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Overview

This tutorial covers:

e competitive equilibrium in pure exchange economies;

e Edgeworth boxes, contract curves, and Pareto efficiency;

e supporting prices and how endowments affect equilibrium allocations;

e exchange with Cobb—Douglas, perfect substitutes, and perfect complements preferences;
e envy-free allocations and the distinction between efficiency and fairness;

e welfare arguments linking competitive equilibrium, redistribution, and the First Welfare
Theorem.
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paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1: Alice and Bob in an Exchange Economy

Consider an Edgeworth box with 2 goods, apples and oranges. There are two consumers
Alice and Bob. Alice has an endowment of 10 oranges while Bob has an endowment of 10
apples (*). Both Alice and Bob have Cobb-Douglas Utility U(A4,O) = A%**0°°.

Problem
(a) For prices Py and Py, derive the demands of Alice and Bob.

(b) Given the above demands which are a function of prices, write out the condition for
market clearing (demand in each market=supply in each market).

(c) Show that the competitive equilibrium allocation in this exchange economy is where
Alice and Bob have 5 oranges and 5 apples each. Illustrate the competitive equilibrium
in an Edgeworth Box, showing how it is pareto efficient.

(d) Show that the allocation of 9 oranges and 9 apples to Alice and 1 orange and 1 apple
to Bob is also pareto efficient. (Hint: try drawing the indifference curves through the
point).

(e) Give two examples of a redistribution of the original endowment (*) which will result
in the same pareto efficient outcome in a competitive equilibrium.
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Solution

Method 1: Marshallian demand and market-clearing
(a) Alice initially owns 10 oranges and no apples, so the value of her endowment is
ma = 10P,.
Bob initially owns 10 apples and no oranges, so the value of his endowment is

mp = 1OPA

Since both have
U(A,0) = AYV20Y2,

this is a Cobb-Douglas utility with equal exponents. Hence each consumer spends
one-half of income on each good.

Alice.

Her demand for apples is

1 1
PAAA = §mA == 5(10P0) = 5P0,

SO £ p
Ag=22,

A=,

Her demand for oranges is
1
PoOy = g™ma = 5P,

SO

Oy =5.
Bob.

His demand for apples is

1 1
PAAB = §mB = 5(10PA) = 5PA,

SO

His demand for oranges is

SO

5Py
Op = —.
B 7
Therefore the individual demands are
5Py 5P,
Ar=—= 04=5 Ap =5 Op=—.
A Py A , B , B 7

(b) Total supply of apples is 10 and total supply of oranges is 10.

4
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Apple market clearing.

Ajq+ A =10.
Substituting the demands from part (a),
5Po
— + 5 =10.
Py +

Hence P P
(6] (o)
z, 7,

Orange market clearing.

04+ Op = 10.

Thus p
5424 10
+ o ,

which also gives

Therefore the market-clearing condition is

At a competitive equilibrium we must have

Po = Py.
Substituting this into the demands:
5P
Ap=——=5 Os=5
A PA ) A )
and 5p
Ap=5 Op=—=-2=5
B ; B 7

Hence the competitive equilibrium allocation is

(AA7OA) = (5a5)a (AB>OB) = (5v5)

The price vector is only determined up to scale, so one normalisation is

|Py=Po=1]

This allocation is Pareto efficient because both consumers’ indifference curves are tan-
gent there. Indeed, for utility U(A, Q) = AY20'/2,

1 A-1/20)1/2
MRS = MUa _ 2 _9
MUy — LAV20-12 A

5
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At (5,5), each consumer has

MRSzgzl,

so their indifference curves have the same slope.

A correct Edgeworth box is shown below.

e Bob
9 9y
08
X
¢
8 ST
= S
= &
3
2 (5,5)
()]
o0
&
&
@) «O,} :
C
e,
e
Alice

Apples for Alice

(d) At the allocation

(AA’OA) N (979)7 (AB7OB)

Alice’s marginal rate of substitution is

- (17 ]')7

Since the MRS values are equal, their indifference curves are tangent at that allocation.

Therefore there is no local Pareto improvement.

Equivalently, the allocation lies on the diagonal

O4 = Ay,

which is the interior contract curve for this economy. Hence it is Pareto efficient.

Therefore

(9,9) for Alice and (1,1) for Bob is Pareto efficient.
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(e) At the competitive equilibrium from part (c), prices satisfy
Py = Pp.
The supporting price line through (5, 5) is therefore
PyAjs+ PoOy4 = 10P — Ax+ 0Oy =10.

Any redistribution of the original endowment that lies on this line yields the same
competitive equilibrium allocation (5,5) after trading, because the equilibrium prices
are unchanged and the equilibrium bundle remains on the same supporting budget
line.

Two examples are:

(AA,OA) = (7, 3) and (AA,OA) = (3,7).

In each case, Bob receives the remaining bundle:
(Ap,0p) = (3,7) or (7,3),

respectively.
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Method 2: Lagrangian derivation and contract-curve argument

(a) We derive each consumer’s demand from first principles.
Alice.

Alice solves

max 14114/20114/2 subject to PsAs+ PoO4 = 10F,.
AA,04>0

The Lagrangian is
L= AP0 + N10Py — PyAy — PoO,).

The first-order conditions are

oL 1 _y2,1)2
——— = —A,7°0) = A\P4=0
A, 274 A A7
oL 1 12 -1/
80, 27474 R
Dividing the first equation by the second gives
Oa_ 1
Ay  Po
Rearranging,
PooA = PAAA.

Substitute into the budget constraint:

PyAs+ PyAy =10y,

SO
5P,
QPAAA:H)PO — AA:—O
Py
Then P
Op=-"2A,=
A 7 A
Bob.
Bob solves

max A}B/QO}B/Z subject to PsAp + PoOp = 10P,.
Ap,05>0

By the same steps,
P,Ag = PyOg.

Substituting into the budget gives

2PAAB = 10Py4 — AB =35,
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and then P 5 p
Op=-2A,="24
B 7 B 7
Hence
5FPo 5P,
Ap=——, O 5 Ap =5 Op=-—=
A PA 5 A 3 B 5 B PO

(b) Market clearing requires
Ajx+ Ag =10, O4+ Op = 10.

Substituting the demand functions:

5P,
“945=10 =  Py=Py,
Py
and likewise 5 p
5+—-2=10 =  Pp=Py.
Po

Therefore

(c) The contract curve in the interior of the Edgeworth box is obtained by equating

marginal rates of substitution:
Ox  Op

Ay Ag
Feasibility implies
Ap =10— Ay, Op =10—0a4.

Therefore
O4 10— Oy

Ay 10— Ay

Cross-multiplying,
OA(10 — Ag) = Aa(10 — Ogp).

Expanding both sides,
1004 — O4 A4 = 10A4 — O4 A4,

SO

1004 =104, =

Thus the contract curve is the main diagonal.

