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QUESTION 1. (2 marks)

Let € be a given positive number. Verify that a possible choice of § for showing that

limz? = 16
r—4

18

d = min{2, 1—60}

SOLUTION Given € > 0, choose § = min{2,¢/10}. We have 6 <2 and ¢ < ¢/10. On
the one hand, if 0 < |z — 4| <0 <2, then —2 <2z -4 <2o0r 6 <z+4 <10. On the

other hand, if 0 < |x — 4] < § < {5, then |x — 4] < {5. So, we can say that

22 — 16 = |(z + 4)(z — 4))| = |(z + 4)| - |(z — 4))| < 10 x % — e

Thus,
€
§ = min{2, —
min{ ,10}

is a possible choice.



QUESTION 2. (4 marks)

Find the limits if exist.

@) I\ 57 (b) lim —2"—

(t2+6t—16)100 V91 z-3

2
8
(c) lim © tortat , where a is a real number, (d) lim m :
z=2  (x—2)? 08I T
SOLUTION
(a) The function
t* + 6t — 16
=
90 = B 557

is a rational function and it is continuous on its domain. We know ¢ = 2 is in the
domain of g(t). So,

) 22 +6x2—16

() = 55277 ~©
Given that f(t) = ¢! is a continuous function and the original function can be
written as f(g(t)), we have
lim f(g(t)) = f (timg()) = £(0) = 0.

t—2 t—2

(b) We rationalize the numerator.

. VI+x—3 . VI+r—3 V9+z+3 i 94+2—-9 1
im———— = lim = .
x—0 31‘

. = lim
z—0 3x \/9+—$ +3 =0 3x \/9_|'—$ +3
. T 1 1 1 1 1 1
= lim— = lim—- - lim

e —— = - X == —.
=037 /9+ax+3 2203 2-0,/9+2x+3 3 6 18
(c) We assume the limit exists and the limit value is L. It is obvious that

lim (z — 2)* = 0.

T—2

By the product law, we know that the limit as x approaches 2 of the numerator

exists,
2
8
lim (22 + az +a+8) = lim LTS i~ 22 = Lx0=0.
z—2 T—2 (x — 2)2 T—2
But
lir%(x2+ax+a+8) =442a+a+8=3a+ 12.
Tr—r
So, we have 3a + 12 = 0 or a = —4. Now we go to evaluate the limit value L.
2 8 2 _4x+4
G i e i G Pl
e=2  (r—2)? 22 (1 — 2)2

When a # —4, the limit does not exist. As 2 approaches 0, the denominator
approaches 0 but the numerator approaches a non-zero value. Thus, the limit does
not exist.



(d) We consider the two one-sided limits:

. X . € . x . —X
lim ‘ | = lim — =1, lim | | = lim —
z—0+SIN T z—0+sin z—0-Sinx  z—0-Sinx

= -1

The two one-sided limits are not equal. The limit does not exist.



QUESTION 3. (4 marks)

()Ifhrr(l) ) — 10, find lim £ )

z—0

(b) Suppose that |f(z)| < 2? for all z. Find lir%f(x).
z—

SOLUTION
(a) We know that

and lin%x = 0. Following the product law, we have
Tr—r

o F@) L @)

><11mm-10><0—0
20 2—0 ;pQ =0

(b) For any given real number a, we have —|a| < a < |a|. Equivalently,

—[f(2)] < fz) < |f(2)].

We further have |f(z)| < x?, which also indicates that —|f(z)| > —z* Combin-
ing all the inequalities together, we can obtain that

—2% < f(z) < 22

Obviously, lin(l] (—2?) = limz? = 0. The squeeze theorem yields that hm f (x) =0.
T—

z—0



QUESTION 4. (3 marks)

Show that there is at least one root of the equation

Inx+vV4—22=1.

SOLUTION We consider the function f(x) =Inz+ 4 — 22 — 1. Its domain is (0, 2].
The function f(x) is continuous in its domain. We can apply the I.V.T. to this function
on a closed interval to prove that there exists a number ¢ such that f(c¢) = 0. By trial
and error, we find that [1, 2] is a possible choice. Obviously, f(z) is continuous on
[1,2]. f(1) =+v3—-1>0and f(2) =In2 -1 < 0. We deduce from the L.V.T. that
there exists a ¢ € [1, 2] where f(c) = 0. This ¢ will solve the given equation. We also
find another closed interval [e=2, 1] which contains at least one root of that equation.



QUESTION 5. (4 marks)

Let
2?2, x < 4;

fz) =

ar+0b, x> 4.

(a) Find the values of a and b that make f(z) continuous everywhere.

(b) Find the values of a and b that make f(z) differentiable everywhere.

SOLUTION

(a) Give ¢ < 4 or ¢ > 4, the function f(z) is continuous at ¢ as limf(x) = f(c). Now
Tr—c

we consider ¢ = 4. The two one-sided limits are computed

. . . 2 . . . . .
@ = e =16 o) = g ler by =detd
To make f(z) continuous at x = 4, we must have liril f(z) = lirgf(x) = f(4).
r—4- z—

Here f(4) = 16. Thus, 4a + b = 16. To conclude, the condition 4a + b = 16 must
be satisfied to make f(x) be continuous everywhere.

(b) Again, given ¢ < 4 or ¢ > 4, the function f(z) is differentiable at c. At ¢ = 4,
if f(z) is differentiable, then f(z) is continuous. So, we have 4a + b = 16 from
Part (a). By definition, the derivative of f(z) at z =4 is

£(4) = 1 A8 =Sy S@) =16

r—4 l‘—4 r—4 {L‘—4

f(z) has different expressions on the two sides of x = 4. We turn to evaluate the
two one-sided limits.

. f(x)—16 . ar+b—16 . ar+ (16 —4a) — 16
lim ———— = lim ——— = lim =a,
a4t v —4 a—at v —4 r—d+ r—4
wnd 16 2 —16
TG Rl N el T RS
z—4- T — z—4— T — 4 T4~

So, f'(4) is defined only when ¢ = 8 and b = —16. In summary, a = 8 and
b= —16 make f(x) differentiable everywhere.



QUESTION 6. (3 marks)
Find equations of the tangent lines to the curve

xr— 2
T+ 2

’y —_=
that are parallel to the line x — 4y = 4.

SOLUTION The slope of the curve at x is y/(z). By the quotient rule, we have

oy (r+2)—(x—-2) 4
Yy (r) = (z +2)? - (z +2)2

The slope of the line x — 4y = 4 is 1/4. We can find that the curve has a slope of 1/4
at ;1 = 2 and x5 = —6, where 4/(x +2)? = 1/4. (2, 0) and (—6, 2) are the two points
on the curve. We can find the equations of the two tangent lines as

1 1
or
x—4y =2, r—4y = —14.



