past 12 montbhs, i.e. the option’s payoff at the end of term (12 months) is:

Yy +Yp - tY:
max {0, EEE - K}

where Y; denotes the underlying stock’s price at the end of month t, and K = 150 denotes the
pre-determined strike price of the option.

After analyzing the historical data of monthly stock price, you find that the underlying stock’s
monthly price returns follow an AR(1) process, i.e.

Xe=p+alXiq—p)t+e
where X; = In(Y;) — In(Y;_,) denotes the underlying stock’s price return in month ¢, and e,
denotes a white noise process with mean 0 and standard deviation of . You are also given the

current stock price is Y, = $100, and the latest period’s return is X, = 4%.

The estimated parameters are shown below:

A A A

Parameter a Qa 4
Estimate 0.5994 0.0497 0.0802

The risk adjusted discount rate is 3% p.a. You want to use the Monte-Carlo simulation method to
estimate the price of this exotic option.

(@ Set out an algorithm for generating simulated monthly prices of the underlying stock, using
the inverse transform method. Clearly indicate the steps taking for the generating process.

(6 marks)

(b) Suppose you have generated simulated monthly price paths of the underlying stock in (a).
Set out an algorithm for estimating the expected discounted payoff of this exotic option.
(5 marks)

(c) Suppose in Question (b) you have simulated 10,000 stock price paths. Using these
simulations, you have estimated that the expected discounted payoff of the exotic option is
$24.51; and that the estimated sample variance of discounted payoff is 2,178. Construct a
95% confidence interval estimate of this exotic option’s expected discounted payoff.

(3 marks)

(TOTAL: 14 marks)
— END OF PAPER -
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Appendix: BR2211 Formulae and Tables

SAMPLE MEAN AND VARIANCE

The random sample (x7.x5....,%,) has the following sample
moments:
1 n
Sample mean: X==)7%;
n
i=1
, . 3 1 &3 2 1
Sample variance: 5~ =—— 3 X7 —nX
n-1 i=l J

LINEAR REGRESSION MODEL WITH NORMAL ERRORS

Model
¥~ N(o+fx;,0%), i=12,...n

Intermediate calculations

n "
S = 2, (5 =07 = a7 —nx’
i=1

i=1
d 2 < 3 2
Sp =2 =2y -0y
i=l i=l
n r
Sy = 2,0 =)W - F)= Y %) — Xy
=1 i=1

Sum of squares relationship

Y- =Y -3+ Y-
i=1 i=1

i=]1

Note: APPENDIX continues on page 8

BR2211
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APPENDIX (continued)
ANALYSIS OF VARIANCE
Single factor normal model
B~ N@+1.07), i=12...k, j=12....n
k k
where 7= n,. with » n1,=0
i=1 i=l

Intermediate calculations (sums of squares)

ko . & 5 1’2
Total: SSTzZZU:g_?_)-:ZZ},ﬁ_ﬂ
i=lj=1 i=1 j=1 n
k E 22
Between treatments: SSg =Y m(¥, -F.) =Y ==~ )=
i=1 =1 R
Residual: 58p=55r - 8535
Variance estimate
.2 _ SSg
° T n-k

where n is sample size, and k is the number of parameters in the model.

Goodness of fit
SSk
R?2=1-—
SSr
Adjusted R? = 1 Mk
juste = s,

AIC & BIC FOR LINEAR REGRESSION MODELS

AIC = nIn(6%) + 2(1 4+ p)
BIC = nIn(62) + In(n) (1 + p)

where 62 is the estimated variance of residuals, p is the number of predictor
variables in the model, and n is sample size.

Note: APPENDIX continues on page 9
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APPENDIX (continued)

Probabilities for the Standard Normal distvibution

The distnbution function is denoted by @ (x), and the probability density function is denoted

by ¢(x).

‘ * 1 x prE
®(x)= j@q:(r)arrm_ﬂ__n_j gy

“
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0.65542
0.55910
0.66276
0.65540
0.§7003

0.67364
0.67724
0.63082
0.68439
0.68793

0.69146
0.69497
0.69847
0.70194
0.70540
0.70384

0.77337
0.77837
0.77935
0.78230
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0.78814

Note: APPENDIX continues on page 10

@(x)

0.91140
0.91300
0.81486
091621
091774

% pgose
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0.55352
0.85H90

0.26026
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0.57062

0.97128
0.57193
0.57257
0.87320
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APPENDIX (continued)