In a competitive equilibrium, the price line through Alice’s endowment (0, 10) has slope
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Since market clearing gives P4 = Pp, that slope is —1, so the price line is
Ax+ 04 =10.
Intersect this with the contract curve Oy = Ay4:
As+A4=10 = Ay =5.

Hence

O4 = 5.

Therefore

(AA7 OA) = (57 5)7 (AB> OB) = (57 5)

The allocation (9,9) for Alice gives Bob (1, 1). Both lie on the contract curve
O = Ay
Therefore it is Pareto efficient. Equivalently,
MRSA:gzleRSB:%

Hence

(9,9) for Alice and (1, 1) for Bob is Pareto efficient.

The supporting price line through the competitive equilibrium is
Ax+ 04 =10.

Any redistributed endowment on this line supports the same competitive equilibrium
allocation after trade. For example,

(7,3) and (3,7)

for Alice, with Bob receiving the remaining goods in each case.

10
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Question 2: Linus Straight and Lucy Kink

Linus Straight’s utility function is U(a,b) = a + 2b, where a is his consumption of apples
and b is his consumption of bananas. Lucy Kink’s utility function is U(a,b) = min{a, 2b}.
Lucy has 12 apples and no bananas. Linus has 12 bananas and no apples.

Problem

(a) Draw an Edgeworth box, showing their endowment and draw (as accurately as possible)
a few indifference curves for Lucy and Linus. Measure Lucy’s consumption from the
upper right corner and Linus’s from the lower left corner.

(b) Draw the contract curve for this economy (the set of all Pareto Efficient allocations).

Hint: given the shapes of the indifference curves you have drawn, at which points are
there no area of pareto improvement?

P, 1 :
(c) In this economy, show that if B =+ 3 then there will always be excess demand of one
b

of the goods.

P, 1

(d) The previous part implies that in a competitive equilibrium, we must have — = 3
b

Find the quantities of apples and bananas consumed in competitive equilibrium by

Linus and Lucy.

11
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Solution

Method 1: Demand correspondences and market-clearing

(a) Linus has utility
UL(aL, bL) =ayr + QbL

His indifference curves satisfy

ar, + 2bL = U,
or equivalently B
U arg,
bp = — — —.
P79

Hence Linus’s indifference curves are straight lines with slope

Lucy has utility
UU(CLU, bU) = min{aU, 2bU}

So her indifference curves are L-shaped, with kinks at bundles satisfying

ay = 2bU

If we draw the Edgeworth box using Linus’s coordinates (ar,by) from the lower-left
corner, then Lucy’s consumption is

aU:12—aL, bU:12—bL.
Thus Lucy’s kink condition becomes
12 — arp = 2(12 — bL)7

which simplifies to

1
bL =64+ §CLL.

The initial endowment is
e = (CLL, bL) = (0, 12),

since Linus owns 12 bananas and no apples.

A correct schematic Edgeworth box is shown below.

12
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Apples for Lucy
e Lucy’ s origin

contract curve

\ 2 ULucy — U

Bananas for Linus
Bananas for Lucy

Linus’ origin
Apples for Linus

(b) A Pareto efficient allocation must leave Lucy with no redundant amount of one good
relative to the other. If Lucy has
ay > 2bU,

then some apples are slack for her utility: decreasing apples slightly does not reduce
UU(CLU, bU) = min{aU, QbU} = QbU
Those apples can be transferred to Linus, making Linus strictly better off while Lucy

is unchanged.

Similarly, if
ay < 2bU,

then some bananas are slack for Lucy. A small reduction in bananas leaves Lucy’s
utility unchanged, and the bananas can be transferred to Linus, again yielding a Pareto
improvement.

Therefore at any Pareto efficient allocation Lucy must be exactly at her kink:

In Lucy’s own coordinates this is the contract curve. In Linus’s coordinates it becomes

1
bL =6+ §(IL.

13
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(c) Let P, denote the price of apples and P, the price of bananas.

Linus owns 12 bananas, so his wealth is
myp = 12Pb
His utility is
UL(CLL, bL) = ay, + 2bL,
so the marginal utility per dollar of apples is
MU, 1
P, P

while the marginal utility per dollar of bananas is

MU, 2
B, B
P, 1
Case 1: Fb>§
Then
1 &L
Pa Pb.

Bananas give higher marginal utility per dollar, so Linus demands only bananas. Since

he can afford
my, i 12Pb .

b= E 220 g9
L Pb Pb )

his demand is
((IL, bL) = (0, 12)

Lucy has wealth
my = 12P, > 0.

Because Lucy has perfect complements preferences, her optimal bundle must satisfy
ay = 2by.
Therefore she must demand a positive quantity of bananas:
by > 0.

But the total supply of bananas is only 12, and Linus already demands all 12 bananas.
Hence banana demand strictly exceeds banana supply.

Therefore there is excess demand for bananas.

14
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N |

P
C 2 2 <
ase B,

Then
1 - 2
P, B’

Apples give higher marginal utility per dollar, so Linus demands only apples. Since his
wealth is 12P,, his apple demand is

12P,
ar = Pa .
Because
Lo 1 — By
P 2 P, ’
we have P
ap = 123” > 24.

a

Yet total supply of apples is only 12. Hence there is excess demand for apples.
Therefore, if

P, 1
5#57

there is always excess demand for one of the two goods. So we have shown

P, 1
Fb #+ 3 —> excess demand for one good.

(d) From part (c), a competitive equilibrium requires

I
P, 2
Lucy’s wealth is
my = ]_2Pa.

Since her utility is min{ay, 2by }, she chooses a bundle on the kink:
ay = 2by.
Her budget constraint is
P,ay + Bby = 12P,.
Substitute P, = %Pb:

1
§PbCLU+PbbU =6D,.

Divide through by P:

! +by =6
—a = 6.
5 T bu

15
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Together with ay = 2by, this gives

Il
&

1
5(2bU) +by =6 — 2by =6 — by

Hence
ay = 2bU = 6.

Therefore Lucy consumes

(CLU, bU) = (6, 3)

Linus then consumes the remaining bundle:
ap, =12 -6 =6, bp =12—-3=09.

So

(aL, bL) = (6, 9)

We can verify that Linus is willing to choose this bundle. At % = %, his budget line is

1
PaaL+PbbL:12Pb s §aL+bL:12.

Multiplying by 2 gives
ar, + 2bL = 24.

Since Linus’s utility is also aj, + 2by, every affordable bundle on this budget line gives

the same utility. In particular,
6+ 2(9) = 24,

so (6,9) is utility-maximising for Linus.

Hence the competitive equilibrium allocation is

Lucy consumes (6, 3), Linus consumes (6,9).

16
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Method 2: Geometry of price lines and the contract curve

(a)

The geometry is immediate from the utilities.

