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Q1(a) Note that

3—n?

9n3 + 3n?2

3nd 4+ 3 — 3n3 — n?
3(3n3 + n?)

n?+3 < n? + 3n? 4
In3 —  9n3 In

nd 4+ 1 1_
3n3+n2 3|

Let € > 0. Choose N = &. Then for n > N, we have

3
n°—+1 _1 < 4
3nd34+n? 3|
nd+1 1

By definition, lim ———— = —.
Y n—oo 3n3 +n? 3

Q1(b) (i) We have n = 4, A = i =0.25, 29 = 0, z; = 0.25, 9 = 0.5, 3 = 0.75, x4 = 1.
So

Si = 2 (7a) A7 @) + ) +2f(@) + F(a)

2
= % (04 4(0.25¢%° + 0.75¢*7) + 2(0.5)e"™® + 1e)

= 1.0002.

(i)
f(x) = ze® = fY () = ze®+e® = [ (2) = 2e"4+2e* = fO)(2) = 2e"+3e* = fW(2) = ze®+4e”.

Thus, |f®(z)] < [f@(1)| = 5e for z € [0,1]. Let |Eg| denote the absolute value of the
error bound by Simpson’s rule S,,. Choosing K = 5e in the Error Bound formula, we want
to find n such that
oe
Es| <
Bsl < {50
n > 16.58.

< 108

We can choose n = 18. Note that n must be even for Simpson’s rule.
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Q2(a) Let u =sinz. Then du = cosx dz.

secx secx 1 1 1
—dzx = . du = . du
1+sinx 14+u coszx 1+u cos?zx

1 1 1
= / du—/ du
1+u 1—u? (1 —w)(1+u)?

B 1 1 L
- /4(1—u)+4(1+u)+2(1+u)2 N

Iln|l—wu| 1 1(1+w)™t

= -—————+-In|1 —— 4
R +4n| +u|+2 — +
1. |1+u 1

= -1 - C
il 2(14—u)jL
1. |1+sinz 1

= -1 - C
41T “sinz 2(1+sinx)+

Q2(b) Note that 22 + 42 —5 = (z +2)? — 9. Let u = x + 2 = 3secf. Then dz =
3secttan 6 do.

/\/mdx B /W

T+ 2 T+ 2

2
= /M%secetanﬁdﬁ
3sect

= /tan2 0do

- /(sec29 —1)df

= tanf -0+ C
Vat+4xr —5 1( 3 >
= — oS +C.
3 T+ 2



MH1101

Q3 (i) a; = 255 = 5 = 0.625, ay = 262841 = 8~ (),6953.

(ii) Note that as — a; > 0. Assume by induction that a,, — a,—; > 0. Then

211 2 +1 1 1
Opt1 — an = an;_ B an_12 - 5( i_ a12171) - 5(0’71 + an71)<an - anfl) > 07

by the inductive hypothesis and the fact that a,, > 0 for all n > 1. It follows by induction
that a,.1 —a, > 0 for all n > 1, i.e. the sequence is increasing.

i) Note that a; < 1. Assume by induction that a, < 1. Then a,41 = 3(a2 + 1) <

(ii
2(1241) = 1. So by induction a, <1 for all n > 1.

(iv) By the Monotone Convergence theorem, the sequence must have a limit, say L. Taking
limits on both sides of the recurrence yields

1
L:§(L2+1):>L:1.
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Q4(a) Note that

n3n _ 3n3n 3\"
T pyn = (4)

Since - by, converges (it is a geometric series with r = 2), by Comparison Test, the series
> a, converges.

Q4(b) We have

1 1
lim —— = - lim —— (LHopital) = oo.

x 1 1
lim @, = lim ——— — lim —— (LHopital) — =
1 a 1m 1m 1 ( op1 a) 2200 Inx 2 z—00 1/1'

n— 00 T—00 (ln Q?)2 z—o0 21Inx - T

By n-th Term Test for Divergence, we deduce that the series ) a, diverges.

Q4(c) Let a, =n (1 —cos(1/n)), b, = +. Then

im ™ — im 1 —cos(1/n) ~ m 1 —cos(x) . sinz 1
n—oo b, n—00 (1/n)? z—0 2 z—0 2% 2

By Limit Comparison test, the series Y a, diverges since > b, = Y + diverges.
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Q5(a) Let a, = 8= 1) . Then

\/n
p = lim |&| = Be -V Y+l
n—oo | @, n—o0o (n + 1)2 +1 (3]: — 1)”
241 241
= 3r— 1 im — 3 — 1)y lim —
n—oo  /(n+1)2+1 n—>oon +2n+2

— |3x—1|\/ 1+1/n2)

= |3z —1].

o If p<1,ie. |3z —1| <1, the series converges absolutely for all —1 < 3z —1 < 1,
ile. 0 <z <2

e At x = 2/3, the series is ) ﬁ, which diverges since \/ni-&- - > \/n21+n2 = - f by

Comparison Test with the Harmonic series ) | #5
1)”
VnZ+i

Alternatign Series Test, since the sequence { m} is decreasing and its limit is

0. The series Z n2+
converges conditionally at x = 0.

e At x = 0, the series is an alternating series Z which converges by the

=5 \/n%ﬂ diverges by the previous case. So the series

Q5(b)
I 1 B 1 1 1
1+3z  1+3@—-2+2) 7+3@—-2) 7 1—(=3(x—-2)/7)
I~/ 3 " - . 3n "
== (—5(95—2)) =D (')
n=0 n=0
The interval of convergence is given by |—2(z —2)| < 1, i.e
1 cpe 13
——<z< .
3 3
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1 oo 2 n
Q6(a) Differentiating the geometric series e Z <:v > , we have

—1 v = i 1 — S i 2n—1
_(1_%2)2 (_5) - dxl_xz2 B Z4n(2n)x

Multiplying 3 on both sides, we get

6 - Sie

z 2
(1-2)

So a function represented by the given power series is

422

f(@:m-

Q6(b). Let t, = a1 + as + -+ + a be the k-partial sum of the series ) a,. Since
> a, converges, we have limy_, oty = L for some real number L. Indeed, t; < L since
{tx} is increasing. Let sp = ZZ=1 b, be the k-partial sum of the series > b, where b, =
n(a, — a,41). Notice that

S = 1(a1—a2)+2(a2—a3)+' : -—i—k(ak—akﬂ) = a;t+azxt-- '—l—ak—kakH = tk—kak+1 < tk < L.

The sequence of partial sums {s;} is increasing (since it is sum of non-negative terms) and
bounded above by L. Hence, limy_,, Si exists, i.e. the series Y b, converges.



