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February 20, 2026

Overview of This Tutorial

This tutorial focuses on the Fundamental Theorem of Calculus, definite integrals with ab-
solute values and piecewise functions, substitution techniques, symmetry identities, and
average value / mean value theorems for integrals.

e Q1: Differentiation of integral-defined functions (FTC Part 1 + Leibniz rule).

e Q2: Definite integrals with |x| and piecewise functions.

Q3: Rewriting integrals using an antiderivative function f.

Q4: Substitution practice (six integrals).

Q5: Symmetry identity [z f(sinz) dz and a target evaluation.

Q6—7: Average value and weighted-average property across subintervals.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1

Problem

Use the Fundamental Theorem of Calculus (Part 1) to find the derivative of the following
functions:

(i) g(z) = /1ﬁt cos(t?) dt.

(il) F(s) = /0 V1 +sectdt.

W2 —1

du.
u?+1 Y

(i) R(w) = |

2y

Solution
Method 1: FTC Part 1 + sign handling + Leibniz rule

(i) By FTC Part 1,
g (x) = cos(x?).

(ii) First rewrite to standard orientation:

0 s
F(s):/ \/1—|—sectdt:—/ V14 sectdt.
s 0

Then by FTC Part 1,
F'(s) = —=V1 + secs.

(iii) Use Leibniz rule for variable limits:
4w | |
dy /a(y) f(u)du = fb(y)V'(y) — fla(y))a'(y).

Here f(u) = %=L, a(y) = 2y, b(y) = 3y. Thus

w210
, (3y)* -1 (2y)* — 1
R(y)=f(3y)-3— f(2y)-2=3 2.
S0 9y — 1 4?2 — 1
) =3.29 — 2 o W T2
fy) = 9y2 + 1 4y? +1°
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Method 2: Differential-quotient intuition (brief) / consistency check

(i) Increasing the upper limit x by h adds approximately cos(z?)h to the integral, so the
derivative is cos(z?).

(ii) Since s appears as a lower limit, increasing s reduces the integral by approximately

V14 secsh, giving F'(s) = —/1 + secs.

(iii) A change y — y + h shifts both bounds; the net effect is approximately “(integrand at
top) xchange in top” minus “(integrand at bottom)xchange in bottom”, matching the
Leibniz formula above.
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Question 2

Problem

Evaluate the following definite integrals:

() /_2 (x — 2la]) do.

1

(i) /_ 22 f(2) dar, where

Solution
Method 1: Split at sign changes (piecewise evaluation)

(i) Split at = 0 since |z| changes form:

/2 (z — 2/z|) dz = /O (z — 2(—2)) dz + /02(93 — 92) da.

-1 —1
So

[ e 2] 2] (- amn-
(ii) Split at z = 0: 2 0 2
/zf(x)d$=/2(—x)dx+/o * dx.

[eom=[2] —o [ea-[z] -

/Qf(x)dx:2+4:6.
-2

Compute:

Thus

Method 2: Symmetry + quick checks

(i) On [0,2], the integrand is —x (negative area), while on [—1, 0] it is 3z (also negative).
The computed value —7/2 is consistent with net negativity.

(i) On [-2,0], f(x) = —x > 0 contributes positive area; on [0,2], f(z) = 2* > 0 con-
tributes positive area as well, so a positive result like 6 is plausible.
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Question 3

Problem

Express the given indefinite integrals in terms of the function f (assume f is an antiderivative

of f):

Solution
Method 1: u-substitution
(i) Let u = bz, so du = 5dx and dz = fdu:

/f’(5x)dx:%/f’(u)du:%f(u)—k(}:%f@m)—i-a
(ii) Let u = 32?, so du = 6z dr and x dz = gdu:
/xf (32%) /f ()+C’:%f(3x2)+0.

Method 2: Reverse chain rule recognition
(i) Since L f(5z) = 5f'(5x), the integrand is 1-L f(5z).
(ii) Since <L f(32?) = f'(32?) - 6z, the integrand ch’(?)a; ) is 2L f(32?).
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Question 4
Problem
Evaluate the integral by making a suitable substitution.
x
i —dx.
) / V1—2x?
(ii) /x2 sin(z?) d.

(iii) /_ - z(2x +5)% dx.

5/2

(iv) / Sh\}f da.

1
dt.
(v) / cos?t+/1+ tant

27‘(’/3 t
(vi) / csc? (—) dt.
w/3 2

Solution
Method 1: Standard substitutions (show main steps)
(i) Let u=1—2?% so du = —2z dx:
/ £ dr = !
ia

Equivalently,

—V1-224C= —%(1 — 22)3/?" up to constant,
and one common antiderivative form is

1
_5(1 . .1'2)3/2 + Cl,

since (1 — 2?)3/2 = —3z+/1 — 22. Hence

x
———dr = —vV1—22+C (simplest form).
| o=V (simp )

(ii) Let u = 23, du = 32% du:

/:B2 sin(z?) dr =

Wl

6

QRS@QNTU

—§/u_1/2du:—u1/2+02—\/1—x2+C’.