Linus has perfect substitutes preferences, so each indifference curve is a straight line

with slope
MU, 1
MU, 2
Lucy has perfect complements preferences, so each indifference curve is an L-shape
with kinks along

ay = 2bU
In the Edgeworth box measured from Linus’s origin, this kink locus is
1

bL = 6—|— §(IL.

The contract curve is exactly Lucy’s kink locus:

Any point off this locus leaves Lucy with slack of one good, and that slack can be
reassigned to Linus without hurting Lucy. Hence only the kink locus can be Pareto
efficient.

In the Edgeworth box, the competitive budget line has slope

F,
P,
Linus’s indifference curves have slope
—5-
P, 1
If = > .
P, 2

The budget line is steeper than Linus’s indifference curves. Linus therefore maximises
utility at the banana corner of his budget set, so he demands only bananas. Since
Lucy must also demand bananas to attain positive utility, there is excess demand for
bananas.

P 1
If -2 < =,
B, 2

The budget line is flatter than Linus’s indifference curves. Linus therefore chooses
the apple corner of his budget set, so he demands only apples. Because his wealth is
12 bananas, his apple demand exceeds the total supply of apples, so there is excess
demand for apples.

Hence a competitive equilibrium can exist only if

P, 1

P, 2

17
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(d) Once
P, 1

B2
Linus’s budget line is parallel to his indifference curves, so he is indifferent among all

affordable bundles. The competitive allocation must therefore be determined by Lucy’s
optimal choice together with market clearing.

Lucy’s budget line through her endowment has value
12P,.
Her optimum occurs where this price line meets her kink line
ay = 2by.

Writing the budget as
PaaU—l—PbbU: 12Pa

and substituting P,/P, = 1/2, we get

1
= by = 6.
5 U + bu
Together with ay = 2by, this gives
(&U, bU) = (6, 3)
Feasibility then implies

(ap,by) = (12— 6, 12 — 3) = (6,9).

Therefore

Lucy consumes (6, 3), Linus consumes (6,9).

18
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Question 3: Paul, David, Envy, and Fairness

Paul and David consume apples and oranges. Paul’s utility function is Up(Ap, Op) = 2Ap+
Op and David’s utility function is Up(Ap,Op) = Ap + 20p, where Ap and Ap are apple
consumptions for Paul and David, and Op and Op are orange consumptions for Paul and
David.

There are a total of 12 apples and 12 oranges to divide between Paul and David.

Problem

(a) Draw an Edgeworth box showing the indifference curves for Paul and David passing
through each of the points A to E. Explain whether each of the points A to E is Pareto

Efficient.
Oranges David
B
E
Paul D Apples

(To make the drawing simpler, you can assume for simplicity that the points are such
that C,A,D form a straight line with slope —2 while B,A E form a straight line with
slope —1/2)

(b) Using your answer in (a), draw the contract curve (the set of all Pareto Efficient
allocations) in the Edgeworth Box.

(c) Derive the set of envy-free allocations using the following procedure.

I. Write one inequality that says that Paul likes his own bundle (Ap, Op) as well as
much as he likes David’s (Ap, Op).

II. Write another inequality that says that David likes his own bundle (Ap, Op) as
much as he likes Paul’s (Ap, Op).

ITI. Use the fact that at feasible allocations, Ap + Ap = 12 and Op + Op = 12 to
rewrite the above inequalities in terms of Ap and Op for both Paul and David.

IV. Indicate the set of allocations which satisfy both of these inequalities in the figure.

(d) In the Edgeworth box, denote the set of fair allocations.

19
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Solution

Method 1: Pareto-improvement directions and envy inequalities

(a) Paul’s indifference curves satisfy
2Ap + Op = Up

So their slope is

David’s indifference curves satisfy

AD+2OD :UD

so in David’s own coordinates their slope is

A suitable is shown below.

— Op =Up — 2Ap.
—2.

Up Ap
= Op=
_1

.

Apples for David

Oranges for Paul

C
°
David
Paul IC
contract curve
Be.. envy-free bounds
David IC ===
N J
fair set
Paul

Paul’s origin

Apples for Paul

20

David’s origin

Oranges for David
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To test Pareto efficiency, consider any interior feasible allocation (Ap, Op) with
0< Ap < 12, 0<Op < 12.
Suppose we move slightly in the south-east direction:
AAp =¢ >0, AOp = —n < 0.

Then Paul’s utility changes by
AUp =2 — .

David receives the opposite change:
A*’4D = -5, AOD =1,

so David’s utility changes by

AUD =—c+ 27].
If we choose 77 so that
€
5 <n< 2¢,

then
AUp >0 and AUp > 0.

Therefore every interior point is Pareto inefficient.

Since the solution sheet identifies A, B, and C as interior points of this type, they
are not Pareto efficient. By contrast, D lies on the bottom border and E lies on the
right border. At such points, there is no feasible south-east move remaining inside the
Edgeworth box, so no Pareto improvement is possible.

Hence

’A, B, and C are not Pareto efficient, while D and E are Pareto efficient.

From the argument above, every interior point is Pareto inefficient. The only candidates
are points where the south-east Pareto-improvement direction is blocked by feasibility,
namely:

e the bottom border, where Op = 0;
e the right border, where Ap = 12.

Therefore the contract curve is

C = {(AP,OP) :0p=0,0< Ap < 12}U {(AP,OP) cAp =12, 0<0p < 12}

I. Paul’s no-envy inequality.
Paul weakly prefers his own bundle to David’s if
Up(Ap,Op) > Up(Ap,Op).
Using his utility function,
2Ap +Op > 2Ap + Op.

21
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I1. David’s no-envy inequality.

David weakly prefers his own bundle to Paul’s if
Up(Ap,Op) > Up(Ap, Op).

Using his utility function,
Ap +20p > Ap + 20p.
I1I. Rewrite using feasibility.

Since
Ap=12—Ap,  Op=12— Op,

Paul’s inequality becomes
2Ap +Op > 2(12 — Ap) + (12 — Op)
2Ap +0Op > 36 —2Ap — Op

4Ap +20p > 36
2Ap + Op > 18.

So Paul’s no-envy region is

|Op > 18 — 2Ap. |

David’s inequality becomes

(12 — Ap) +2(12 — Op) > Ap +20p
36 — Ap — 20p > Ap +20p

36 > 2A4p + 40p

18 > Ap + 20p.

So David’s no-envy region is

A
0p§9—7p.

IV. Envy-free allocations.

An allocation is envy-free if both inequalities hold simultaneously. Therefore the envy-
free set is

A
5:{(1413,013)2013218—214]3, OPSQ_TPa OSAP§12, 0§Op§12}

A schematic figure is shown below.

22
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Oranges for Paul

Apples for Paul

(d) A fair allocation is both Pareto efficient and envy-free. Therefore
F=CnNE&.

