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Overview

This tutorial covers:

e the Cobb-Douglas production function in per-worker form;

steady-state capital per worker and output per worker in the Solow model;

e comparative statics for changes in the saving rate and the depreciation rate;

transition dynamics following permanent parameter changes;

how the ratio s/d governs the long-run position of the economy in simple growth models.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1: The Cobb—-Douglas Production Function
and the Steady State

Chapter 11, Q7. The Cobb-Douglas production function.

Problem

Suppose that the economy’s production function is given by
Y = Kalea

and assume that « = 1/3

(a) For a given saving rate, s, and depreciation rate, §, give an expression for capital per
worker in the steady state.

(b) Give an expression for output per worker in the steady state.
(¢) Solve for the steady-state level of output per worker when s = 0.32 and § = 0.08.

(d) Suppose that the depreciation rate remains constant at § = 0.08, while the saving rate
is reduced by half, to s = 0.16. What is the new steady-state output per worker?

Solution

Method 1: Direct steady-state calculation from the Solow equation

Let

Y
k= — = .
N YN

Since a = 1/3, the production function becomes
Y — K1/3N2/3.

Dividing by N,

1/3
Y = M — KWB3N-1/3 — (5) / N RVE

Y=N N N

Hence the per-worker production function is
y = f(k) =K'

In the Solow model with no population growth and no technological progress, the law of
motion for capital per worker is

kt+1 — kt = Sf(k:t) — 5]{?,5
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At the steady state,

SO

kt+1 - k’t = k*>

sf(k*) = ok”.

Substituting f(k) = k'/3,

(a)

s(k")Y? = ok*.

Solve
s(k)Y3 = 5k*.

For the positive steady state,
s=90 (k:*)2/ 3

SO s
L* 2/3 _ Z
(s = 2

Raising both sides to the power 3/2,

Therefore,

Using part (a),

Hence

If s =0.32 and 0 = 0.08, then

Therefore

=) =vie

So the steady-state level of output per worker is

Y= 2.

QRS@QNTU
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(d) Now s =0.16 and 6 = 0.08, so
s 016

§ 008
Hence the new steady-state output per worker is

Yt = V2.

Numerically,
V2~ 1.4142.

Therefore,

Ut =2~ 1.4142.

Method 2: Break-even investment and the ratio s/0

QRS@QNTU

Using
y =k,
steady-state equilibrium is obtained where actual investment per worker equals break-even
investment:
sy = ok.
Substituting y = k'/3,
sk'/3 = ok,

Divide both sides by k'/3 for the positive steady state:

s = ok*/°.
50 s 5\3/2
wr=g w=(5)
Then o\ 1/2
v= )P = (5)

(a) The positive steady-state capital per worker is

o= )"

(b) The corresponding steady-state output per worker is

Q"
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(¢c) When
S
—'}
5 )
we get
y* = \/Z =
Therefore,

(d) Halving the saving rate from 0.32 to 0.16 halves the ratio s/¢ from 4 to 2. Since
steady-state output per worker depends on the square root of this ratio,

y*:\/gzﬁ.

Ut =2~ 1.4142.

Hence

— sk'/3 old
E 1.6 | —— k3 new
S — Ok
Z 12|
2,
g 0.8 s =03
§ =
K 04 ;
k
0 : : : : |
0 2 4 6 8 10

Capital per worker, k
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Question 2: A Permanent Rise in Depreciation

Chapter 11, Q8

Problem

Continuing with the logic from C11 Q7, suppose that the economy’s production function is
given by
Y — K1/3N2/3

and that the saving rate, s, and the depreciation rate, § are equal to 0.10.

(a) What is the steady-state level of capital per worker?

(b) What is the steady-state level of output per worker?

Suppose that the economy is in steady state and that, in period ¢, the depreciation rate
increases permanently from 0.10 to 0.20.

(c) What will be the new steady-state levels of capital per worker and output per worker?

(d) Compute the path of capital per worker and output per worker over the first three
periods after the change in the depreciation rate.

Solution

Method 1: Per-worker law of motion and direct iteration
The per-worker production function is
y=f(k)= k"
With no population growth and no technological progress, the law of motion is
ki1 = sf(ke) + (1 —0)k;.
(a) Initially s = ¢ = 0.10. At the steady state,
sk'/® = k.

Hence
0.10k3 =0.10 k.

For the positive steady state,

kY3 = k.
Dividing by &'/3,

P =1,
SO

E* = 1.
Therefore,

E* = 1.
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(b)

Since
y* _ (k*)l/S’
we get
yr=1"% =1
Hence
yr =1

QRS@QNTU

After the permanent increase in depreciation, s = 0.10 and § = 0.20. The new steady

state solves
0.10k3 =0.20k.

