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Overview

This tutorial covers:

e Pareto efficiency in a one-good exchange setting;

utilitarian allocations and the role of marginal utility;

e quasi-linear utility with balanced monetary transfers;

the relationship between Pareto efficiency and transferable utility;

the connection between utilitarian allocations and Pareto efficient policies.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1: One-Good Economy with and without Mon-
etary Transfers

Problem

e Consider the following two-consumer economy with one good X.

The total endowment of good X in the economy to be allocated between consumers A
and B is 100.

Consumer A has utility from the good:

U4 = X4,

Consumer B has utility from the good:

UB =+vXB.

Suppose that we do not allow for monetary transfers.

(a) What allocation of good X is Pareto efficient?
(b) What allocation of good X is utilitarian?

Suppose that we now allow for monetary transfers ¢t4,¢% and that each of them has
utility which is quasi-linear in monetary transfers:

Vi=U +t.

A policy is an allocation of good X together with some balanced monetary transfers
(t4,t7) where
th +tP = 0.

(c) Consider the set of Pareto efficient policies. Discuss how the allocation of good
X in such policies compares to that in part (a).

(d) Give two examples of Pareto efficient policies.
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Solution

Method 1: Direct feasibility and total-welfare method

(a)

Let consumer A receive X4 = z. Then feasibility implies that consumer B receives

XP =100 — =, 0 <z < 100.
Consumer A’s utility is
Ut =z,
and consumer B’s utility is
UB =100 — z.
We now determine which allocations are Pareto efficient when transfers are not allowed.

Suppose (z, 100 — z) is a feasible allocation. If another feasible allocation (2,100 — ')
makes A weakly better off, then
T > .

If it also makes B weakly better off, then
V100 — 2/ > V100 — =
Since the square-root function is increasing, this implies
100 — 2’ > 100 — =z,

SO

Hence we must have

Therefore no feasible reallocation can make one consumer strictly better off without
making the other worse off. It follows that every feasible allocation is Pareto efficient.

So the set of Pareto efficient allocations is

(XA XP): X4+ XP =100, X* >0, X5 >0}

A utilitarian allocation maximises the sum of utilities:

W(z)=U"+UP=2+/100—2, 0<2<100.

Differentiate:
W) =1 —
2y/100 — z
Setting W’ (z) = 0 gives
1= —1 - 100 —z = 1
24/100 — 2
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Therefore 1
100 —z = -
T=7
i 1 399
=100 — - = —.
* 14
Hence 299 ]
X4 =" XP=-
47 4
To check that this is indeed a maximum, note that
" 1
W"(z) = — 0

—_— <
4(100 — )3/

for all z € [0,100). So W is strictly concave, and the critical point is the unique
maximiser.

Thus the utilitarian allocation is

399 1
X4 XB) === 2.
cenx) = (5F)

Now suppose transfers are allowed and utilities become

VA= X4 44 VB =VXB 48, "+ 18 =0.
Let A receive X =z, so X = 100 — x. For any policy (z,t*,t?), the sum of utilities

is
VAL VE =2 +t4 4+ V100 — 2 4+ t8 = 2 + V100 — z,
because balanced transfers satisfy t4 + t% = 0.

Therefore transfers do not change total welfare; they only redistribute it. So the
relevant total-welfare function is still

W(x) =2+ 100 — z.
From part (b), this is uniquely maximised at

399
CC* = XB* —

1
1 .

We now show that the Pareto efficient policies are exactly those with this allocation of
the good.

First, suppose x # x*. Then

Since utilities are quasi-linear in transfers, any pair of utilities summing to W (z*) can
be achieved by choosing suitable balanced transfers at the allocation z*. In particular,

5
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one can choose transfers so that both consumers receive strictly more utility than under
the policy based on x. Hence any policy with x # x* is not Pareto efficient.

Conversely, suppose the allocation of the good is
399 1
X4 XP) = (=52 ).
( ? ) ( 4 ’4)

If another policy made both consumers weakly better off and one strictly better off,
then summing the two utility inequalities would imply a strictly larger total utility

than 209
W(T) ’

contradicting the fact that this is the maximum possible total welfare.

