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INSTRUCTIONS TO CANDIDATES

1. This examination paper contains SEVEN (7) questions and comprises
THREE (3) printed pages.

2. Answer ALL questions. The marks for each question are indicated at the
beginning of each question.

3. Answer each question beginning on a FRESH page of the answer book.
4. This is a CLOSED book exam.

5. Candidates may use calculators. However, they should write down systemat-
ically the steps in the workings.
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QUESTION 1 (16 marks)

(a) Evaluate the limit

(b) Use L’Hospital’s Rule to evaluate the limit

lim (1 + sin 3z)%*"”.
z—07t

[Solution:]

Ve—1 . Jz—1 \/E+1_l. x—1 1

alcl—%x?—l:il—%x?—l.\/E—i—l_ml—{q(x—l—l)(x—l).\/f—i—l
= lim (z—1) . ! = lim 1 - lim !
$—>1(I+1)(Z‘—1) \/E—f—l x—>1(l‘+1) z—>1ﬁ+1
111
T2 V141 4

(b) As x — 0T, we have 1 +sin3z — 1 and cotz — oo, so the given limit is
indeterminate (type 1°°). Let y = (1 + sin 3z)®"*, we have

In(1 + sin 3x)

Iny = cotxIn(l+sin3z) = :
an

Use L’Hospital’s Rule,

: 3 cos 3z
In(1 + sin 3z .
. . ) :
lim Iny = lim Q — lim +s11213z _3
z—07F z—0t tanx z—0+t seccx

To find limit of y, we use the fact that y = e™¥:

lim (1 +sin32)* = lim y = lim ™Y = ¢?
z—0*t x—07+ z—0*t

QUESTION 2 (16 marks)
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Use the e-d definition to prove the limit

limz? —1=0.
x—1

[Solution:]

1. Guessing a value for 9.

Let € be a given positive number. We want to find a number ¢ > 0 such that
if 0<|z—1/<¢ then |2°—1|<e

We write
‘x2—1| =l(z+D(x-1)|=|z+1| |z -1

Then we want
if 0<|z—1]<d then |z+1|-|Jz—1|<e
In fact, since we are interested only in values of x that are close to 1, it is reasonable
to assume that z is within a distance of § from 1, that is [z — 1| < 1. Then we have
;< <3503 <|r+1] <2 Thus, when 1 <2 < 2, it follows that
5
lz+ 1]z —1] < §|x—1|.
If |z — 1] < Z¢ is also satisfied when |z — 1| < %, we have

|x2—1‘<g\x—1|<e.

Therefore, we can take § to be the smaller of the two numbers % and e. The

2
notation for this is § = min{3, 2¢}.

2. Showing that this ¢ works.
Given € > 0, let 6 = min{1/2, 2¢}. If 0 < |z — 1| < 0, then

)
|x—1|<1/2:>1/2<a:<3/2:>|1+x|<§.
We also have |z — 1| < 2¢, so

)
|x2—1‘:]1+:U]-]x—1|<§\x—1\<e.
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Therefore,
lim(z® — 1) = 0.

rz—1

QUESTION 3 (16 marks)

Find the derivatives of the following functions. (You do not need to simplify
the answers)

()
g(x) = cos(x” + Vtan ).

(b)
f(z) = (sinz)™.

[Solution:]

(a)

2
"() = —sin(2® + Vtanz 5x4+sec—x
/1) = —sin(e? + Vi) o' + L)

(b) we have In f(x) = InzIn(sinz), then take the derivative on the both sides with
respect to x,

f' In(sinz) Inxzcosz

- = + = f' = (sinz)™7(

In(sin z) n Inx cosx
f x sin x x sinx

)

QUESTION 4 (12 marks)

Prove that the function

F(x) = 22 4 20 4 g 41,
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has neither a local maximum nor a local minimum.

[Solution:] Note that f(z) is continuous and differentiable in the whole domain.
Therefore, if f(x) has a local extreme value at, say x = ¢, then f’(¢) = 0. However,
we have

f'(z) = 20127 + 10121 + 1 = 201 (') + 101(z*°)* + 1 > 0.

So f'(z) is always positive (nonzero) in the whole domain. In this way, there is no
local extreme values.

QUESTION 5 (12 marks)

Suppose f(x) has third order derivative on [0, 1] (that is f”'(x) exists on [0, 1]), and
f(0) = f(1) = 0. Show that for the function F(x) = z?*f(x), there exists a number
c € (0,1), such that F"(c) = 0.

[Solution:] Since f(x) is third order derivative on [0, 1], functions f(x), f'(x), and
f"(x) are all continuous and differential on [0, 1]. For F'(z) = z*f(z), we have

F'(z) = 22 f(z) + 2°f'(2)

F'(z) = 2f (z) + 4z f' (z) + 22 f"(x)
F”/($) — 6f’(x) + 61L’f//($) =+ x2f///(x)

so that F(z), F'(z), and F"(x) are all continuous and differential at [0,1], and
F"'(z) exists at [0,1]. Further,

F(0) = F(1) = F'(0) = F"(0) = 0.

From F(0) = F(1) = 0 and F'(x) exists at [0, 1], there exist a number ¢; € (0, 1),
such that F’(c;) = 0.

From F'(0) = F'(c;) = 0 and F"(z) exists at [0, 1], there exist a number ¢, €
(0, ¢1), such that F"(¢cy) = 0.

From F”(0) = F"(c;) = 0 and F"(x) exists at [0,1], there exist a number
¢ € (0,¢y), such that F”(¢) = 0.
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QUESTION 6 (12 marks)

Show that the tangent line to the ellipse

2 g
2te=h
at the point (zg,yo) is
Lol | Yoy 1
@

[Solution:]
Differentiate both sides of the equation with respect to x

2 2yy

2 =0

We now solve for 3/

The tangent line at (zq,yo) is

Y—Yo = ?/(%, yo)(x )

Ty , Yo
; + b_2 =1
Therefore
TZo | YYo 1
a2 b
QUESTION 7 (16 marks)
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Suppose we have

Y 'x:
Prove that
f1(0)=0
[Solution:] we have
-3 _ )
, . e zf — T 7y2:
O = g e =0
2~z
/ _ ] e, x # 0,
ra={ e 07
2 —fz -0
" _ =6 1 2 -y _
PO = iy B = i 2 =

END OF PAPER