Intersect the envy-free set with each part of the contract curve.
Bottom edge: Op = 0.
Paul’s no-envy condition gives

0>18—2Ap = Ap >9.
David’s no-envy condition gives

0<9— % — Ap <18,
which is automatically true inside the box. So the fair part of the bottom edge is

{(Ap,0):9 < Ap < 12}.
Right edge: Ap = 12.
Paul’s no-envy condition becomes
Op > 18 — 24 = —6,
which is automatic. David’s no-envy condition becomes
Op <9 — 5 = 3.

So the fair part of the right edge is

{(12,0p) : 0 < Op < 3}.

Therefore the set of fair allocations is

F={(Ap,0):9< Ap <12} U{(12,0p) : 0 < Op < 3}.

23
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Method 2: Weighted-sum characterisation of efficiency and boundary-
by-boundary fairness

()

(d)

Pareto efficient allocations can be found by maximising a weighted sum of utilities:

/{l;,&g; AUp(Ap,Op)+ (1 = N)Up(Ap, Op), 0< A<,
subject to

Ap =12 — Ap, Op =12 - Op.
Substituting the utility functions,
W(Ap,Op) = AN(24p + Op) + (1 = A)((12 — Ap) + 2(12 — Op))
=36(1—A)+ (BA\—1)Ap + (3X\ — 2)Op.

Since W is linear, the maximiser is always on the boundary of the box.
Depending on A:
o if A< %, both coefficients are negative, so the maximiser lies at (0, 0);

o if \ = %, the coefficient on Ap is zero and the coefficient on Op is negative, so any
point on the bottom edge is optimal;

o if % <A< %, the coefficient on Ap is positive and the coefficient on Op is negative,
so the maximiser is (12, 0);

o if \ = %, the coefficient on Ap is positive and the coefficient on Op is zero, so any
point on the right edge is optimal;

o if \ > %, both coefficients are positive, so the maximiser is (12,12).

Therefore all Pareto efficient allocations lie on the bottom or right edge. This confirms
that D and E can be Pareto efficient, whereas interior points such as A, B, and C
cannot.

Thus the contract curve is

C == {(Ap,Op) : OP - O, 0 S AP S 12}U {(AP,OP) : Ap = 12, O S Op é 12}

The no-envy inequalities are the same as in Method 1:
2Ap +Op > 2Ap + Op, Ap +20p > Ap +20p.

Using feasibility,
Ap=12—Ap,  Op=12— Op,

these become

[Op>18-24p| and  |Op<9-——.

Hence the envy-free set is

E= {(AP,OP) :0p > 18 —2Ap, Op <9 — %} N [0, 12]2.

To find fair allocations, intersect £ with the contract curve C.
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Bottom edge Op = 0.

Envy-freeness requires
0>18—-2Ap = Ap > 0.
So the fair bottom-edge segment is
{(Ap,0):9 < Ap < 12}.

Right edge Ap = 12.

Envy-freeness requires

12

So the fair right-edge segment is

{(12,0p) : 0 < Op < 3}.

Therefore

F={(Ap,0):9< Ap <12} U{(12,0p) : 0 < Op < 3}.
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Question 4: Astrid and Birger

Consider a small exchange economy with two consumers, Astrid and Birger, and two com-
modities, herring and cheese. Astrid’s initial endowment is 4 units of herring and 1 unit
of cheese. Birger’s initial endowment has no herring and 7 units of cheese. Astrid’s utility
function is U(Ha,Ca) = HaC4. Birger is a more inflexible person. His utility function is
U(HB, CB) = min{HB, CB}

(Here Hy and Cy are the amounts of herring and cheese for Astrid, and Hp and Cp are
amounts of herring and cheese for Birger.)

Problem

(a) Draw an Edgeworth box, showing the initial allocation and sketching in a few indiffer-
ence curves. Measure Astrid’s consumption from the lower left and Birger’s from the
upper right. In your Edgeworth box, draw two different indifference curves for each
person.

(b) Let cheese be the numeraire (with price 1) and let p denote the price of herring. Derive
the allocations and prices in the competitive equilibrium. (Hint: follow the steps in
the lecture and question 1)

(c) Sketch the competitive equilibrium in the Edgeworth Box.
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Solution

Method 1: Demand functions and market clearing

(a) Total endowments are
Hjys+ Hp =4, Cy+Cp=28.

So the Edgeworth box has width 4 (herring) and height 8 (cheese) when measured from
Astrid’s origin at the lower left.

Astrid’s indifference curves satisfy
HaCs = Uy,

so they are standard Cobb-Douglas hyperbolae.

Birger’s indifference curves satisfy
min{Hp,Cp} = Up,
so they are L-shaped with kinks at
Hp =Cp.
In Astrid’s coordinates, since
Hp =4 — Hy, Cp =8—0Cly,

Birger’s kink locus becomes

A—Hy=8-Cy = |Ca=Hs+4

The initial allocation is
€ = (HA,OA) = (4, 1).

A correct sketch is shown below.

Herrin§ e Birger

®

2 e

Astrig 2 4 6 8

Cheese

(b) Let the price of cheese be normalised to 1, and let the price of herring be p.
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Astrid’s demand.
Astrid’s wealth is the value of her endowment:
ma = 4]9 + 1.

Since her utility is
U(HA7 OA) — HACA7

she is Cobb—Douglas with equal exponents, so she spends one-half of her wealth on
each good. Therefore

1 1

Thus
dp+1 dp+1
Hy= L - , Cy=2L o
2p 2
Birger’s demand.
Birger’s wealth is
mp = 7.

Since his utility is min{ Hg, C'z}, his optimal bundle satisfies
Hp = CB.

If he consumes ¢ units of each good, his budget is

pt+t="T.
Hence
7
t=——
p+1
Therefore
7
Hp=0Cp=——
B B 1
Market clearing.
Clear the herring market:
Hy+ Hp = 4.
S0 p+1 7
p+rl, _
2p p+1

Multiply both sides by 2p(p + 1):

(4p+1)(p+ 1)+ 14p = 8p(p + 1).
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Expanding,
4p? + B5p+ 1 + 14p = 8p* + 8p.

Hence
4> —11p—1=0.

Solving the quadratic,

_11£1214+16  114£+/137
N 8 N 8 ‘

p

Only the positive root is admissible, so

. 114+ V137
pr— T.

p

Equilibrium allocations.

Substitute p* into Astrid’s demand:

p*+1  V137-3
2p* 4

H, =

and

. Apt 41 VI3T+13
= = .
2 4
Birger then consumes

19 — /1
Hy =1 gy = 2V
4
and
19 — /137
Cr=8-0C) = 1 )

Hence the competitive equilibrium is

N 11+ /137
p = Ta
. V137 -3 137+ 13
(HA>CA) = ( 4 ) 4 )
. 19 — 137 19 — /137
(HBaCB) = ( 4 ) 1 ) .

(c¢) In the Edgeworth box, the competitive equilibrium is the point

. <\/137 —3 VI37+13

~ (2.1 .176).
1 1 ) (2.176, 6.176)
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It lies on Birger’s kink line
Cy=Hy + 4,

because Birger consumes equal quantities of herring and cheese. It also lies on Astrid’s
optimal demand from her competitive budget line.