Therefore the set of Pareto efficient policies is exactly

Comparing with part (a):
e without transfers, every feasible allocation of the good is Pareto efficient;

e with balanced transfers and quasi-linear utility, only the utilitarian allocation of the
good remains Pareto efficient.

Since any balanced transfer pair works once the allocation of the good is

399 1
4 74)°

two examples of Pareto efficient policies are:

(X4 XP 44 ¢P) = (?,i,o,o)

and

399 1
(X4, XP 4 P) = (T’ Z,—10, 10) .

In the first policy, utilities are

399 1
VA= VB = _.
4’ 2
In the second policy, utilities are
399 359 1 21
yA= 2 10 =2 VB=-4+10="=.
4 4’ 2 + 2

Both policies are Pareto efficient because they use the utilitarian allocation of the good
and only differ by a balanced redistribution.
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Method 2: Utility-possibility frontier method

(a)

Without transfers, the feasible set of utility pairs is

{(uA,uB) cut =z, WP =V100— 2, 0 <z < 100}.

A:

Equivalently, since u x,

uP =+/100 — uA, 0 < u? < 100.

This is a downward-sloping frontier in (u”,u?)-space. Moving to the right increases

A’s utility and necessarily decreases B’s utility. So every feasible point already lies on
the Pareto frontier.

Hence every feasible allocation of the good is Pareto efficient:

(XA XP): X4+ XP =100, X* >0, X5 >0}

A utilitarian allocation maximises
u? + uP =x+v100 — x.

So we again solve

max z+ v100 — x.

0<2<100

The first-order condition is ]

l———— =0,
2/100 — z

which gives

100 1
—r=—.
4
Therefore 399 .
XA =" XB =,
4’ 4

So the utilitarian allocation is

399 1

(X4, XP) :( T ,4).
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(c)

With balanced monetary transfers, each fixed allocation = of the good generates utilities
VA =+ t4, VB =100 — z + 7, tA+t8 =0.
Hence the total utility at allocation x is
VAL VE =2 4+V100 — 2 = W(2).
For a fixed z, transfers let us move along the line
VAL VE = W(x)
in utility space. So allowing transfers enlarges the feasible utility set from a curve to

the union of all these 45°-direction redistribution lines.

The Pareto frontier of this larger utility set is obtained by choosing the allocation z
that makes the sum V4 + VB as large as possible. Since

W(z) =2+ 100 —z

is uniquely maximised at

*

399
= —

4 )
the Pareto efficient policies must all use the allocation

(X4 XP) = (@1) .
44

Thus, compared with part (a), the set of Pareto efficient allocations of the good becomes
much smaller:

e in part (a), every feasible allocation of the good is Pareto efficient;

e with transfers, only the utilitarian allocation of the good is consistent with Pareto
efficiency.

Two examples of Pareto efficient policies are:

(XA, XP ¢4 17) = (%,i,o,o)

and

(X4 XP 4 P) = (%,%,5, —5) .

Both policies lie on the same maximal-total-utility line

399 1 401
A p_°2Js 1 2UL
Va4V —4+2 1

and so both are Pareto efficient.
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Marking scheme (20 marks)
(a) (4 marks) Pareto efficient allocation without transfers

e 1 mark: Correct feasibility condition X4 4+ X7 = 100.

e 2 marks: Correct argument that any increase in one consumer’s allocation must
reduce the other’s allocation, and since both utilities are increasing, no feasible
reallocation can make one strictly better off without hurting the other.

e 1 mark: Correct conclusion that every feasible allocation is Pareto efficient.

(b) (4 marks) Utilitarian allocation without transfers

e 1 mark: Correct utilitarian objective W (X4) = X4 + /100 — X 4.
e 1 mark: Correct first-order condition.

e 1 mark: Correct solution X4 = 3% X5 — 1.

e 1 mark: Correct conclusion that this is the utilitarian allocation, with a valid
maximum check or equivalent justification.