For the positive steady state,
0.10 = 0.20 /3,

SO

E2/3 w — 1
0.20
Thus
e (1)3/2_;_£
2 24/ 4

The new steady-state output per worker is

Therefore,
N 1
k== = —— ~ 0.3536,
(2) 2v2
1N\ 1
R = — ~0.7071.
’ (2) V2
The economy is initially at the old steady state, so

After the shock, the new law of motion is

kpsr = 0.10k* + 0.80 k.

Period ¢t + 1.

ki1 = 0.10(1)Y3 +0.80(1) = 0.10 4 0.80 = 0.90.

Hence
Y1 = k5 = 0.90"% ~ 0.9655.

8
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Period t + 2.
kipo = 0.10 k73 +0.80 kyq = 0.10(0.90) 4 0.80(0.90).
Numerically,
kryo &~ 0.10(0.9655) + 0.72 ~ 0.8165.
Therefore
Yora = ki[5~ 0.8165"/% ~ 0.9347.
Period t + 3.

kv = 0.10 k1% 4 0.80 ky o & 0.10(0.9347) 4 0.80(0.8165) A 0.7467.

Hence
Yirs = k15~ 0.7467"% ~ 0.9072.

Thus the transition path is:

ke =1, =1,
ki1 = 0.9000, yiq =~ 0.9655,
kiio = 0.8165, w40 ~ 0.9347,
kv = 0.7467, yi13 =~ 0.9072.

Method 2: Break-even investment diagram and transition logic

Before the shock, steady-state equilibrium is determined by the intersection of
sf(k) = 0.10 k3

and
0k =0.10 k.

After the shock, the saving curve is unchanged but the break-even line rotates upward to
0k =0.20 k.
(a) The original steady state solves
0.10k3 = 0.10 k.

So

(b) Using y = k'/3,
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(c) The new steady state solves

Hence

(d) Since the economy starts at k; =

0.10 kY% = 0.20 k.

1
k==
(5

3/2
) ~ 0.3536,

2

1 1/2

1, which is above the new steady state 0.3536,

depreciation now exceeds actual investment:

020k, > 0.10 k.

Therefore capital per worker must fall over time toward the new steady state. The
first iterations are:

Then

Hence

Investment and break-even investment

Yipr = 0.903 ~ 0.9655,

0.3 3
0.25 ¢
0.2 ¢
0.15 |
0.1

5-1072

ki1 = 0.10(1)Y3 +0.80(1) = 0.90,
ki o = 0.10(0.90)2 + 0.80(0.90) ~ 0.8165,
kirs = 0.10(0.8165)"2 + 0.80(0.8165) ~ 0.7467.

yt+2 ~ 093477 yt+3 ~ 09072

krin = 0.9000,
kirso ~ 0.8165,
Korss = 0.7467,

Y11 = 09655,
Yers ~ 0.9347,
Yers ~ 0.9072.

_Skl/?)/
—0.10k
—0.20k
old k* =
k*
0 02 04 06 08 1 12 14

Capital per worker, k

10
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Question 3: The Saving Rate and Changes in the Capi-
tal Stock

Chapter 11, Q9. The saving rate and changes in the capital stock

Problem

Assume the economy initially starts at its original steady state. Suppose that the economy’s
production function is given by
Y =vKVN,

and the saving rate, s, slowly declines from 12% in year ¢ to 11% in year ¢t + 1 and 10% in
year t + 2. Suppose, moreover, that the depreciation rate, ¢, is 10%.

a) what happens to the steady-state capital stock per worker and the steady-state output
y y
per worker? Please compute the actual values for capital stock per worker and output
per worker from period t to t + 3.

(b) Assume that the depreciation rate increases to 12% at time ¢ (remaining stable af-
terwards). What is the new steady-state capital stock per worker the economy will
approaches in the long run? What is the new steady-state output per worker? How
does this compare to your answer to part a? Please compute the values for capital
stock per worker and output per worker from period ¢ to ¢t + 3.

Solution

Method 1: Moving steady states and direct transition arithmetic

Because

Y = VKVN,

the per-worker production function is

Y [k X
V=5 N Vi = kY2,

The law of motion for capital per worker is

kip1 = St\/k_t+ (1 — &)k

A steady state satisfies

sVk* = 0k*.

For the positive steady state,

s = ovVk*,

SO
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(a) Here 0 = 0.10 throughout, while
s, =012,  s.0 =011, 8429 = 0.10.

Therefore the associated steady states are:

0.12\2 0.12
at t: k*:( > = 1.44, Y= = =1.20;

0.10 0.10
0.11)2 0.11
10 k=(=—) =121 *— 2 —1.10:
attle K (o.m) I T T
0.10\ 2 0.10
from ¢ + 2 d: kB=(=) =1 s _ 0V
rom t + 2 onwar (0‘10) ) Y 010

So both the steady-state capital stock per worker and the steady-state output per
worker fall over time.

Since the economy initially starts at its original steady state,

ky = 1.44, Yy = v 1.44 = 1.20.