A correct sketch should therefore show:

e the endowment e = (4,1);

e Birger’s kink line C'y = H 4 + 4;

e the competitive equilibrium point z* on that line;

e a price line through e and x* with slope —p*.

One such sketch is drawn below.

T~

Method 2: Kink-line geometry and supporting prices

(a) The Edgeworth box has total resources

(H,C) = (4,8),

the endowment is
e=(4,1)

in Astrid’s coordinates, Astrid has smooth Cobb—Douglas indifference curves, and
Birger has right-angle indifference curves with kinks where

HB = CB.

In Astrid’s coordinates this is

Cy=H,+ 4.

At a competitive equilibrium Birger chooses a bundle on his kink, so feasible equilib-
rium allocations must satisfy
HB = OB-

Since
Hp=4—Hy, Cp=8—Cy,
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this condition becomes

4—HA:8—CA — CA:HA+4

Astrid is an interior optimizer because her Cobb-Douglas utility is strictly increasing
in both goods. Hence at equilibrium her marginal rate of substitution equals the price

ratio: MU o
MRS, =2 = 24
AT Mo, H, P

Combining Astrid’s tangency with Birger’s kink condition,

Therefore

pHA = Hy + 4,
SO 1
Hy=——
p—1
Then 4
CA:pHA:—p-
p—1

Astrid must also satisfy her budget constraint. Since the value of her endowment is
dp + 1,
pHo+Cy=4p+ 1.

Substitute the expressions above:
4 4
D + P _ 4p + 1.
p—1 p—1

8
Py
p—1

Thus

Multiply by p — 1:
8p=(4p+1)(p—1)=4p° —3p—1.

Rearranging,
4p* —11p—1=0.
Therefore
. 114++/137
re—yg o
Now substitute back:
o 4 V137-3
A — p* _ 1 - 4 9
. I V137 + 13
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Hence Birger consumes

19 — /137 B 19 — V137

B A 4 9 B 4
Therefore
. 114+ 137
p = Tv
. V137 -3 137+ 13
(HAaCA) = ) )
4 4
. v 19 — 137 19 — /137
(HB7CB) = 4 Y 4 *

(¢) The competitive equilibrium lies where the price line through the endowment supports
Astrid’s highest attainable indifference curve and simultaneously passes through a point
on Birger’s kink line. In Astrid’s coordinates that point is

. (\/137—3 \/137+13)
rt = , .

4 4

This is exactly the point marked in the sketch in Method 1.
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Sample Question 1: Iris and Joseph in a Pure Exchange
Economy

Problem

e Consider a small exchange economy, with two consumers Iris and Joseph, and two
goods X and Y. Iris is endowed with 15 units of X and 3 units of Y. Joseph is
endowed with 5 units of X and 7 units of Y.

Iris has utility
Ur(X,Y) = min{X,3Y}

while Joseph has utility
U;(X,Y)=XY.

(a) Draw the Edgeworth box for this exchange economy as accurately as possible,
indicating the endowment and drawing several indifference curves for Iris and
Joseph.

(b) In the figure you have drawn in (a), draw the indifference curves through the
endowment and indicate where a competitive equilibrium must lie.

(c) Is the allocation where Iris gets (X = 12, Y = 4) while Joseph gets (X = 8,Y = 6)
a fair allocation? Explain.

(d) “There always exists an initial endowment for Iris and Joseph where the allocation
in the consequent competitive equilibrium is fair for any (standard) preferences
of Iris and Joseph.” True or False? Explain.
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Solution

Method 1: Marshallian-demand and market-clearing method

(a)

Total endowment 1is -
(X,Y)=(15+5,3+7)=(20,10).

Hence the Edgeworth box has width 20 and height 10.

Iris has utility
UI(XI7 }/I) = min{Xfa 3}/1}7

so her indifference curves are L-shaped, with kinks on the line
X; = 3Y].

Joseph has utility
U](Xfa YJ) = XJYJ7

so his indifference curves are smooth, strictly convex hyperbolas drawn from Joseph’s
origin at the top-right corner.

The endowment point in Iris coordinates is

e = (15,3).

Therefore the diagram in part (a) should contain:
e the Edgeworth box [0,20] x [0, 10];
e Iris’ origin at the bottom-left and Joseph’s origin at the top-right;
e the endowment point e = (15, 3);

several L-shaped indifference curves for Iris;

e several hyperbolic indifference curves for Joseph.

Normalise Py = 1 and write Px = p.
Iris” income is
mr = 15p + 3.
Since Iris has perfect-complements preferences, she demands goods in the ratio X; =
3Y;. Writing Y; = ¢, we have X; = 3¢, so the budget constraint is
3pt+t = 15p + 3.

Hence
. 15p+ 3

3p+17

and therefore Iris’ demand is

3(15p + 3) v 1p+3

3p+1 T 1

1
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Joseph’s income is

Since U;(X;,Y;) = XY, is Cobb-Douglas with equal exponents, Joseph spends half
his income on each good:
my  Op+7 my;  bp+ 7T

X:_: Y:_: .
D 2 D) 2

Market clearing in good Y gives

Bp+3 Sp+7

= 10.
3p+1 2
Rearranging,
15p° —4p —7=0.
Thus
2+ 109

So the competitive-equilibrium price ratio is

Px 2+ 109
P 15
Substituting into Iris’ demand:
37 — /109 37 — /109
=2 Y Xr=3y;=2""""

6 2

Hence the competitive equilibrium allocation is

) (37 — V109 37 — /109

= ~ (13.28, 4.43

for Iris, and therefore

(20_ 37 - V109 o 37—\/109> B <3+\/109 23 + /109
2 ) - A - 9

~ (6.72, 5.
5 5 5 > (6.72, 5.57)

for Joseph.

The indifference curve through the endowment for Iris is
Ur(15,3) = min{15,9} = 9,
so it is the L-shaped indifference curve with kink at
(9,3).
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For Joseph, at the endowment his bundle is (5,7), so
U;s(5,7) = 35.
In Iris coordinates this indifference curve is

(20 — X)(10 — Y7) = 35.

Since any competitive equilibrium must be Pareto efficient, it must lie on the contract
curve. Here the contract curve is the locus of Iris” kink points:

X7 =3YT.

Thus in the diagram for part (b), the competitive equilibrium must lie on this line at
the point where a supporting price line through the endowment touches the efficient
frontier.

A suitable Edgeworth box is shown below.

Good X for Joseph
Joseph’s origin

------
-~

_____ R
\ BTN confract curve

S Y

1 -~

:

1

1

1

Good Y for Iris

I
-
Good Y for Joseph

Iris’ origin

Good X for Iris
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(c) Under the usual definition of fairness in exchange economies, namely envy-freeness,
the proposed allocation is fair if neither consumer prefers the other’s bundle to his or
her own.

