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Question 1.

(a) Let f(x) =Inz. Then the approximation for the integral f35 In z dx using the Trape-

zoidal rule is (where Az = % = %)

T, = S5 (i) + ()
12
= 5 (f(zo) + 2f(x1) + 2f(x2) + 2 (w3) + f(24))

(f3)+2/(35) +2f(4) +2f(4.5) + f(5))

| =] =

(In3+2In3.5+2In4 + 2In4.5 4+ In5)
75

D

(b) Let f(z) =Inz. Then |f"(x)| = 25 is decreasing on [3,5], and so |f”(z)| < 3. Using
the Error Bound for Trapezoidal rule, we wish to find and n such that
K(b—a)* §(6-3)°

Eql < = <1073
|Br| < 12n2 1202 = ’

whence
2 x 103

57— 8.607.

n >

Thus, we can take n = 9.
Question 2.
(a)

/(Zx)(ln )?dx = 2*(Inx)® — /x2 -2(In x)i dx (by parts)

= xz(lnx)z—/2xlnxdx

— 2(nz)? - (xZ(lnx)— / ﬁéda:) (by parts)

= xz(lnx)Q—x21nx+/xdx
2

= 2’lnz(lnz—1)+ % +C.

203 + 18z — 1
/H—wdx

@+ op

1



dx

/2x(x2—|—9) -1

(x249)2

/2x(x2+9) J

@7+ 9p

1

/ 2z
24+9  (22+49)?

1
1n|:1c2—|—9|—/(

22+ 9)2

1n|:1c2—|—9|—/<

9tan? 6 + 9)2

(a2 +9)2

1

dx

dx
1

1
In|z% 4+ 9| — 2—7/COS29dt9

In|z® + 9| —

In|z® + 9| —

20+ 1

1 /COS
27
1 sin 260

54 2

do
2

1

dx

—5—46+C

3sec’0df (z = 3tanf)

1 1
In|z? + 9| —asin90059—5—49j—0

1 1
In |z% + 9 —asin960s9—5—49+0

In|z? + 9] —

In|z® + 9| —

1 3z

5422 +9
1 T

1822+ 9

— —tan

— 5—4tan
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Question 3.
() et a, = In (35£225). Note that
: _(nt+2n° (1424 1
Ji o = i (5,575 ) = i (5 1 )=mg#o

By the n-Term test, the series > | a, is divergent.

n 2 n . . ey . . .
(b) Let a, = T2, Let b, = &. The series Y b, converges since it is a Geometric series

with ratio < 1.

. ay . T+ n? 8" . 1+?—3
lim — =1 - — = lim =1.
n—o00 bn n—oo N — 1 ee n—oo | — 8%
By the Limit Comparison Test, the series ) a, is convergent.
(c) Use Ratio Test:
. An41
p = lim
n—oo an
(n + 1le=tn+V°
= lim 5
n—00 nle=n
n 1 67n272n71
= lim (n+1) 5
n—00 e~
_ n+1
N nLI{:o e2n+1
BT r+1
B :cl—>rgo e2z+1
1
— xh_):[glo W (L’Hopital’s l"ule)
= 0.
By Ratio Test, the series is convergent.
Alternatively,
Let a, = nle ™, b, = n"e ™. Note that
0<a,= nle ™ < ple ™ = b,,.
Note that 1
n x
lim (b,)"" = lim — = lim = = lim — = 0.
n—00 n—oo e r—o00 et r—o00 et

By the root test, the series »_ b, converges. Hence, by Comparison Test, the series
> a, converges.
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Question 4.

(i) Wehavea2:2—a—11:2—%,and

o L o L o c
a: —_—— = — = — .
’ a 21 2c— 1
(ii)
c 1
_ - 92_ — (2=
45— @2 2c—1 ( c)
- 1 c
e 2e—1
- 2c—1—¢2
o c(2¢—1)
—(e—1)?
= <0
c(2¢—1) ’

since ¢ > 1.

