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INSTRUCTIONS

1. Do not turn over the pages until you are told to do so.
2. Write down your name, tutorial group, and matriculation number.

3. This test paper contains SIX (6) questions and comprises SEVEN (7) printed
pages. Question 6 is optional.

4. The marks for each question are indicated at the beginning of each question.
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QUESTION 1. (2 marks)
Use the €, § definition of a limit to prove

) 1 1

lim =—.

=l +1 2
[Answer:| To prove that

1 1

lim = -
z—»lx+1 2

using the e-¢ definition of a limit, we need to show that for every € > 0, there exists a
§ > 0 such that if 0 < |z — 1| <, then

1 1

<
r+1 2

Start with the limit expression:

1 1 2—(x+1) 1l—x
r+1 2 :’ 2(x+1) ’:'2(:164—1) '
We want to bound this expression by e:
1—=x
’2(x+1) =

So, we try to find a suitable bound for |z + 1|. Since we are taking the limit as x
approaches 1, we can restrict x to be in a small neighborhood around 1. If we let
d < 1, then z will be within the interval (0, 2):

l—-d<z<14+9 implies 1<zx+1<2.

Thus, we have:

lz+1| > 1.
Therefore, we can express our inequality as:
1—x 11—z
i 1] > 1).
rrSy] (since |z + 1| > 1)
We want:
|1 — 2]
5 <& = |1 —z| < 2e.
Therefore, we can choose § as:
0 = min(1, 2¢).
This ensures that if 0 < | — 1| < 4, then:
1 —z| <2 = ! ! <
— € — — | <e.
! T+l 2

By the e-0 definition of a limit, we have shown that:
1 1

I -
itz +1 2




QUESTION 2. (4 marks)

Find the limits, if they exist:

, 1 1 . (z—3h)* — (z + 2h)*
1 - 1
(a) gclgtl)<1+2x 1—31‘) ’ (b) a0 sin h ’
Ik x_z i d) 1 \3/_ i i
AT ) @ v )

[Answer:]

(a) We compute the limit:

) 1 1
lim — )
z—0\1+2x 1-—3x

Finding a common denominator:

= limy <(1(1_EZL)_(1(1—2?) = <<1 + 2:;)5(31: - 3:6)) '

Substituting x = 0:

1) B
C(1+0)@1-0)

(b) We compute the limit:

_an)2 _ 2
lim (x —3h) . (x + 2h) .
h—0 sin h
Calculating the numerator:

(x — 3h)* — (z + 2h)* = 2° — 6zh + 9h* — (2° + 4ah + 4h%) = —10xh + 5h%.

Thus,

—10xh + 5k
— lim O g (2102 4 5h) —
h—0 sin h h—0 sin h

1:

h
sinh

Using limy, g

= (—10z +5-0)(1) = —10z.

. x? 1
lim [ ——— ).
r—0t 2 2x

As z approaches 07, —% — —00, hence:

. x? 1
im (——— | =—o0.
z—0t 2 2

(¢) We compute the limit:



(d) We compute the limit:
1
lim /x sin (—2) .
x—0 x

Since sin (x—g) oscillates between —1 and 1, we have:

xr2

|Vl < Vasin (5 ) <194l

Taking the limit as x — 0:

lim /x = 0.

z—0

Thus,
lim | /x| = 0.
z—0

By the Squeeze Theorem:

1
lim /7 sin (—2) =0.
z—0 xT



QUESTION 3. (4 marks)

(a) Let f(z) = cosz — x. Show that there is a solution to the equation cosz = z
between 0 and %.

(b) Suppose the temperature at 6 AM is 25°C and at 2 PM is 34°C. Assuming the
temperature is a continuous function of time, show that at some point during the day,
the temperature was exactly 30°C.

[Answer:] (a) We are asked to show that the equation cosz = x has a solution in the
interval [0, Z]. This is equivalent to finding a root of the function f(x) = cosx — x in
the same interval.

To apply the Intermediate Value Theorem (IVT), we first evaluate f(z) at the
endpoints of the interval:

f(0)=cos(0)—0=1-0=1

T T ™ 1 =« 1
f<3> _cos(3> T =55~y - LT~ 0547

Since f(0) =1 and f (%) ~ —0.547, we observe that f(0) > 0 and f (%) < 0.

By the Intermediate Value Theorem, because f(z) is continuous on [0, %] and
changes sign over this interval, there must be some ¢ € (0, ) such that f(c) = 0,
or equivalently, cosc = c¢. Therefore, there is a solution to the equation cosx = x in
the interval [0, 3].

(b) Let T'(t) represent the temperature at time ¢, where ¢ is the time of day between
6 AM and 2 PM. We are given that:

T(6) = 25°C, T(14) = 34°C
We need to show that there exists some time ¢ between 6 AM and 2 PM (i.e., t € [6, 14])
such that T'(t) = 30°C. Since T'(6) = 25 and 7'(14) = 34, and T'(¢) is continuous, by
the Intermediate Value Theorem, there must exist some ¢t € (6, 14) such that:

T(t) = 30°C

Therefore, at some point between 6 AM and 2 PM, the temperature must have been
exactly 30°C.



QUESTION 4. (4 marks)

Compute the derivatives of the functions in (a)-(c):

_$4—2x+1

2+3 (C)h(l‘):v:}j—{—'?,

(d) Let k(z) = x(x+1)(x+2) - - - (£42024), compute £'(0).