(c¢) (8 marks) Pareto efficient policies with balanced transfers

e 2 marks: Correct observation that transfers cancel in aggregate, so total utility is
still X4 + v XB.

e 2 marks: Correct conclusion that Pareto efficient policies must maximise total
utility and hence use the utilitarian allocation of the good.

e 2 marks: Correct comparison with part (a): without transfers all feasible alloca-
tions are Pareto efficient, whereas with transfers only the utilitarian allocation of
the good remains Pareto efficient.

e 2 marks: Clear and logically complete explanation of why non-utilitarian allo-
cations are not Pareto efficient once transfers are available, or why utilitarian
allocations are Pareto efficient.

(d) (4 marks) Examples of Pareto efficient policies

399 1

e 2 marks: One correct example with allocation (T> Z) and balanced transfers.

e 2 marks: A second correct example with the same allocation of the good and a
different balanced transfer pair.
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Question 2: Utilitarian Allocations and Pareto Efficient
Policies

Problem

e Prove that if an allocation A is utilitarian, then policy (A, t) is Pareto efficient for some
transfer ¢.

10
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Solution

Method 1: Direct contradiction using zero transfers

e Let there be n consumers. For any allocation A, let consumer ¢’s utility from the
allocation of goods be U;(A). Suppose monetary transfers are allowed and utilities are
quasi-linear:

Transfers are balanced, so
n
> ti=0.
i=1

Assume that A is utilitarian. That means

n

>_Ui(4) = 3 Ui(B)

i=1
for every feasible allocation B.

We claim that the policy (A, 0), that is, the allocation A together with zero transfers
for every consumer, is Pareto efficient.

Suppose not. Then there exists another feasible policy (B, s), with balanced transfers

n
E S; = O,
i=1

such that
UZ(B) +s; Z U1<A) +0 for all ’i,

and for at least one consumer 7,
UJ(B) + S > UJ(A)

Summing these inequalities over all consumers gives

n

=1

Since transfers are balanced,
n

ZSZ‘:O,

=1

SO
n

Z Ui(B) > > _Ui(A).

i=1
But this contradicts the assumption that A is utilitarian.

Therefore no feasible policy can Pareto dominate (A, 0). Hence (A4, 0) is Pareto efficient.

So there exists a transfer vector ¢—namely ¢ = 0—such that (A, ) is Pareto efficient.

11
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Method 2: Stronger result using arbitrary balanced transfers

e We prove a stronger statement: if A is utilitarian, then (A,t) is Pareto efficient for
every balanced transfer vector t.

Let A be utilitarian, so that for every feasible allocation B,
Z Ui(A) > Z Ui(B).
i=1 i=1

Fix any balanced transfer vector t = (¢1,...,t,) such that

=1

Consider the policy (A, 1).

Suppose (A, t) were not Pareto efficient. Then there would exist another feasible policy

(B, s), with
i=1
such that

and for at least one consumer 7,

UJ(B) + S > U](A) + tj.

Summing across all consumers,

n n

Zn: Ui(B) + zn:si > Ui(A) + )t

i=1 =1 i=1

Using balanced transfers on both sides,

i S; — itl = O,
=1 =1

we obtain . .
S U(B) > Y U(A),
i=1 i=1

which contradicts the utilitarianity of A.

Hence (A, t) is Pareto efficient for every balanced transfer vector ¢. In particular, there
certainly exists some transfer ¢ such that (A,t) is Pareto efficient.

This proves the claim.

12
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Marking scheme (10 marks)

e 2 marks: Correct statement of utilitarianity, namely that A maximises the sum of
utilities over feasible allocations.

2 marks: Correct choice of a transfer vector, for example t = 0, or a correct statement
that any balanced transfer vector may be used.

3 marks: Correct contradiction setup using a hypothetical Pareto-improving policy

(B, s).

2 marks: Correct summation of inequalities together with the balanced-transfer con-

dition to deduce
> Ui(B) > ) Ui(A).

1 mark: Correct final contradiction and conclusion that (A,t) is Pareto efficient for
some transfer ¢.

13
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