Q1.

(a) & fff cos(e?)dt = & f;; cos(e?) dt + L foh cos(e) dt
= —L [Ycos(e?)dt - %+ L [¥cos(e?)dt - 42 (where u = 4z, w = 2x)
= —cos(e*)(—4) + cos(e?”)(2) = 2cos(e*®) — 4 cos(e?).

[8 marks]
(b) Let Aw =+, 2; =% and f(z) = Vo + 322 Thena=0,b=1, and

im0 SO o/ 2232 = Tim,, o 0 (/2 43 (2) L = [ Vo + 322 da
[8 marks]

Q2.

(a) Solving for the intersection points of the curve y = 2? and y = 4x — 22, the area R is
bounded above by y = 4z — 2?2, bounded below by y = 2?2, for 0 < < 2. We can use the
cylindrical shell method. Since the axis is vertical (z = 4), a typical vertical shell at x has
height (4z — 2?) — 22 = 4z — 22?. The radius of the shell is 4 — z.

Hence, the volume V' of the solid generated by revolving R about x = 4 is

2 2
Vo= 27r/(4—x)(4x—2x2)dx:27r/ 162 — 1227 4 22° dx
0 0
$4 2
= 27 {81‘2—43334—5} = 27 [32 — 32 + 8] = 167.
0

[10 marks]
(b) Let u = vkx. Then du = vk dz.
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[6 marks]



Q3.
(a) Let uw = cos3z. Then du = —3sin 3z dz. Then

[ sin®( 3:6) cos4(3x) dx = [(sin®(3x))? cos*(3z)(sin 3x) dz
= du=—3 [(1-2u®+ut)u'du=—3% [u! —2u® +u¥du
=/ —3) ( 3

S Y 7 2u u cos (Sx) 2cos’(3z)  cos?(3z)
__§<?_T+?>+C_ T 27 L+ C

[6 marks]

(b) Let u = (Inz)? v = 272 Then v/ = 2(Inz)z~', v = —z~!. By integration-by-parts, we
have

J(Inz)?*z7?de = (Inz)*(—z~ ) + [2(lnz)a (a7 de = (Inz)*(—z ™) + [2(lnz)r 2 dx

Let U =2Inxz, V' =272 Then U’ = 227!, V = —2~!. By integration-by-parts again, we have
J(Inz)?*z ?de = (Inz)*(—z~ ) + 2(Inz) (-2~ ) + [22 2 Hde

= (Inz)*(—z") +2(Inz)(—z~') — 2271 + C.

[6 marks]

(c) Let I(a,b) fo r)dx. Let u = 2% ¢ = (1 —z)®. Suppose a > 0. Then by
integration- by parts, we have

(1 — )bt 1 1 (] — g)b+L
I(a,b) = {x“(—x)} —/ axaflldx
b+1 |, o b+ 1

a
= —Il(a—1,0+1).
0+b+1(a b+ 1)

Keep iterating this recursive formula until we reach 1(0,b+ a):

a a a—1 a a—1la—2
I(a,b) = ——I(a—1,b+1) = I(a—2,b+2 I(a—3,b+3
(@) =gl Lot =gy lla=2b42) =gy g lle =30+ 3)
a a—1 1 alb! alb! !
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[6 marks]