(a) f(z) = (32+5)(22°~4),  (b) g(x)

[Answer:]
(a) We apply the product rule:
(f9) =f'g+r1g
Let u(x) = 32? + 5 and v(z) = 22® — 4. First, compute their derivatives:
u'(z) =6z, V'(z)= 627
Now apply the product rule:
f'(x) = ' (z)v(z) + u(z)v'(x)
f'(z) = (6x)(22® — 4) + (3% + 5)(62?)

Simplify:
f'(x) = 120 — 242 + 182" + 3022

f(z) = 302" + 3022 — 24x

(j)’ _f9- 14
g 9?

Let f(x) = 2* — 22 + 1 and g(z) = 2 + 3. First, compute their derivatives:

(b) We apply the quotient rule:

fl(x) =42° =2, ¢'(v) =22
Now apply the quotient rule:

(42? — 2)(2% +3) — (a* — 22 + 1)(22)
(2% + 3)2

g'(z) =
Simplify the numerator:
(42 — 2)(2* + 3) = 42° + 122° — 22° — 6
(z* — 22+ 1)(22) = 22° — 42® + 2z
Now subtract the two:
(42° + 122% — 227 — 6) — (20" — 4a® + 22) = 20° + 122° + 22 — 20 — 6
Thus, the derivative is:

) 22° + 1223 + 222 — 22 — 6
g (r) = s
(2 +3)




(c) We use the definition of a derivative.

NTHh T = o+ T
e = h
<\/x+h—|—7 \/x+7 Vr+h+T+Vz+7

h Yy N
- (x+h+7) —(x+7) _ lim h
h=0h (Ve +h+T+Ve+7)  0h (Ve +h+T74+ Ve +7)
. 1 1 1
0T R AT+ VLT VerTivet? ovii7

) Rationalize the numerator
h—>0

(d) Compute £'(0) for k(z) = z(x + 1)(z +2) - - - (x + 2024).

We use the definition of a derivative.

K(0) = lim PO = R(O) o Blht (R 42) - (h+2024) — 0
h—0 h h—0 h
= lim(h + 1)(h+2) - - (h + 2024)
h—0
= 2024!.
Thus:
K'(0) = 2024!



QUESTION 5. (6 marks)

(a) Determine if the function is differentiable at = = 1:

i) 22, if r <1
xTr) =
20 +1, ifx>1.

(b) Determine if the function is differentiable at x = 0:

g(x) = .

20— 28— 1, ifx<0
x_

[Answer:]
(a) To determine if f(z) is differentiable at = 1, we must check two conditions:

e Continuity at z =1

e The existence of the derivative at x = 1

For f(z) to be differentiable at x = 1, it must first be continuous at z = 1.
Therefore, we need to check if:

lim f(z) = lim f(z) = f(1)

z—1— z—1t

e For x — 1~ (from the left), f(z) = 22. So,

lim f(z) = lim 2> =12 =1
1~ 1~

e For x — 171 (from the right), f(z) = 2z + 1. So,

lim f(z)= lim 2z +1)=2(1)+1=3

z—1t z—1t
o Atz=1, f(1)=12=1.

Since the left-hand limit and right-hand limit are not equal, the function is not
continuous at * = 1. Because f(x) is not continuous at z = 1, it cannot be
differentiable at x = 1. Therefore, the function is not differentiable at x = 1.

(b) We need to determine if the function g(z) is differentiable at x = 0. We will first
confirm that g(x) is continuous at this point. The function is continuous at = 0
if:

lim g(z) = lim g(z) = g(0)

z—0~ z—0t

We calculate ¢(0):
9(0) =2(0) — (0)° = 1=—1,

the left-hand limit lim, .o- g(x):

lim g(x) = lim (27 —2® — 1) = 2(0) — (0)* — 1 = —1,

z—0~ rz—0~



and the right-hand limit lim, g+ g(x):

1 1
lim g(z) = lim (x— ):0——:—1.

z—0t z—0t z+1

Since both limits equal g(0):

lim g(z) = lim g(z) =g(0) = —1

x—0~ z—0t

Thus, g(z) is continuous at x = 0.

Next, we check differentiability by computing the left-hand and right-hand deriva-
tives at x = 0:

_ . 0+ h) —g(0) . (2h=h3—=1)—(-1) . 2h—h3
g(07) hg}]l* h hg(l)lf h hi%lf h h—0~
1 1
A s g(0+h)—g(0) IRT (h_h+1)_(_1) T h+1_h+1
g(07) = A, h =l h =, h
(h+1)*—1 _ h*+2h . h+2

pu— ]_' —m —_— —_—
oot h(h+ 1) noot h(h+1)  noot h+1

Since the left-hand derivative ¢’(0~) = 2 and the right-hand derivative ¢’'(0%) = 2
are equal, g(x) is differentiable at x = 0.

Thus, we conclude that:

The function g(x) is continuous at x = 0 differentiable at = = 0.

= lim (2—h%) =2



QUESTION 6 (Optional). (1 bonus mark)
Find the limit

. h
W Fla = 2h) — fa £ 3h)’

given that f'(a) = —1.

[Answer:]
I h 1

50 f(a —2h) — fa+ 3h) koo a2 —fard)

L 1 L 1

= f(a—Qh)—f(a)—h[f(aJri”h)—f(a)] o f(a—Q}}LL)—f(a) _ f(a+37;:)—f(a)
li !

= a—2h)—f(a a+3h)—f(a
0 £( 2—2)h fla) . (_2) S +33,z fla) (3)

B 1

i f@=2h)—f@) oy 1 flat3h)—f(a)
T (P2 - T ()

B 1 B 1
f'(a) - (=2) = f'(a)-3)  —5f'(a)

1

=z

10



