MH1101 Calculus II
Tutorial 4 (Week 5) — Problems & Solutions

Academic Year 2025/2026, Semester 2
Quantitative Research Society QNTU

February 20, 2026

Overview of This Tutorial

This tutorial develops applications of integration to volumes of revolution and provides
practice with integration by parts and reduction formulas.

e Cylindrical shells for volumes of revolution about vertical and horizontal axes.

e Interpreting definite integrals as volumes of geometric solids.

Volume of a pyramid with equilateral triangular base via calculus and classical geometry.

Integration by parts for definite and indefinite integrals, including inverse trigonometric
and logarithmic functions.

Derivation and use of a reduction formula for / cos" xz dx.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1 (Cylindrical shells)

Problem

Use the method of cylindrical shells to find the volume generated by rotating the region
bounded by the given curves about the given axis.

(a) y = 22, y = 62 — 22?; about = = 0.
(b) y =123 y =28, x =0; about z = 3.

(c) ©=2y* x=1y*+ 1; about y = —2.

Solution
Method 1: Direct shell formulas
(a) About z = 0 (the y-axis) with vertical shells.

The intersection points of y = 22 and y = 6z — 222 satisfy
1? =6z — 21 = 32° —6x=0 = 3x(x—2) =0,

sox =0orz=2 On|0,2], the upper curve is y = 6x — 222 and the lower curve is
y = x2. The shell at position z has

radius r(z) = z, height h(z) = (62 — 22%) — 2° = 62 — 32°.

Thus
2 2
V= 27T/ r(z)h(x)de = 27r/ z(6x — 32%) dx
0 0

2 3 12
= 27r/ (62 — 32%) dv = 27 {2x3 — —a:4}
0 4 Jo

— 27 (16 — 12) = 8.

(b) About x = 3 with vertical shells.

The curves y = 23 and y = 8 intersect when 23 = 8, so = 2. The vertical boundaries
are = 0 and x = 2. For z € [0,2], the shell has

radius r(x) =3 — x, height h(z) =8 — 2°.
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Hence

V
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(c) About y = —2 with horizontal shells.
The intersection points of z = 2y? and = = y? + 1 satisfy

2 =y +1 = =1 = y==1.

For y € [—1,1], the left boundary is z = 2y? and the right boundary is x = y? + 1.
The shell at position y has

radius r(y) =y — (—=2) =y + 2, height h(y) = (y* +1) —2y* = 1 — ¢*.

Thus

Method 2: Alternative setups (washers / Pappus) leading to the same volumes

(a) About z = 0, using washers with respect to y.
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For 0 <y < 4, the right boundary is x = ,/y, and there is no left boundary (the region
touches the axis), so the washer method splits at the intersection y = 4. For 4 <y < 8,
the right boundary is given implicitly by y = 6z — 222, i.e.

6+ /36 -8y
I

T

and one must select the appropriate branch. This leads to a piecewise R(y) and non-
trivial algebraic expressions. The shell method in Method 1 avoids these complications
and directly yields V = 8.

About x = 3, using Pappus’s centroid theorem.
The area of the region in the zy-plane is

2 4 2
A:/ (8 —2%)dx = [Sx—z] =16 —4=12.
0

0

The z-coordinate of the centroid is

1 /2 1 512 1 32 48 4
x:—/ x(8—x3)da¢:—4x2—x— =—(16——|=—=—.
A J, 12 51, 12 5 60 5

When this region is rotated about x = 3, the centroid travels along a circle of radius
3—r=3-— % = 1—51 Pappus’s theorem gives

matching Method 1.

About y = —2, using washers with respect to x.

For each z € [0, 2], the y-values in the region run from

xXr
ybottom(x) - _\/;7 yt0p<1;> = VI — 1

on the subintervals where both curves are defined, and appropriate splitting of the
integral is required. The inner and outer radii from the axis y = —2 are then

Tin = Ybottom + 2, Tout = Ytop + 2.

The resulting washer integral is algebraically more involved, but it evaluates to the

same numerical value 16
V = /w(rﬁut — 7"1211) dr = TW,

consistent with the shell computation.
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Question 2 (Interpreting volume integrals)

Problem

Each integral represents the volume of a solid. Describe the solid.

(a)

(b)

3
/ o’ dx.
0

w/2
/ 2m(z 4+ 1) (22 — sinz) dz.
0

Solution

Method 1: Reading the integrals as shell volumes

(a)

The integrand has the form 2n(radius)(height) with radius x and height z*. This
is exactly the shell formula about the y-axis. The height z* is the vertical distance
between the curve y = z* and the z-axis y = 0.

Therefore the solid is obtained by rotating the region bounded by
y:xﬂ y:()j O§x§37
about the y-axis.

The integrand has the form 2x(radius)(height) with radius x + 1 and height 2z — sin x.
The factor x + 1 indicates shells about the vertical line x = —1. The height 22 — sinx
is the vertical distance between the top curve y = 2x and the bottom curve y = sinx
for z € [0, 7/2].

Thus the solid is obtained by rotating the region bounded by

y=2x, y=sinr, 0<zx<

SE

?

about the line z = —1.