At the proposed allocation,
Iris gets (12,4), Joseph gets (8, 6).

Iris’ utility from her own bundle is
Ur(12,4) = min{12, 12} = 12.
If Iris were given Joseph’s bundle instead, her utility would be
Ur(8,6) = min{8, 18} = 8.

Hence Iris does not envy Joseph.

Joseph’s utility from his own bundle is
U;(8,6) = 48.

If Joseph were given Iris’ bundle instead, his utility would be
U;(12,4) = 48.

So Joseph is indifferent between the two bundles and therefore does not envy Iris.

The allocation is also feasible because

(12+8, 4 +6) = (20, 10).

Hence the allocation is envy-free and feasible, so it is fair.

(d) The statement is True, under the standard assumptions used for competitive-equilibrium
existence.

A clean argument is to choose the equal division of the aggregate endowment as the
initial endowment:
Wy =wy = (10, 5)

Then both consumers have the same wealth at any given price vector.

In any competitive equilibrium arising from this equal initial endowment, suppose Iris
preferred Joseph’s equilibrium bundle to her own. Since both bundles have the same
equilibrium value and Iris could afford Joseph’s bundle, this would contradict utility
maximisation by Iris at equilibrium prices. The same argument applies to Joseph.

Therefore any competitive equilibrium from an equal division of the aggregate endow-
ment is envy-free, hence fair.

So for any standard preferences for which a competitive equilibrium exists, there does
exist an initial endowment—mnamely the equal division of the aggregate endowment—
such that the consequent competitive equilibrium allocation is fair.
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Method 2: Contract-curve parameterisation method

(a)

Since the total endowment is
(20, 10),

the Edgeworth box is again [0, 20] x [0, 10].

Iris has Leontief-type preferences
Ur(Xy,Yr) = min{ Xy, 3Y7},
so her indifference curves are L-shaped with kinks on
X; =3Y].
Joseph’s indifference curves are hyperbolas from the opposite origin because
Us(X,,Y) = X,Y).

The endowment point is
e = (15,3).

The key observation is that at any efficient allocation Iris must be at a kink:
X; = 3Y].

Hence efficient candidate allocations can be parameterised as
(XDY}):(Btat)a 0<t<

Then Joseph receives
(Xs,Yy) = (20— 3¢, 10 —t).

At a smooth point of Joseph’s indifference curve, the supporting price ratio must satisfy

P MUy Y, 10—t
X MRS, =X =_L— .
Py MUy X, 20— 3t

Writing Py = 1 and Px = p, we therefore have

10—t
20— 3t

p

Since the equilibrium allocation must lie on the budget line through the endowment
e = (15, 3), Iris’ bundle (3t,t) must satisfy

3pt +t = 15p + 3.
Substituting

10—t
20— 3t

p
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into this equation yields
3¢% — 37t + 105 = 0.

L 37+ /109
= T.
The larger root is infeasible because it would imply 3¢ > 20. Thus

. 37— /109
= T.

Hence

Therefore the competitive equilibrium allocation is

37— /100 37 — \/109>
2 ] 6 M

(Xivifl*) = (St?t) = <

which is the same point found in Method 1.

The indifference curves through the endowment are:
Ur(15,3) =9 = Iris’ endowment indifference curve has kink at (9, 3),

and
U;(5,7) =35 = (20— X;)(10—-Y;) =35

for Joseph in Iris coordinates.

Thus the competitive equilibrium must lie on the contract curve
X7 =3Y7

at the point where the supporting price line through the endowment touches the effi-
cient set.

At the proposed allocation
Iris gets (12,4), Joseph gets (8, 6),
Iris’ utility is
Ur(12,4) = min{12, 12} = 12,
while if she were given Joseph’s bundle, her utility would be
Ur(8,6) = min{8, 18} = 8.
So Iris strictly prefers her own bundle.
Joseph’s utility from his own bundle is
U;(8,6) = 48,

and from Iris’ bundle it is
U;(12,4) = 48.

Thus Joseph is indifferent.

Since the allocation is feasible and neither person envies the other, it is fair.
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(d) The statement is True.

The structural reason is that one may choose the initial endowment to be the equal

division of total resources:
Wy =Wy = (10, 5)

Then both consumers enter the market with equal wealth. In any competitive equilib-
rium from such an equal division, each agent’s chosen equilibrium bundle is at least as
good as any other affordable bundle. Since the other consumer’s bundle has exactly
the same value at equilibrium prices, neither agent can prefer the other’s bundle.

Hence the resulting competitive equilibrium is envy-free, and therefore fair.
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Method 3: Supporting-prices and envy-freeness theorem method

(a)

The Edgeworth box is determined by aggregate resources
(X,Y) = (20,10).
Iris’ preferences generate right-angled indifference curves with corners on
X =3Y7,
while Joseph’s preferences generate smooth hyperbolas from Joseph’s origin.
The endowment is
e = (15,3)

in Iris coordinates.

A competitive equilibrium must be both feasible and Pareto efficient. Since Iris only
values bundles through the smaller of X; and 3Y7, any efficient allocation must place
her at a kink, hence on

X =3Y].
So even before calculation, one knows that the competitive equilibrium must lie on this

line.

To recover the exact equilibrium, normalise Py = 1 and let Py = p. At any compet-
itive equilibrium, Joseph’s smooth indifference curve must be tangent to the common

supporting price line, so
P=x
Using feasibility with
(X1,Y7) = (3t,t) and (X,,Y;) = (20— 3t,10 — t),
this gives
10—t
20 — 3t
Since Iris’ chosen bundle must lie on the budget line through the endowment,

p:

3pt+t = 15p + 3.
Solving yields

37 —+/109
6 )

. (37 — V109 37— \/109>
B 2 7 6 '

t =

SO

The indifference curves through the endowment are obtained from
Ur(15,3) =9 and U,(5,7) = 35.
Hence Iris’ endowment indifference curve has kink at (9, 3), while Joseph’s is

(20 — X;)(10 — Y7) = 35.
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(c) Fairness is checked by envy-freeness.

For Iris:

Ur(12,4) = 12, Ur(8,6) = 8.
So Iris does not envy Joseph.

For Joseph:
U;(8,6) =48, U;(12,4) = 48.

So Joseph is indifferent and does not envy Iris.

Therefore the allocation is fair.

(d) The statement is True. A standard theorem states that a competitive equilibrium with
equal incomes is envy-free. Therefore, if one chooses the initial endowment to split the
aggregate resources equally between the two consumers, any competitive equilibrium
that results is fair.

In this economy the equal split is
Wy =wyg = (10, 5)

Thus there always exists an initial endowment that yields a fair competitive equilib-
rium.

