MH1101 Calculus II
Tutorial 5 (Week 6) — Problems & Solutions

Academic Year 2025/2026, Semester 2
Quantitative Research Society QNTU

February 20, 2026

Overview

This tutorial focuses on trigonometric integrals and standard substitutions for radicals.

e Trigonometric integrals using parity (odd powers), identities, and u-substitution.

e Definite trig integrals using power-reduction and periodicity.

Radical integrals via completing the square and trig substitutions.

Standard forms involving v#2 — a2, va? — u?, and vu? + a2.

A classic mixed tan / sec integral via reduction to [sec® z and [ sec .

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1 (Trigonometric integrals)

Problem

Evaluate the following trigonometric integrals:

(a) / sin® z cos® x dz.
(b) / cos(2t) dt.
0

(c) /tanm sec® x dz.

(d) /tan2x sect x du.
(e) /sin(3:v) sin(6x) dx.
() /0 W/4tan4tdt.

(2) /tan2 x cos® x dz.

Solution

Method 1: Identities + direct substitutions

(a) Write cos® z = cos?z cosz = (1 — sin®x) cosz. Then

/sinchos?’xdx = /sinGm(l — sin®2) cos x dz.
Let u =sinz, du = cos x dx:

u’ o
/Sinﬁxcosgxab:/(u6—u8)du:7—§+C.

Hence

. 6 3 sin"x  sin’x
sin’ z cos” z dx = - + C.

7 9

(b) Use cos’ § = (1res20)? — Stleosieostd \yigh § = 2t

3 + 4 cos(4t) + cos(8t)

H(2t) =
cos™(2t) 3
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Thus

/OTr cos*(2t) dt

/ 3+4cos4t—|—cos8t) dt
0

™

3T
=

OOI»—* Ool»—t

1
[375 + sin 4t + 3 sin&t| =

0
/ cos*(2t) dt = 3—7T
0 8

r = (secx tanz)sec® x. Let u = sec, so du = sec z tan x dx:

(c) Rewrite tan x sec?

3 3
/tanx sec3xdx:/u2du:%+02 se(;) $—|—C’.

sec®

3

+C.

/tanx sec® rdr =

(d) Let u = tanx, du = sec® x dz. Note sec* z = (1 + tan? x) sec’ x = (1 + u?) sec? x. Then
ud o ub
/tanzx sect v dr = /u2(1+u2)du— 34—34—6’.

Hence

tan®z  tan®z
/tangxsec4xdx: 3 + 3 +C.

(e) Use sin Asin B = 3(cos(A — B) — cos(A + B)):

1
sin(3x) sin(6x) = §(cos 3z — cos 9x).

Thus
. . 1 /sin3xz sin9z sin3z sin9zx
/sm(3x)sm(6:v)dx_§( T g )+C’_ T +C.
/sin(Sx) sin(6x) dx = s1n63x — Slrll:x +C.

(f) Use tan't = (sec?t — 1)? = sec*t — 2sec’*t + 1. Then

w/4 w/4 w/4 w/4
/ tan4tdt:/ sec4tdt—2/ seCQtdt—l—/ 1dt.
0 0 0 0

Compute [sec*tdt by u = tant, du = sec® ¢ dt:

u? tan® ¢
/sec4tdt:/(1—|—u)du-u+§—tant+ ar;

3
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Also f sec’tdt = tant. Hence

/4 tan3 ¢
/ tan4tdt:{tant+ ag} — 2 [tant]7/* + [£)5/*
0
™ w2
1+ =tz
= (143) 20+ 513

™
tanttdt = — —
[t

2 3 sinz 2
tan® x cos’ x = cos’ xr = sin” x cos x.

GV )

(g) Simplify:

cos?
Let uw = sinz, du = cosx dx:

3 . 3
/tan2x cosgxdx:/quu:%—i-C: 51r13x+0'

sin®

3

+C.

/tan2 x cos® xdr =

Method 2: Alternative checks / structural shortcuts

in? . .
(a) Differentiate Sm £ — sL 4o confirm it equals sin® z cos® .

™ 1 2m
/ cos*(2t) dt = —/ cos® u du.
0 2 Jo

Using the average value of cos* u over one full period (= 3/8) yields § - 27 - £ = 3%,

(b) Substitute u = 2t to get

d
(c) Observe d—(se(33 1) = 3sec® x tan x, giving the integral immediately.
T

(d) Differentiate 2272 4 0°2 ¢4 verify it equals tan?z sec? z.

(e) Use product-to-sum as in Method 1; alternatively expand sin 6z = 2 sin 3z cos 3z and
integrate via a substitution in cos 3z.

(f) After converting tan®t into sec’t — 2sec?t + 1, a quick consistency check is to note
tan*t > 0 and the value  — 2 > 0.
sin® x

d 3
(g) Recognize sin®z cosz = - (T)
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Question 2 (Radicals and standard substitutions)

Problem

Evaluate the integral.
1
a ——dt
(@) /1&2\/t2 — 16

|
(b) /0 RS dx.
(c) /\/5 +4x —22dx.  (Hint: express v'5 +4x — 22 as y/a? — (z — b)2.)