(iii) We will first prove by induction that 1 < a,, < 2 for all n > 2. Clearly 1 < as < 2.
Assume that 1 < a5, < 2 for all £ <n. Then
1 1

1 1
<o <2 = - <—<1 = —-1<——<—2
2 Qg Qe 2

1 1
—2-1<2—-—=aqp1 <2—=-<2.
Qg 2
Thus, by induction 1 < a,, < 2 for all n > 2.

We now show that a,; — a, < 0 for all n > 2. Clearly, a3 — ay < 0 by part (ii).
Assume that a1 — ar < 0. Then

1 1 Ap+1 — @

+1 k
— 24+ —=—<0,
Qk41 ag ApGE41

Ugyo — Qg1 = 2 —

where the last inequality follows from the inductive hypothesis that a;; — ar < 0
and the fact that agag1 > 0 (since a,, > 0 for all n). Hence, the sequence {a,}>2, is
decreasing.

(iv) Suppose lim, o a, = L. Then lim,, o a1 = lim, (2 — i) This implies that
L=2—+, whence L? =20 +1=0 <= (L —1)? =0. Hence, L = 1.
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Question 5.

(a)

Let a, = 820" Then

nlnn °
Apa1 n Inn
=3z -7 — |3 =7
ay, 32 |(n—|—1)1n(n—|—1) 32 =17,
since 15 = 14-% — 1, and
Inn 1/x

lim —— " = lim —/% =1 (Lhopital
nhooln(n +1)  aoee1/(z + 1) (Lhopital),

as n — oco. Thus, by the Ratio Test, the series converges absolutely if |3z — 7| < 1,
and diverges if |3z — 7| > 1, i.e. the series

— converges absolutely on (2,8/3)
— diverges on (—00,2) and (8/3, 00).

We now check the series at x = 2, 8/3.

At x = 8/3, the series becomes

1
annn'

n=2

This series is divergent by the Integral Test:

* 1
/ = lim (Inln¢ — Inln2) = oco.
s zlnz  t—oo

At x = 2, the series becomes

3

[e.e]

>

—~ nlnn
Note that the sequence {——}22, is decreasing since

1 1

< <~ nlnn < 11 1) — n" < 1)+
(n+1)In(n+1) ~ nlnn nlnn < (n+1)n(n+1) n" < (n+1)",

which is true. So, by the Alternating Series Test, the series is convergent. In fact, it
is conditionally convergent since the series of its absolute value is divergent, as shown
in the preceding case.

Since lim,,_,o, n2a, = M, there exists N such that for all n > N, we have
In*a, — M| < 1,
— —1<n’a,—M<1
— M —1<n’a,< M+1

Let M* = max{|M + 1|, |M — 1|}. Then |a,| < 2 for all n > N + 1. Let b, = 2.
The series > b, converges since is a p-series with p = 2. By Comparison test, the
series )~ \ 4 |an| converges. Hence, the series )~ |a,| converges, i.e > ", an
converges absolutely.
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Question 6.

(a)

1 B 1 1 1
3—z  2—(z—1) 2 1-=A4
I (z—1Y"
- 52 (%)
n=0
s
- on+1
n=0
(b) Note that
2z)3  (2z)°
sin23::(2:1:)—<x) —i-(I) —

3! 5!
Vo= i (1T/LQ> x"
v, (1/2)(=1/2) , (1/2)(=1/2)(=3/2) 5 (1/2)(=1/2)(=3/2)(=5/2) .

_ (
—1—1-5—1— 9] 3l x°+ 1 T+

It follows from the Maclaurin series of sin 2x+/1 + x that

IO 1 (g ((1/2)(—1/2)(—3/2)963) 2 (1)

3! o3 \2

0 3 2
41 24 3
f®0)=3-16 = —13.

(c) Note that

xn

er—l—ng —~
“— nl

o0 _

e —1—z "2
2 B |

x —~ n

(e —1)—(e"—1—x)(22) de —1—a f: (n—2)z"3 f: na™!
xt de  x? B — B — (n+2)!

Substituting x = 1, we have

o0

zﬁ:(e—l)—2(6—2)=3—e.