Marking scheme (30 marks)
(a) (6 marks) Edgeworth box and indifference curves

e 1 mark: Correct total endowment and hence correct dimensions of the Edgeworth
box, namely (20, 10).

e 1 mark: Correct placement of Iris’ and Joseph’s origins, together with the correct
endowment point e = (15, 3) in Iris coordinates.

e 2 marks: Correct depiction of Iris’ indifference curves as L-shaped, with kinks on
the line X; = 3Y7.

e 2 marks: Correct depiction of Joseph’s indifference curves as smooth convex hy-
perbolas from Joseph’s origin.
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(b) (10 marks) Indifference curves through the endowment and competitive equilibrium
location

e 2 marks: Correct utility level for Iris at the endowment and hence correct indif-
ference curve through the endowment, namely U;(15,3) = 9 with kink at (9, 3).

e 2 marks: Correct utility level for Joseph at the endowment and hence correct
indifference curve through the endowment, namely U;(5,7) = 35, or an equivalent
correctly drawn curve.

e 2 marks: Correct identification that any competitive equilibrium must be Pareto
efficient and therefore lie on the contract curve.

e 2 marks: Correct identification of the contract curve / efficient locus as X; = 3Y7,
i.e. Iris must be at a kink.

e 2 marks: Correct indication of a supporting price line through the endowment
and a correct equilibrium location on the contract curve; full credit also if the
exact competitive-equilibrium allocation is correctly computed.

(c) (6 marks) Fairness of the allocation (12,4) for Iris and (8, 6) for Joseph

e 2 marks: Correct computation of Iris’ utility from her own bundle and from
Joseph’s bundle, with the correct conclusion that Iris does not envy Joseph.

e 2 marks: Correct computation of Joseph’s utility from his own bundle and from
Iris” bundle, with the correct conclusion that Joseph is indifferent and hence does
not envy Iris.

e 1 mark: Correct verification of feasibility.
e 1 mark: Correct final conclusion that the allocation is fair under the envy-free
interpretation.

(d) (8 marks) Existence of an initial endowment yielding a fair competitive equilibrium

e 2 marks: Correct statement that the claim is True.

e 3 marks: Correct construction or explanation using equal division of the aggregate
endowment, or an equivalent equal-income argument.

e 2 marks: Correct use of the competitive-equilibrium / equal-income intuition that
each consumer weakly prefers his or her own equilibrium bundle to the other’s
bundle, so the equilibrium is envy-free.

e 1 mark: Clear final conclusion that there always exists such an initial endowment
under standard assumptions.
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Sample Question 2: Leontief and Cobb—Douglas in a
Pure Exchange Economy

Problem

e Consider the following two-good, two-person exchange economy.

Person A has an endowment of 5 units of good X and 10 units of good Y. He has
preferences

Ua(X,Y) =min(X,Y).

Person B has an endowment of 10 units of good X and 5 units of good Y. He has

preferences
Up(X,Y) = X*Y?,

(a) Calculate the competitive equilibrium prices and allocations. You can assume
that Py =1.

(b) In an Edgeworth Box with Person A at the bottom left, Person B on the top
right, good X on the z-axis and good Y on the y-axis, indicate the endowment
and illustrate the competitive equilibrium of this economy.

Let (a,b) denote the feasible allocation where Person A receives a units of good X and
b units of good Y. This implies that Person B receives 15 — a units of good X and
15 — b units of good Y.

(c) Consider the feasible allocation (7,7). Show that this is Pareto efficient and pro-
vide an endowment different from (7,7) which will result in it being a competitive
equilibrium after trading.

(d) “For any exchange economy, the competitive equilibrium after trading will also
be fair.” True or False? Explain.
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Solution

Method 1: Marshallian-demand and market-clearing method

(a) Total endowment is o
(X,Y) = (5410, 10+ 5) = (15, 15).

Normalise Py = 1 and write Px = p.

Person A has income
ma — 5]) + 10.

Since

Ua(X,Y) =min(X,Y),

A chooses equal quantities of the two goods:
Xa=Yy=t
Using the budget constraint,

pt+t=mA:5p+10,

SO
L o5p + 10
op+1
Therefore 50+ 10
X,=y,=2"T~
p+1
Person B has income
mp = 10p + 5.

Since B has Cobb-Douglas utility X%4Y%¢ the Marshallian demands are

Xp =048 Yy = 0.6mp.
b

Hence 10p+5
Xp=04—2"2 Y, =0.6(10p+5).
p

Market clearing in good X gives
5p + 10 10p+5
Gl R

. 15.
p+1 D
Simplifying,
5p 4 10 2
S T3
p+1
i 5p+10 2
P 1L
p+1 p
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Multiply through by p(p + 1):

p(bp+10)+2(p+ 1) =11p(p+ 1).

Therefore
5p° 4+ 10p 4+ 2p + 2 = 11p® + 11p,
hence
6p> —p—2=0.
So
1+ 7
P="1
Since price must be positive,
2
b= 3

Therefore the competitive-equilibrium prices are

(f&,Py)_.(§J>.

Substituting back,

40
map = 5 — —f- 10 = —,
3
0 10/3
X4 = = —— =28
A A 5/3
Thus
(XA7YA) - (878)
Similarly,
mB:10~—+5:3—5,
3
and 35/3 35
Xp=04-—"L=2=17 Yp=06-—=7
B 2/3 b 3
Hence

(Xp,Yp) = (7,7).
So the competitive equilibrium allocation is

A:(8,8), B:(7,7).
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e = (5,10)

in A-coordinates, and the competitive equilibrium is

= (8,8)

for A, equivalently (7,7) for B.

A’s indifference curves are L-shaped with kinks on

XA - YA7

(b) The Edgeworth box has width 15 and height 15. The endowment point is

while B’s indifference curves are smooth and convex from B’s origin at the top-right.

A suitable Edgeworth box is shown below.

Good X for B

contract cupfe

U

Good Y for A

~

A’s origin

Good X for A
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(c) At the feasible allocation (7,7), A receives
(7,7)

and B receives

(8,8).
To show Pareto efficiency, use supporting prices. At B’s bundle (8, 8),

MUx  04X;°°V86  04Yp

2
MRSp = I
BT MUy T 06X%Y;%" T 06X 3

So the supporting price ratio is
Py 2

Py 3
At A’s bundle (7, 7), A is exactly at the kink of the Leontief indifference curve X4 = Ya,

so this same price ratio can support A’s optimum. Therefore there exists a common
supporting price vector, and hence (7,7) is Pareto efficient.

To produce (7,7) as a competitive equilibrium after trade, choose an initial endowment
for A that is different from (7,7) but lies on the same budget line through (7,7) at
prices (%, 1). For example, take

Wy = (4,9).

Then B’s endowment is
wg = (11,6).

Check the value of A’s endowment:

So A can afford (7,7), and similarly B can afford (8,8). Hence with the endowment
profile
wy=(4,9),  wp=(11,6),

the allocation
A (7,7), B:(8,8)

is a competitive equilibrium after trading.
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(d) The statement is False.