Because s; = 0.12 in year ¢,
ki1 = 0.12(1.20) + 0.90(1.44) = 0.144 + 1.296 = 1.44.

Hence

Y41 =V 1.44 = 1.20.
In year ¢t + 1, the saving rate falls to 0.11, so
kiio = 0.11(1.20) + 0.90(1.44) = 0.132 + 1.296 = 1.428.

Thus
Yiro = V1.428 ~ 1.1950.

In year ¢t + 2, the saving rate falls to 0.10, so
krys = 0.10v/1.428 +0.90(1.428).
Using v/1.428 ~ 1.1950,
kiys =~ 0.10(1.1950) + 1.2852 = 1.4047.

Therefore

Yirs = V1.4047 ~ 1.1852.

Hence the actual path is

k, = 1.4400,  y, = 1.2000,
kpsr = 1.4400, ypq = 1.2000,
Ko = 1.4280, 40 ~ 1.1950,
Kiiys ~ 14047, yp s~ 1.1852.

12
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(b) Interpreting part (b) as a new scenario, keep the saving rate at its original level s = 0.12,
and suppose the depreciation rate rises permanently from 0.10 to 0.12 at time .

The new long-run steady state therefore satisfies

0.12) 2 0.12
(0.12) Y

So

=1y =1]

Compared with part (a), the long-run steady state is the same as the eventual one
reached there:

(k*7y*) = (17 1)'
The difference is the transition path. In part (b), the downward adjustment starts
immediately at time ¢ because the depreciation shock is immediate and permanent.

Since the economy again starts from the original steady state,
l{?t = 1447 Yy = 1.20.
The new law of motion is now

kpsr = 0.124/k; + 0.88k;.

Thus
keyr = 0.12(1.20) + 0.88(1.44) = 0.144 + 1.2672 = 1.4112,
SO
Y1 = V1.4112 = 1.1879.
Next,

ko = 0.12¢/1.4112 + 0.88(1.4112).
Using v1.4112 ~ 1.1879,

koo ~ 0.12(1.1879) + 1.2419 ~ 1.3844,

and hence
Yero = V' 1.3844 ~ 1.1766.

Finally,
kivs = 0.12¢/1.3844 + 0.88(1.3844).

Using +/1.3844 ~ 1.1766,
kivs3 ~ 0.12(1.1766) 4+ 1.2183 ~ 1.3595,

SO

Yt+3 =V 1.3595 ~ 1.1660.

13
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Therefore the path is

k; = 1.4400, y: = 1.2000,
kiy1 = 14112, w1 =~ 1.1879,
ko~ 1.3844, 1.0 ~ 1.1766,
kivs =~ 1.3595, y:13 ~ 1.1660.

Method 2: The s/6 ratio and comparison of transition paths

For the production function

y =k,
steady-state equilibrium satisfies
sVk* = 6k*.
Thus )
s s s
kf* — = ]{j* = — * = —,
= (). v=3

So both long-run capital per worker and long-run output per worker are determined entirely
by the ratio s/d.

(a) In part (a), the ratio s/ changes as follows:

St 0.12 St+1 0.11 St42 0.10
— 219 — 1,
o 0.10 ) 0.10 o 0.10

Therefore the corresponding steady states move from
(k*,y*) = (1.44,1.20)
to
(1.21,1.10)
and then to

(1,1).
The economy therefore converges toward progressively lower steady states.

The actual path, using
l{ft+1 = St\/Et -+ OQOkt,

is exactly the same as in Method 1:

ki = 1.4400, v, = 1.2000,
ks = 1.4400, y,.q = 1.2000,
kryo = 1.4280, yy2 ~ 1.1950,
kivs ~ 14047, ypis ~ 1.1852.

14
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(b) In part (b), with s = 0.12 fixed and ¢ rising to 0.12, the ratio becomes
0.12
e i |

5 012

So the new long-run steady state is immediately

(5%, y%) = (1,1).

This is the same long-run destination as in part (a), but reached under a different
mechanism:

e in part (a), the saving rate falls gradually, so the steady state shifts downward in
stages;

e in part (b), the depreciation rate jumps immediately, so the economy begins declining
right away.

The transition path is

k; = 1.4400,  y; = 1.2000,
bopr = 14112, y,1 ~ 1.1879,
Koo ~ 13844, ;.0 ~ 1.1766,
kivs =~ 1.3595, y;13 =~ 1.1660.

Relative to part (a), the decline begins earlier and is faster over the first few periods
because the higher depreciation rate bites immediately.

Period | Part (a): falling s | Part (b): higher §
Ky Yt Ky Yt

t 1.4400 | 1.2000 | 1.4400 1.2000
t+1 | 1.4400 | 1.2000 | 1.4112 1.1879
t+2 | 14280 | 1.1950 | 1.3844 | 1.1766
t+3 | 14047 | 1.1852 | 1.3595 | 1.1660

15
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