1 1
/sinudu =3 cosu+C = ~3 cos(z®) + C.
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(iii) Let u =2z +5, so du = 2dz and z = “3°:

-2 "u—5 1 1 [t
/ :B(2:B+5)8dx:/ u2 ug-ﬁduzz/ (u® — 5u®) du.
- 0

5/2

1 [u!f u? ! 1
25| =2
4[10 9}0 4

Compute:

(iv) Let u = /x, so x = v?, dv = 2udu:

[t |

(v) Let u =1+ tant, so du = sec*t dt =

Y oudu = 2/sinudu = —2cosu+ C = —2cos(y/x) + C.
u

1
cos?

dt:

t

1
dt = u_1/2du:2u1/2—|—C’=2\/1+tant+C.
/cos2t\/1+tant /

(vi) Let u =%, so dt = 2du. When t = /3, u = 7/6; when ¢ = 27 /3, u = 7/3:
27T/3 t 7T/3
/ csc?( = ) dt = 2/ csc?(u) du = 2 [~ cot u]”fg =2 (— cot = + cot Z) .
n/3 2 /6 T 3 6
Since cot(m/3) = \/Lg and cot(7/6) = /3,

1 2 4 43

=9 __+\/§) —9. - YT
( V3 V3 V33
Method 2: Reverse chain rule / derivative matching (brief)

Each part follows from recognizing the integrand as (a constant multiple of) the derivative
of a composite:

e (i) derivative of v/1 — z2.
e (ii) derivative of cos(z?).

e (iii) substitution u = 2x + 5 converts to a polynomial integral on [0, 1].

iv) substitution u = y/x removes the \/x from denominator.

v) substitution u = 1 + tant uses du = sec?t dt.

(
(
(
(
(
(

vi) substitution u = ¢/2 turns the integral into [ csc? u du.
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Question 5

Problem

If f is continuous on [0, 1], show that

’ i doe = - " (s dz.
/O:Uf(smx) x 2/0 f(sinz) dz

Hint: Substitute u =7 — .
Hence, evaluate the integral

T xsinzx
—2d$.
o l+cosx

dr =tan"'z + C.

1
You may assume that /
1+ a2

Solution

Method 1: Symmetry substitution u =7 — =z

Let -
I—/ zf(sinz)dz.
0

Substitute u = 7 — z, so * = 7 — u, dv = —du, and sinx = sin(7 — u) = sinw:
I= /0<7T —u) f(sinu)(—du) = /OW(W —u) f(sinu) du.
Rename u back to x:
I = /Oﬂ(ﬂ —z)f(sinz) der = W/Oﬂf(sinx) dx — /Oﬂa;f(sinx) dr = W/Oﬂ f(sinz)dx — I.

Hence - i
2] = 7r/ f(sinz)de = [= g/ f(sinz)dx.
0 0

For the target integral, take

) sinx
f(sinz) = [
Then T rsinx m [T sinx
/0 1+0082$dm - 5/0 1—|—0052xdx'
Evaluate the remaining integral with v = cosz, du = —sinz dz:

™ : u=-—1 1
sin —1 1 1 s s s
/0 1+ cos?2x o /F1 14+ u? Y /11—{—u2 u = [arctanul_, 4 4 2
Therefore
T gsinz T T m
——dr == — = —.
/0 1+ cos?x 2 2 4

8
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Method 2: Pairing » and m — x directly
Write - Lo
/ xf(sinz)dr = 5 / (:Uf(sin x)+ (m—z) f(sin(m — x))) dx.
0 0
Since sin(m — x) = sinz, the integrand becomes

%/;(Wr (W—x)>f(sinx) dr = g/oﬂf(sinm) dz,

giving the same identity, and thus the same evaluation 7?/4 for the “hence” integral.
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Question 6

Problem
— L
Let f(z) = —=.
(i) Find the average value of f on the interval [1,4].

(ii) Find the value of ¢ guaranteed by the Mean Value Theorem for Integrals such that
Jave = f (C)

Solution

Method 1: Average value formula + solve f(c) = fave

(i) )
1 12 1 a1 2
e = ——— de == [22Y2] == .2(2—1)==.
Jave = g | @ e 3207 =322 -1 =3

(ii) Solve f(c) = 2:
12 3 9
F=3 = \/5—5 = c=-.

Ve 4

Method 2: Geometry/monotonicity check

Since f(x) = 1/+/x is continuous and decreasing on [1, 4], the average value must lie between
f(4) =1/2and f(1) =1, and 2 satisfies this. The equation f(c) = 2/3 has a unique solution
in (1,4), namely ¢ = 9/4.

10
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Question 7

Problem

If favela,b] denotes the average value of f on [a,b] and a < ¢ < b, show that

ol = (£22) fudasd + (422 ) fuclc

Solution
Method 1: Expand using the definition of average value
By definition,

b
favela, b] = bia/ f(z)dx

/abf(:v)dx:/acf(x)dm+/cbf(x)dx
fuvela, ] = /f d:c+—/f

Now rewrite each term in terms of averages:

bia/acf_gi:z — /f—c_afave[ac]

1 4 b—c b
b—a/C /= b—a b

—c
b o afave[c7 b}
Combine to obtain the required identity.

Split the integral at c:

Hence

Method 2: Weighted-average interpretation

The total area under f on [a, b] is the sum of areas on [a, ¢|] and [c, b]. Dividing by the total
width (b—a), the overall “height” (average value) is a convex combination of the subinterval
averages, weighted by their relative lengths (¢ — a) and (b — ¢), giving exactly the stated
formula.

11
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