MH1101 AY1617 Sem 2

Question 1. NOT TESTED THIS TIME (10 marks)

Let R be the region bounded by the curve y = 42? — 22® and the z axis
in the first quadrant (see figure below). Using the cylindrical shell method,
find the volume of the solid generated by revolving the region R about the
vertical line x = 3.

Solution.

2
vV = / 27 (3 — x)(42* — 22°) dx
0
2
= 27r/ 122% — 102° 4 22* dx
0

2
= 27 {4:173 — §x4 + 2935]

2" T,
) 2
= 2 2——(1 —(32
(32~ 500+ 36)
48
= 577'.



Question 2. (20 marks)

Evaluate the following integrals. Express your final answers in terms of x.

52
(2) /x3—x2—|—4x—4dx

(b) / V3— s —2Pds

Solution.
(a)
52 B 52 B 5a?
B —a24dr—4 22z —-1)+4x—-1) (z—1)(22+4)
A Bx+C
T r 1 * x2+4
Then

522 = A(2* +4)+ (B +C)(z —1) = (A+ B)2* + (C — B)z +4A - C.

Thus,

5a2 1 x+1
de = dr +4 d
/w3—x2+4x—4 . /x—l T /x2+4 “

T 1
= ln\x—1|+4/x2+4d:c+4/x2+4d:c

1
= ln|x—1|—i—21n|x2+4|+4/m2sec2«9d9

= In(|z —1||2* +4]*) + 2tan"" (g) +C.

(b) By completing squares,

3—2r—a2t=4—(z+1)%



Set x +1 = 2sin#, where —7/2 < 0 < /2. Then dx = 2cosfdb.

Thus,

/m_

/\/4—4811129'20089619

4 / cos? 6 do

4/%(00529+ 1)do
2 (stze +0) e
2sinfcosf + 20 + C

1)V3 —2x — 22 1
VTR e (41)




Question 3.
Determine whether the following series converges or diverges. Justify your

answer.
00

3nS —5n2+7
<a)z::zmunﬂ

e 4n 4 5n
(b) Z5n+6n

n=1
“ lnn+5
ChIE
n=1
Solution.

()

3 —5n?+7 3-Z+5 3

n ne + _ n14 nle‘ 42 7& 0.
Anb +n+1 4+ -5+ % 4

By the n-th Test for Divergence, the series diverges.

(b) Let a, = %, by = 2.
Then
a, 4" 45" 6"
b, 5"+6" b5
4 n
S +1
(3)" +1

The geometric series » (%)n converges. By the Limit Comparison test,
the series > a, also converges.

1
372"

e Let a, = 225 and let b, =

n2

ap _Inn+5 45, Inn+5

— = n :

by, n? NZD
1/x 2

. (07% . .
lim — = hml—: lim — = 0.
n—00 T—00 51'_1/2 r—00 I

Since the p-series » # converges, By the Limit Comparison Test, the

series converges.



Question 4.

(a) Use power series to evaluate

.oef—e"
lim ———.
z—0 sin 3z

(b) Find the interval of convergence of the following power series, and iden-
tify the values of x for which the series converges absolutely or condi-

tionally.
)
n=1 3nF+ 1
Solution.
(a)
332 .7:2
poemet L (et g ) (oot g o)
z—0 sin 3z z—0 (3.1') _ (3;)3 L

273 .’175
lim

w=0 (3z) — (3;)3 I

2(1 ﬁ+>
- glclg% 3 6o

I
21
2

3

(b) Let a, = %. Then

|4z 43" 3n+1  3n+1
 3n+4 [z +3mT 3n+4

An1

. |4z + 3| — |4z + 3.

By ratio test, the series is convergent if

4z 43| <1

1
<:>—1<x<—§.



x If o = —%, then
[o.¢] (o] 1

Zan:;3n~l—1

n=1

which diverges since it is a Harmonic series.
x If = —1, then

;an_;3n+l

which converges by the Alternating Series Test.



Question 5.
Suppose lim, o ¥/|a,| = L, where L > 0 is a real number. Show that the

power series Y > a,x™ converges for |z| < I

Solution. Use Root Test.

lim |apz"[* = lim |an|7 |2 = |L||z].
n—oo n—0o0

Thus, the series converges if |L||z| < 1, ie. |z] < 1.

Alternative solution.
Suppose |z| < 7. Let r be a fixed real number such that L < r < ﬁ Then

|rz| < 1. Since {/|a,| — L, there exists N such that {/|a,| < r for all
n > N. Thus, for all n > N, we have |a,| < ™. Hence

la,x”| < |rz|".

The series > |rz|™ is a convergent geometric series. So, by Comparison
Test, the series ) |a,z™| converges. Hence, the series ) a,x" converges
(absolutely).



Question 6. (20 marks)

(a) Find the Taylor series centred at ¢ = —1 for the function f(z) =

5 5 and determine its radius of convergence.
x —

/2
(b) Let F(x) = / V1 — a2sin’tdt. Find the Maclaurin series for F(x).
0

Solution.

(a)

3z — 2 3rt+1—1)—2

|
w
—
8
—+
—_
~—

By ratio test, the series converges on the interval

() 1

(3)" (x+1)n

<1

)
1| < =
o +1] < 5

The radius of convergence is g

(b) Using the binomial series expansion, we have, for |y| < 1,

=Y (2

n=0



Substituting y = zsint, we have for |z| < 1 (= |zsint| < 1),

(1

Let Ign = foﬂ/

IQn =

n

>* /1
—2?sin?t)Y/? = Z (2) (—1)"x* sin*" t.

n=0

?(sin t)* dt. By integration-by-parts,

/2
[— cos tsin® ' ¢] R / cos?t(2n — 1) sin®" 2t dt
0

0

/2
(2n —1) / (1 —sint)sin®" 2t dt
0

(27’L — 1)]271—2 — (2n — 1)I2n
2n —1

]2n_2 for all n Z 1.

2n

B 2n—1 2n—3

T on o2t

B 2n—1 2n-—3 1 I

N 2n 2n — 2 9 Y
2n—1 2n-—3 1 «

= . e — - — f n>1.
o on—2 29 TEn=

Integrating , we have

F(x)

/2
= / V1 —a2sin®tdt
0

w/2 o0 1
- / Z (2>(—1)"w2”81n2”tdt
0 —o \1

7'('/2 l 7T'/2
— Z (2)(—1)”372”/ sin®™ ¢ dt

n=0 n 0

ﬂ_ 71'/2 l
- = 2 —1)" 2nI

2 + <n)( ) o "

n=1

B 7T+7T7r/2 % ( 1>n2n—1 2n — 3
202 n on  2n—2



(%): B GE-DG=2)G-@m-1)
n n!
_LED(E3)(=5) - (=2n=8) L 108:5-- (20— 3)
2nn)! (=1) 2nn!
- (1 2”(5271 —(217)171_' 2 (=1 A(n) 2n1— 1
Substituting this into , we have
w/2 1
T 3 I IR

/2 2n

s
:i__z -1

10