(d) /0 vV —ax?dx. (Hint: express Vo — x? as \/a? — (x — b)2.)

1
e — dx. Hint: express vz2 + 2z + 5 as x +b)2 + a?.
© [ s (Hints express v VEEIEE )

Solution
Method 1: Trig substitutions after completing the square
(a) Use t = 4secf. Then
dt = 4secOtanfdh, 12 —16=4tand, t*>=16sec?4.
So

1 1
————dt = 4secftand) dd
/t2 2 — 16 /(1686020)(4tan9)( secd tan 6)

1 1 .
= T cosfdl = Esm@—i—@.

Since sec = t/4, we have cosf = 4/t and tan 6 = /{2 — 16/4, hence

t2 — 16
; .

sinf = tanf cosf =

Therefore

/ S Lt L
2V/e—16 16t ‘

(b) Substitute z = tan 6, dz = sec? 6 df, 1 + z* = sec? 0:

1 /4 0 sin201™* 1 1
4<ﬁ+92x A €0 {2+ 4}0 s 1
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(c)

Complete the square:

544 —2° =9 — (v —2)%
Let u = & — 2. Then the integral is [ v/9 — u? du. Use the standard formula

2
/mdu = V@ + T (2) 4O
a

With a = 3,

3

/\/9—u2du: g\/9—u2+gsin_l(g) + C.

Return to z:

-2 9 -2
/\/5—|—4x—$2da7:%v5+4x—$2+§sin_l<x )—1—6’.

3

Complete the square:

2

r—T =

Thus

1 1\2
-—lx—=] .
4 2

R R

This is the area under a semicircle of radius 1/2, so

! 1 /1\°
/\/x—m2dx:§7r(—) =
0

T
2 8

Complete the square:

2°+2r+5=(z+1)> + 4.

Let u =2+ 1:

1 1
— dr = | ——d
/\/x2+2x—|—5 /\/u2—|—22

Thus

u:ln‘u+\/u2+4‘+0.

1
/\/$2—|—2m—|—5

dlen’x+1+\/x2+2x+5)+0.

Equivalently (absorbing a constant into C'),

1
—_dx =
/\/1:2+2:(;+5

In

r+1++Va2+2x+5

5 +C.



https://qrsntu.org

MH1101 Calculus II QRS@QNTU

Method 2: Known antiderivatives / geometric or alternative substitutions

(a) One may also set t = 4 coshu (hyperbolic substitution). Then v/t? — 16 = 4sinhu,

Vit2—16
16t + C.

and the integral reduces to 1—16 tanh u 4+ C', which simplifies back to

(b) Use the standard primitive

/ e * et
= — tan T
(14222 2(1+42%2) 2 ’

then evaluate from 0 to 1 to obtain }1 + %.

(c) Use the trig substitution  — 2 = 3sinf. Then /9 — (x — 2)? = 3cosf and dx =
3cosfdf, giving [ 9cos? §df, which yields the same final expression.

(d) Use z = 3(1+sinf). Then z —x? = § cos? 0 and dz = 5 cos @ df. The integral becomes

/2 1 T
J— 2 P
/ 4Cos 6 do 3

—7/2

(e) Usex+1=2tan6. Then /(x + 1)2 + 4 = 2sech, and the integrand becomes sec 6 d,
giving In|secd + tan 0| + C, which is equivalent to the logarithmic form in x.
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Question 3 (A mixed tan /sec integral)

Problem

Evaluate the integral
/tan2 x secxdr.

Solution

Method 1: Convert to [sec®z and [secx

Use tan®z = sec?z — 1:

/taan secxdx:/(seCQx—1)secxdx:/sec3a:dx—/secxdx.

Compute [ sec® z dx by parts. Let u = secz, dv = sec® x dx, so du = sec x tan x dx, v = tan

/sec?’xdx = /secxsec%cdx = secxtanx—/tanx(secxtanx) dx
:secxtanx—/secxtanzxdx
=secxtanz — /secx(sech —1)dz
:secxtanx—/sec?’xdx—i-/secxdx.

Hence
2/sec3xdx:secxtanx—i—/secxd:c.

Using [secxdr = In|secx + tanz| + C,

1 1
/sec3xdx = §secxtanx+ §ln|secx—i—tanx| +C.
Therefore

2 _ (! ! _
tan” z secx dr = 2secmtanx+21n]secm+tanx| In|secx + tanz| + C
1
2

1
sec z tan x — §ln|secx+tanx| +C.

So

1
/tanzx secx dr = é(tanx sec —ln\secac—i-tanx\) +C.
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Method 2: Solve-for-the-integral trick

Let
I = /tan2:1: secx dx.

From tan? z = sec?

r—1,
I = /(sec3x —secx)dr =J — /secxd:v, where J = /seC?’deE.
From the integration-by-parts identity derived above,
1 1
2J =secxtanz + [ secxdr = J= §Secxtana: + 3 secx dx.
Substitute into I = J — [ secz da:

1 1
]:§secxtanx—§/secxd:v:§Secxtanx—§ln|seca:—|—tanx|+0,

hence

1
/tan2x secrdr = §<tan:c sec T —ln|secx+tanx\> +C.
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