Method 2: Rewriting as washer integrals

(a)

The same volume can be represented via washers about the y-axis by expressing = in
terms of y. The curve y = 2* gives = y'/*, and rotating the region bounded by y = 0,
y =% =0, z =3 about the y-axis yields disks of radius x = y*/*. The volume can

be written as
81 ) 81
V= ﬂ/ (y/") dy = ﬂ/ y"2 dy,
0 0

3
which is equal to / 212’ dx after the substitution y = 2.
0
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(b) For part (b), one can also regard the solid as generated by rotating the region between

=sinz and y = 2x about the line x = —1. Using washers with respect to y requires

solving y = 2z and y = sinzx for = as functions of y, which is not explicit for sinx.
Hence the shell representation

w/2
V= / 2m(z +1)(2z — sinz) da
0

is the natural and simplest description.
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Question 3 (Volume of a pyramid)

Problem

Find the volume of a pyramid with height A and base an equilateral triangle with side a.
You may use the following area formula for a triangle: if 8 is the angle between two sides
of lengths a and b, then the area is

1
§ab sin 6.

You may also use Heron’s formula for the area of a triangle.

Solution
Method 1: Calculus with similar cross-sections

First find the area of the base, an equilateral triangle with side a. The angle between any
two sides is § = 7/3, so

A 1 . (7r> 1, \/3 \/5 9
=-a-a-sin({=-)==a"— =—a".
base 7 9 3/ 20 2 4

Place the apex directly above the centroid of the base and let z measure height from the
base plane (z = 0 at the base, 2 = h at the apex). A cross-section parallel to the base at
height z is an equilateral triangle similar to the base, with side length scaled by a factor

(1—%). Its area is
z

Az) = (1- E>2Abase.

The volume is then

h h N\ 2
V:/O A(z)dz:Abase/o (1_E> dz

:Abase-h/o(l—u)zdu (u=z/h)

1 V3

1 1
:Aase'h Py :_Aaseh:_'_2h-
b [3] 3P 3 1"
Thus
V3,
V—Eah

Method 2: Classical pyramid formula and base area

A standard geometric result for any pyramid (or cone) states that its volume is

1
V = 3% (area of base) x (height).
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Using the base area computed above,

V3
Abase = TG/Q;
gives
1 3 3
V:—-\/——az-h:\/—_azh,
3 4 12
which agrees with Method 1:
V3,
V= E a‘h

QRS@QNTU
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Question 4 (Integration by parts)

Problem

Evaluate the integral using integration by parts.

(a) /xcos5xd:1:
(b) / In v/ da
() /01(:(:2+1)e“”dm

V3
(d) /1 tan—'(1/z) dz

1/2
(e) / cos 'z dx
0

Solution
Method 1: Systematic integration by parts

(a) Let u =, dv = cosbzdz. Then du = dx, v = £ sin5z. Thus

/mcos5xdx:uv—/vdu

1
= gsin5x—/gsin5xda:

1
= %sin5x+%cos5:c+0.

T . 1
/xcos5xdac = gsm5x+%cos5x+0.

(b) Note Iny/z = $Inz. Then

1
/ln\/Ed:c:§/ln:cdx.

Let u =Inx, dv = dx. Then du = %dx, v = x. Hence

/lnxdm:xlnx—/m-ldmlenx—x—i—a
T

Therefore

1

(xlnx—x)+0=xln\/5—£+0.

QRS@QNTU
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/lnﬁdx:xln\/}—g+0.

(c) For the definite integral
1
/ (2 + 1)e " du,
0

integrate by parts twice.

1 1 1
/ (22 +1)e “do = / z?e™" dx + / e “du.
0 0 0

For fol r?e%dz, let u = 22, dv = e *dx. Then du = 2z dx, v = —e~%, giving

1 1
/ e dr = [—x%‘ﬂé + / 2ze " dx
0 0

1
= —e '+ 2/ ze tdz.
0

First, split:

I

Now integrate fol re *dx by parts with v = x, dv = e *dz. Then du = dx, v =—e7"

SO
1 . 1
/ ze tdr = [—ase_ﬂo —i—/ e Tdx
0 0

c e [,

=—e '+ (—et+1)=1-2"".

Therefore )
/ e dr = —e ' +2(1—2e!) =25t
0

Also 1
/ e Vdr = [—e‘m](l) =1—eL
0

Adding gives

1
/ (2 4+ e “dr=02-5e ) +(1—et)=3—6e".
0

1
/ (2> 4+ 1)e “dr =3 — 6e .
0

(d) For
V3
/1 tan"'(1/x) dz,

10
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use integration by parts with

u = tan"'(1/x), dv = dz.