Competitive equilibrium guarantees Pareto efficiency under standard assumptions, but
it does not guarantee fairness or envy-freeness for arbitrary initial endowments.

A concrete counterexample can be built in this very economy. Suppose A initially owns
everything:
wa = (15,15), wp = (0,0).

Take prices
(Px, Py) = (1,1).

Then A’s income is 30, and since A has utility min(X,Y"), A chooses
(15,15).
B has zero income and therefore chooses
(0,0).

Thus no trade is a competitive equilibrium.

But this allocation is not fair, because B strictly prefers A’s bundle:
Ug(15,15) > Ug(0,0).

Hence competitive equilibrium need not be fair.
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Method 2: Contract-curve and supporting-price method

(a) Since
Ua(X,Y) =min(X,Y),

any efficient allocation must put A at a kink:
Xa=Yy

So write
(XA> YA) = (t7 t)

By feasibility, B then receives

(Xp,Y5) = (15— ¢t,15 — t).

At B’s bundle, the Cobb—Douglas marginal rate of substitution is

04Ys 04 9
MRS = —-8 "~ .1-Z2
57 06X 06 3

Hence any interior supporting price vector must satisfy

Px 2
Py 3

Normalising Py = 1, we get
2

A’s income at the initial endowment (5, 10) is

2 40
=5.-—-+10=—.
Mma=org 3
Since A chooses equal quantities,
2 pt= 2
3 3
Hence
515 _ 40 — t=28
33 o

Therefore the competitive equilibrium allocation is
A:(8,8), B:(7,7),

with prices
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(b)

In the Edgeworth box, the endowment is

e = (5,10),
and the equilibrium is

" = (8,8).
The contract curve is the diagonal

Xa =Yy,

because A must be at a kink at any efficient allocation and total resources of the two
goods are equal.

Hence the correct diagram has:
e the 15 x 15 Edgeworth box;
e A’s origin at the bottom-left and B’s origin at the top-right;
e the endowment e = (5, 10);

the equilibrium point z* = (8, 8);

A’s L-shaped indifference curve through (8, 8);

B’s smooth indifference curve through (7,7) from B’s origin;

e a supporting price line of slope —% through the endowment and equilibrium.
For the allocation (7,7), A gets (7,7) and B gets (8, 8).
A is exactly at a Leontief kink. At B’s bundle,

2
MRS = —.
3
Hence the price ratio
Px 2
Py 3

supports B’s optimum and is also consistent with A being at a kink. Therefore (7,7)
is Pareto efficient.

To make (7,7) arise as a competitive equilibrium after trade, pick any different endow-
ment for A on the same budget line through (7, 7). For instance,

Wy = (4,9), Wy = (11,6).
At prices (%, 1), (7,7) has the same value as (4, 9), so the target allocation is supported.

The statement is False. Efficiency does not imply fairness.
In this same economy, if A owns all resources initially,
wa = (15,15), wp = (0,0),
then a no-trade competitive equilibrium exists, but B envies A. So a competitive equi-

librium need not be fair.
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Method 3: Expenditure-share and counterexample method
(a) Let Py =1 and Py = p.
A always chooses equal quantities because
Ua(X,Y) =min(X,Y).
Hence A’s demand must take the form
(Xa,Ya) = (1,1).
Since A’s income is 5p + 10, this gives

_ 5p+10

t+t=5p+10 — ¢ .
p P p+1

B has Cobb-Douglas utility X%4Y %% so B spends 40% of income on X and 60% on

Y. Therefore,

10p + 5
Xp=04-LT2 vy, —0.6(10p+5).
P

Using one market-clearing equation,

5p + 10 10p+5
P20 L 04RO s
p+1 p
which simplifies to
6p> —p—2=0.
Hence
2
p=73

Substituting gives
A:(8,8), B:(7,7).

(b) The Edgeworth-box picture is then immediate:

e total resources are (15, 15), so the box is 15 x 15;

e the endowment is e = (5, 10);

the competitive equilibrium is z* = (8, 8) for A;

2.
3

the price line has slope —

the equilibrium lies on the diagonal X 4 = Y4, which is the efficient locus generated
by A’s Leontief preferences.
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(c)

At allocation (7,7), A’s bundle is exactly balanced, so A is at a kink. B receives (8, 8),

and at that bundle 048 2
M = - =_,
15s = 5568 = 3

Therefore a supporting price line with slope —% exists, so the allocation is Pareto
efficient.

A different endowment that supports this allocation is
Wy = (4,9), Wy = (11,6).

At prices (%, 1), both consumers can afford their target bundles, and these bundles are
utility-maximising, so the target allocation is a competitive equilibrium after trade.

The statement is False. A competitive equilibrium can be efficient but highly unequal.

For example, if
wa = (15,15), wp = (0,0),

then no trade can be a competitive equilibrium, yet B envies A. Therefore competitive
equilibrium after trade need not be fair in general.
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Marking scheme (30 marks)
(a) (10 marks) Competitive equilibrium prices and allocations
e 2 marks: Correct incomes for A and B after normalising Py = 1 and writing
Px =p.
e 2 marks: Correct demand for A using the Leontief structure X, = Yj.

e 2 marks: Correct Marshallian demand for B using the Cobb—Douglas expenditure
shares.

e 2 marks: Correct market-clearing equation and correct equilibrium price p = %

e 2 marks: Correct equilibrium allocations A : (8,8) and B : (7,7).
(b) (6 marks) Edgeworth-box illustration of the equilibrium
e 1 mark: Correct dimensions of the Edgeworth box, namely (15, 15).

e 1 mark: Correct endowment point e = (5,10) in A-coordinates.
e 1 mark: Correct equilibrium point z* = (8, 8) in A-coordinates.

e 1 mark: Correct depiction of A’s indifference curves as L-shaped with kinks on
X =Yy

1 mark: Correct depiction of B’s indifference curves as smooth convex curves from
B’s origin.

1 mark: Correct indication of the supporting price line and / or the contract curve
through the equilibrium.

(c) (8 marks) Pareto efficiency of (7,7) and supporting endowment
e 2 marks: Correct identification of the implied bundle for B, namely (8, 8).

e 2 marks: Correct supporting-price or marginal-rate-of-substitution argument show-
ing that (7,7) is Pareto efficient.

e 2 marks: Correct construction of an endowment different from (7,7) that lies on
the supporting budget line through the target allocation, for example (4, 9) for A.

e 2 marks: Correct verification that the proposed endowment supports (7,7) as a
competitive equilibrium after trade, or an equivalent correct supporting argument.

(d) (6 marks) Fairness of competitive equilibrium in general

e 2 marks: Correct statement that the claim is False.

e 2 marks: Correct explanation that competitive equilibrium guarantees Pareto
efficiency, not fairness or envy-freeness in general.

e 2 marks: Correct counterexample or equivalent reasoning showing that a compet-
itive equilibrium can be efficient but not fair.
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