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INSTRUCTIONS

1. Do not turn over the pages until you are told to do so.
2. Write down your name, tutorial group, and matriculation number.

3. This test paper contains FIVE (5) questions and comprises SIX (6) printed
pages.

4. Answer all questions. The marks for each question are indicated at the beginning
of each question.
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QUESTION 1. (5 marks)
Find the limits if exist.
Vat+5-3 1
(a) iig(l)(xQ +1)(2 + cosx) (b) $li>r£12% (c glcl_% P

Wl

z—0t 22 r—0t z—0t

(d) lim [a:sin (iﬂ (¢) Tf lim [8g()]% = 3, find lim g(z).

[Answer:]

(a) The function f(z) = (2®+1)(2+ cos z) is continuous at z = 0. So lirr(l)f(as) = f(0).
T—
Plugging in x = 0, we get
lim f(z) = f(0) = 3.

z—0

(b) We rationalize the numerator.

L VEEE-3 L ViTE5-3 VBT +3

mL—Q x4+ 2 _xi>—2 x+2 .,/x2_|_5_|_3
. (2 +5)—9 1
= lim .
=-2 T+ 2 vViz+5+3
. 1?24 1 . z—2
= lim . = IIm ——
=20 +2 r24+5+3 -2/ 4+5+3
2
=3
(c) We check the two one-sided limits.
. 1
lim li = +00
x—2~ |[L’ — | r—2— 2 — xXr
1 .
lim = lim = +00

Thus, the limit does not exist. Or the function has an infinite limit at x = 2.

(d) Let f(z) = —z, g(x) = wsin(%), and h(z) = x. It is easy to find out that
1i1})1+f(ac) = lir(x)1+h(a:) = 0. When z > 0, we also have f(z) < g(z) < h(x). Using
z— z—
th th li = i = lim A(z) = 0. Thus, li in(%)| =
e squeeze theorem, xirghg(x) xg(r)af(x) lim (x) = 0. Thus, lim [zsin (£)]

0.

(e) Given that lim [8¢(z)]5 = 3 and lim [%]% = 1, we have lim Bg(2)]? - [L]5 =

) z—07F z—07F z—07F
lim [g(z)]® = % Using the Power Law, we obtain that lim g(z) = %.
z—0t z—0t
2
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QUESTION 2. (3 marks)

Find the derivatives of the functions.

b)) w=(z—2)(z+2)(z* +4) (¢) s=cos <\/2t+1)

[Answer:]

(a) Using the Quotient Rule,

;o (D)@Y -2 (x+1) 2z(x+1)—2* 2P+ 21
y = =

(x4 1)2 N (x +1)2 ICEE

(b) We rewrite the function w = w(z) as
w=(z—-2)(z+2)(z2+4) = (22 —4)(z* +4) = 2* — 16.
Thus, the derivative of w is w’' = 423.

(c) Using the chain rule, we can get

|
s = —sin <\/2t i 1) 5@+ 2+ 1)
= —sin <\/2t ¥ 1) (2t +1)2

—sin (v2t + 1)
20+1
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QUESTION 3. (4 marks)
(a) Use the -6 definition to prove that lin%(?)x —4)=2.
r—r

(b) Show that the function f(z) = 3z — 4 is continuous in its domain.

[Answer:]

(a) (1) Preliminary analysis of the problem (guessing a value for §).

Let € be a given positive number. We want to find a number ¢ such that
if 0<|z—2/<d then |Bx—4)—2|<e.
Now we need to work out an inequality for |z — 2| from the second inequality

(3 —4) — 2| < e.

But
|(3z —4) — 2| = |32 — 6] = 3|z — 2]

Therefore we want 6 such that
if 0<|z—2/<d then 3lz—2|<e

that is,

1
if 0<|z—2]<d then |x—2|<§€

This suggests that we should choose § = %e.

(2) Proof (showing that this § works).

Given ¢ > 0, choose 6 = ge. If 0 < |z — 2| < § = 3¢, then
1
|(3z —4) — 2| = |3z — 6] = 3|z — 2] <35:3(§e):e

Thus
if 0<|r—2|<d then |(3z—4)—2|<e

Therefore, by the definition of a limit,
lim(3z —4) = 2.

z—4
(b) The domain of f(x) is R. Let a be any given real number. We have f(a) = 3a — 4.

Meanwhile,
lim (3xz — 4) = 3a — 4.

r—a

Thus, lim f(z) = f(a), indicating that f(x) = 3z — 4 is continuous in its domain.
r—a
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QUESTION 4. (4 marks)

Find the values of a and b that make the following function differentiable for all z-
values.
ar+b, x<I;

g(x) =
ba? -3, x> 1.

[Answer:]

(a) That f(z) is differentiable for all z-values indicates that f(x) is continuous at every
number including x = 1. Thus,

lim f(z) = lim f(z) = lim f(z) = f(1).

z—1 z—1— z—1t

We have hm L f(z) = hm | (ax +b) = a+band hr{1+f( x) = lir{1+(bx2 —3)=0b-3.
T—r T—r
So, a+b—b 3g1ves that a=—3.

(b) If z < 1, f'(x) = a. If x > 1, f'(x) = 2bx. We need to consider the derivative of
f(z) at = = 1.

© flx) — (1)
/ T r)—
F) =l ==——
The limit lin}% exists if and only if lim % and lim % both exist
T—

z—1t r—1~
and are equal. We have

lim L) = J0) bmz_?)_(b_g):1imb(m+1):21).

r—1t r—1 r—1t r—1 r—1t

Given that a = —3,

limM: lim axtb—(b—3) _ hmﬂ:_g
r—1— z—1 r—1— z—1 z—1- . — 1
So 2b = —3 gives b = —%. In summary, if @ = —3 and b = —3/2, f(z) is

differentiable for all z-values.
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QUESTION 5. (4 marks)
Let f(z) =z + 2sin (1).

(a) Find the domain of f(x).

(b) Show that f(x) is an odd function in its domain.

(c) Prove that the equation f(x) = 0 has a root in its domain.

[Answer]
(a) The domain of f(z) is R\{0}.
(b) Since

f(=2) = —x + 2sin (—%) = —x — 2sin (é) = - {x—l—QSin (i)} = —f(=),

f(x) is an odd function.

(¢) We know f(x) is continuous on its domain. But z = 0 is a hole of this function. We
know —2 < 2sin (%) < 2. By trial and error, we find the function values f(10) =
10 +2sin(1/10) > 10 =2 =8 > 0 and f(7&) = 7= + 2sin () = &= — 2 < 0.
Note that f(z) is continuous on the closed interval [72-,10]. Since the value y =0
is between the two numbers f(7%) < 0 and f(10) > 0, by the Intermediate Value
Theorem there is a number ¢ € [2, 10] such that f(c) = 0. That is, the number

197
¢ solves the equation f(x) = 0.
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