Probabilities for the Standard Normal distribution

x o) x o x @x) x ox) x o) x Oix)
200 057725 240 050180 280 05974 320 0050031 360 090084 400 000007
101 057778 241 055202 281 059752 321 099934 361 099985 401 000907
20 057831 24 0959224 18 0959760 3.2 000036 362 (00085 402 000907
103 097882 243 0959245 283 089767 323 009938 363 009986 4.03 099997
204 097932 244 090266 284 080774 334 000040 364 000986 404 099997
205 09708 245 000286 285 000781 325 00004 365 009987 405 0.50997
206 0980530 246 0059305 286 000788 326 000044 366 090087 406 000908
207 058077 247 059324 287 059705 327 000046 367 000088 407 000008
208 053124 248 059343 188 099801 3.28 00048 368 090088 408 (.0090%
208 058160 2490 050361 280 0090807 329 000050 360 000089 409 000903
210 058214 250 020379 200 000813 330 000052 370 000989 410 099998
111 098257 251 099306 291 090819 331 009933 371 0099990 411 0§99998
112 058300 252 0959413 2902 (90825 332 (009935 372 (0.99990 41} (.99993
213 008341 253 050430 203 000831 333 (000057 373 0090000 413 (0.00998
214 0D3382 X554 050440 204 000836 334 000058 374 000001 414 000003
115 053422 255 050461 2105 (009841 335 0099960 375 000001 415 0.00098
216 088461 258 050477 296 000846 336 000061 376 000002 416 000998
217 058500 257 050492 207 000851 337 009962 377 009992 417 0.59998
218 0958537 258 0959506 298 (000856 338 000964 378 009992 418 099999
219 058574 259 059520 200 (000861 2339 099963 3.79 (0.99902 419 099999
230 058610 260 059534 300 0090865 340 000066 380 000005 420 0.00000
231 058645 261 059547 301 0099869 341 000068 381 0000035 421 (00000
212 0%8679 24r 0590560 3.0 0099874 342 0099960 382 000003 4122 (00999
223 058713 243 0959573 303 009878 343 009970 383 009994 423 0.00099
224 088745 264 090385 304 000882 344 000671 384 009994 424 0.09999
215 008778 265 0900308 305 000886 345 000072 385 0.099904 425 (.00999
226 088809 266 000609 3.06 000880 346 000973 386 000994 426 0.00999
217 058840 267 059621 307 0050803 347 000074 387 000005 427 0.00090
2118 058870 268 0959632 308 000806 348 000075 388 000905 4285 (00099
210 (G3800 649 090643 300 000000 340 000076 389 000905 429 (.0099%
230 028928 270 099633 310 099003 350 0099977 300 009995 430 0.99999
231 0980356 271 000664 311 000906 351 009978 391 (099995 431 ({99999
23} 098983 272 0099674 312 0090010 352 0099978 302 (00000§ 432 (.00099
233 059010 273 099683 313 0099913 353 (0099979 303 00090 433 (0.09999
234 059036 274 0059603 314 0059016 354 0050080 304 000005 434 009990
235 050061 275 0090702 315 000018 355 O000B1 305 00090 435 (.00000
236 050086 276 0099711 316 0099921 356 0099981 306 0099994 436 0.99999
237 089111 277 099720 317 099924 .57 0.09982 3097 (99995 437 099999
238 080134 278 009728 218 000026 358 (.00083 2308 0.00997 433 009999
230 090158 279 (000736 319 000030 350 (00083 309 Q00007 439 (.00000
240 050180 2380 059744 330 009931 360 000084 400 090997 440 (00099

Note: APPENDIX continues on page 11

10
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Percentage Points for the Standard Normal distribution

The table gives percentage points x defined by the equation

P=

o

X

0.0000
0.1257
0.2533
0.3853
05244

0.6743
0.8415
1.0364
1.2816
1.6440

n’l'-t:!
g = dt

P

5.0%%
4.8%
4.06%
44%
420

4.0%
35%
3.6%
3A4%
32%

X

1.6449
1.6646
1.6849
1.7060
1.7279

1.7507
1.7744
1.7991
1.8350
1.8532

P

3.0%
19%
18%
1 7%
1.6%

1504
24%
138
12%
11%

X

1.8808
1.8957
19110
1.9288
1.9451

1.9600
1.9774
1.9954
10141
20335

P

1.0%
19%
15%
17%
16%

15%
14%
13%
12%
11%

X

P

1.0%
09%
0.3%
0.7%
0.6%

0.5%
0.4%
0.3%

&
&

1%

— END OF APPENDIX -
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0 x

X P

3263 0.10%0
3656 0.09%
4089 0.08%
4375 0.07T%%
5121 1.06%
5758 005%
6521 W01%0
747 0.005%
8782 0.001%
080 0.0005%

X

3.0002
3.1214
3.1559
3.1947
3.2389

3.2905
3.7190
3.8906
42649
44172
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Please read the following instructions carefully:

1. Please do not turn over the question paper
until you are told to do so. Disciplinary action
may be taken against you if you do so.

2. You are not allowed to leave the examination hall unless
accompanied by an invigilator. You may raise your hand if
you need to communicate with the invigilator.

3. Please write your Matriculation Number on the front of the
answer book.

4. Please indicate clearly in the answer book (at the
appropriate place) if you are continuing the answer to a
question elsewhere in the book.





