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INSTRUCTIONS

1. Do not turn over the pages until you are told to do so.
2. Write down your name, tutorial group, and matriculation number.

3. This test paper contains SIX (6) questions and comprises SEVEN (7) printed
pages. Question 6 is optional.

4. The marks for each question are indicated at the beginning of each question.
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QUESTION 1. (3 marks)

Use the €, ¢ definition of a limit to prove the following statement
. 1 n 1 2
m({—+=-]=-.
z—=3\x 3 3

[Answer:| Let € be a given positive number. To prove the limit, we only need to find
a number ¢ > 0 such that

1 1 2 1 1
if 0<|z—3|<d th -4+ -] —=-|=|-—=|<e
it 0<lo-31<d then |(G+)-3l=12-gl<e

3
but 11,3 1 1
—x
= = Z|g —3|-|=].
I~ =gl =l 1=3lz =312
If [t — 3| <1, then 2 < z < 4 and |1| < 5. Thus,
1 1 1 1 1
S =2le =35 < 2|e —2].
=3l 1L < L2
If |z — 2| is less than 6¢, then
S i <zo—2<
—3l<gle €.

This suggests that we should choose 6 = min {1, 6e}.
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QUESTION 2. (5 marks)

Find the limits if exist.

ot + 1 -2 . 2— 4 — 2?2 w4+ at+1

(&) :132% 22+ cosx + e” b) 31:5% 2x (c) }H2 (x — 2)?
. [(x+2h)? - (x — 3h)? _ 1 3
(d) ilzli% 5h (€) a:lg?ﬂ“ l—2z 1—2a3)
[Answer:]
(a) f(z) = % is an algebraic function and it is continuous on its domain. We

know z = 1 is in the domain of f(x). The limit can be evaluated by directly
substituting = 1 in the function. The numerator is 0 when z = 1. So lin% flz) =
T—r

f(1) =0.

(b) We rationalize the numerator.

2 — V4 — 22

lim——— = lim = lim

z—0 2z z—0 2z 24+ 4 —x2 =0 2x . 24+ V4 — x?
lim> L Hm= - li L 0x L -0
=lim-+ —m——— = lim— - llm———— = - =0.
z—02 2+m z—02 z—>02+m 4

(¢) As x approaches 0, the denominator approaches 0 but the numerator approaches
13. Thus, the limit does not exist. Or the function has an infinite limit at x = 2.
One can use the definition of an infinite limit to prove that the limit does not exist.

()

2 (. ap)2 _ B
lim [(x +2h)? — (z — 3h) } i [(x + 2h +x — 3h)(z + 2h — x + 3h)
h—0 5h h—0 5h
. [@xz—=3n)(5h)] .. B
= }llli]% [5—11 = }LIE)I%)(QI —3h) = 2z.

. =24 x+2? , (r—=1)(x+2)
= lim ————— = lim
a1t 1 —ad o=+ (1 —z)(1 + z + 22)
— 2
= lim M - 1.

zo1+1 4+ o+ 22

Downloaded by amy wong (ericyang6262@studue.com)



QUESTION 3. (4 marks)
Show that there is at least one root of the equation

. 1
smx—x+§

between -5 and 5

[Answer:] Consider the function f(z) = sinz — 2 — 1. We apply the I.V.T. to this

function on the interval [—”, g} with N = 0. The first thing we have to check is that
f(z) is continuous on [—%, Z]. This is true because

SIEL

(i) f(x) is continuous on the closed interval [—%,2].

(i) f(-3)=-14+3—-3>0.

So because f(—%5) > 0> f(5) we deduce from the L.V.T. that there exists a ¢ where
f(c) = 0. This ¢ will solve the given equation.
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QUESTION 4. (4 marks)

Find the value of a that makes the following function continuous for all z-values.

rsint, x> 0;
flz) =

a+z, x<0.

[Answer:] That f(x) is differentiable for all z-values indicates that f(x) is continuous

at every number including x = 0. Thus,

limf(z) = lim f(z) = lim f(z) = f(0).

z—0 z—0t

We have lim f(x) = lim (¢ + ) = a and lim f(z) = lim zsin 2. We know —|z| <
z—0~ x—0~ z—0t z—0t r
wsint < |z| and lim |2| = lim (—|z|) = 0. So, lim xsin = 0. This gives that a = 0.
€z x—0+ x—0+ z—0t r
If vg <0, lim f(z) = a+z9 = f(xg). If >0, lim f(z) = xosinw—lo = f(x). Thus,
T—T0 T—T0

a = 0 can make the function continuous everywhere on its domain.
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QUESTION 5. (4 marks)

Counsider the function

(a) Show that f(z) is continuous in its domain.

(b) Find the derivative of f(x) at = = 0 if exists.

[Answer]
(a) When x # 0, f(z) is obviously continuous. At xz = 0, using the squeeze theorem

by selecting g(x) = —2? and h(x) = 2? with g(x) < f(x) < h(z), we can find that

1
IRT IERT T T 2 . +

As f(0) = 0, the function f(x) is continuous at x = 0. So, f(z) is continuous in
its domain R.

(b) At the point x =0

So f'(0) = 0.

Downloaded by amy wong (ericyang6262@studue.com)



QUESTION 6 (Optional). (1 bonus mark)

Suppose f(x) and g(z) are continuous functions on the interval I. Let
F(z) =max{f(z),9(z)} and G(z)=min{f(z),g(z)}.
Show that both F'(z) and G(z) are continuous on I.

[Answer:] We can rewrite F'(z) and G(x) as

(f(x) + g(x) + [f(x) — g(2)])

and

Gla) = 3 (F@) + 9(a) — |(z) — gl@)])

Given that f(z) and g(x) are continuous functions, f(x) — g(z) is continuous. We
know that the absolute value function h(z) = |z| is continuous. Since a continuous
function of a continuous function is continuous, |f(x) — g(x)| is continuous. Both F(z)
and G(x) can be obtained from the continuous functions f(x), g(x) and |f(x) — g(x)|.

Thus, both F(x) and G(z) are continuous.
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