Then p . )
du=—tan™' [ = ) dx = — dx, v =1
dx x x2+1
Thus
V3 V3
_ _ V3 x
tan~'(1/r) dz = xtan"'(1 ——d
/1 an~ (1/x)dr = ztan (/$)‘1 +/ o
1
(\/_tan ! 7 1-tan* 1) + 5 [In(z* + 1)]1/g
1
= (V8- 5 - 7) +5(nt—m2)
1
IELN I
6 4 2
V3 \/§7T T 1
tan ' (1/z)de = —— — — + = In2.
/1 an” " (1/x) dx 5 1 + 5 1n
(e) For
1/2
/ cos 'z dx,
0
use integration by parts with
u=cos 'z, dv = dzx.
Then d ! d H
en du = —————=dx, v = z. Hence
V1—2a?
1/2 1/2
1 1 (1/2 X
cos xdr = zcos x| + ——dx
/0 TR AV
1 (1 12 g
—cos | = | —0+ —dx
2 (2) o V1—2a?
T 1z oy
= -+ ——dx
6 0 \/1 —.I‘Q
For the remaining integral, let u = 1 — 22, du = —2x dx, so
1/2

T 1 34 1/t 1 \/3
——dx = —— ul/Qdu:—/ w2 du = u =1-—.
o V1-—a? 2/1 2 Js/a \/_‘3/4 2

Therefore

1/2 3
/ COS_lfL‘d$:E+1—£.
0 6 2

11
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Equivalently,
1/2 1
/ cos’lxdxzé(w+6—3\/§).
0

(7 +6—3V3).

172 V3
1 ™
d = — 1 —_— =
/0 cos " zdx 6 + 5

|

Method 2: Alternative viewpoints (substitutions, identities, and checking)

(a)

For [ xcosbzdx, tabular integration by parts (listing derivatives of = and integrals of
cosbx) leads immediately to the same result:

1
/xcosSxdm = gsin5$+%cos5x+0.

For [In/z dz, using the substitution ¢ = /z (so x = t, dx = 2t dt) gives

/ln\/zdx:/lnt-Qtdt,

which is another straightforward integration by parts in ¢ and yields the same an-
tiderivative.

For fol(x2 + 1)e " dx, one may expand the integrand and recognize that repeated
integration by parts effectively computes the first few terms in the Taylor series of e™
integrated term-wise, providing a consistency check on the value 3 — 6e*.

For fl\/g tan~'(1/z) dz, the substitution 2 = 1/t transforms the limits [1, v/3] to [1,1/v/3]

and rewrites the integral in terms of tan~! ¢, after which integration by parts proceeds
similarly and confirms the same closed form.

For 01/ “coslz dz, one can use the identity
cos r=——sin
to relate the integral to [ sin~! z dx, whose standard integration-by-parts formula yields
/sin_lxda: —zsin 'z +V1—22+C,

leading again to the value 1(r 4+ 6 — 3v/3) on [0,1/2].

12
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Question 5 (Reduction formula for cos” z)

Problem

(a) Prove the reduction formula

1 B . n—1 _
/cos”xdx: Zcos" tasing + cos" 2 x dx.
n n

(b) Use part (a) to evaluate /COSQZL’dI.

Solution

Method 1: Integration by parts using cos" !z cosx

(a) Write
/ cos" xdr = /cos"1 xcoszdx.
Take
u=cos" 'z, dv = cos x dx.
Then
du= (n—1)cos" ?x(—sinz)dr = —(n — 1) cos" *rsinwrdr, v=sinz.

Integration by parts gives
/cos”xdac = uv — /vdu

=cos" txsinz — /Sinx( — (n—1)cos" *zsinz) dx
=cos" 'xsinz + (n — 1) /cos"_2 rsin? x dr.

Using sin®z = 1 — cos z,

/cos” rvdr = cos" txsina + (n— 1) /008”2 z(1 — cos® x) dx
=cos" 'wsinz + (n—1) /cos”_2 rdr — (n—1) /cos”xdx.
Bring the last term to the left:

/cos"$dx +(n—1) /cos"$d:v =cos" tasinz + (n— 1) /cos”_2 xdr,

SO
n / cos" xdx = cos" ' wsinz + (n — 1) /Cos"_2 xdz.

13


https://qrsntu.org

MH1101 Calculus II QRS@QNTU

Dividing by n yields the reduction formula

1 B . n—1 _
/cos”xda:: Zcos" lxsing 4+ cos" 2 xdr.
n n

(b) Apply the formula with n = 2. Then
9 1 . 1 0 1 ) 1
coS xdmzacos xs1nx—|—§ CoS xdngcosxsmx%—a 1dx.

Thus 1
/COSQQde = Ecosxsin:l:—i— % +C.

1
/coszxda:: Ecosxsirm—{—gjta

Method 2: Alternative derivations and the special case n = 2

(a) For the reduction formula, an equivalent approach starts by writing

/COSn rdr = /cos”_2 z(1 —sin® z) dv = /COSn_z rdr — /cos”_2 rsin® r dx
and then integrating the second term by parts with u = sinz and dv = cos" 2 xsin x dx.
The resulting algebra rearranges to the same reduction formula as in Method 1.
(b) For f cos? x dx, a widely used alternative is the double-angle identity

1+ cos2z

cos’ T =
2

Then

1 1
/(1+C082$)dl’ =3 (x+§sin2x> +C

/COS2 rdr =

N8 N =

1 1
+ Z(Qsinxcosm) +C = §Cosxsinx+ g +C,

which matches the expression obtained from the reduction formula.

14
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