MH1101 Calculus II
Tutorial 6 (Week 7) — Problems & Solutions

Academic Year 2025/2026, Semester 2
Quantitative Research Society QNTU

February 20, 2026

Overview

This tutorial covers rational-function integration (partial fractions), and classical numerical
integration rules with error bounds.

e Partial fractions: factoring, splitting into log/arctan pieces, and handling repeated irre-
ducible quadratics.

e Exponential rational integrals via the substitution © = ¢* and algebraic factorisation.

e Trapezoidal and Midpoint rules for fol cos(z?) dx: computing Ty, Mg, and estimating error
using max | f”|.

e Simpson’s rule for f15 Inx dz: computing Sg and choosing n for a prescribed error.

e Why Simpson’s rule is exact for quadratic polynomials (two complementary proofs).

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.



MH1101 Calculus II QRS@QNTU

Question 1 (Partial fractions and substitutions)

Problem

Evaluate the integral.

2 .3 42 -1
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Solution
Method 1: Direct algebra (factorisation, completing squares, partial fractions)

(a) First simplify:
B4t +r—1 B4t +r—1

x3 + 22 - 2(x+1)

A convenient partial fraction decomposition is

w42+ —1 1 2 1
=1 )
3 + 22 r+1 =z a2

Therefore

228 44?4+ — 1 2 1 2 1
dr = 1+ +-——= | dz
1 x3 + 22 " r+1 x 2?2
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1
= [x+ln|x—|—1|+21n|x|+—}
Tl

+In3+1In2

1
= (2+1n3—|—21n2+§) —(1+In2+0+1)
1
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(b) Factor the denominator:

P tr+l=(z+1)(2*+1).

Then
Az 2(x+1) 2

(x+D)(22+1)  224+1 z+1

Integrate term-by-term:

4z 20z +1) 2
dr = — d
/az3+x2+x+1 v /(x2+1 x—i—l) v

2r 2
:/(x2+1+x2—|—1> de —2Injz+ 1|+ C

=In(z®+ 1)+ 2tan 'z — 2In|z + 1| + C.

4
/$3+x21$+1d:c:—21n|x+1|+ln|x2+1]+2tan1x+C.

(c) Complete the square:
2 +22+5=(z+1)*+4.

Split the numerator as a linear combination of the derivative of the denominator and

a remainder: )
r+4= 5(256—1—2)4—3.

Hence
v +4 1 [ 2042 1
S S P (O S AR Y R S—;
/:c2+2x+5 ’ 2/x2+2x—|—5 Sl /(x+1)2+22 v

1 3 1
ziln(x2+2x+5)+§tan‘1(x; >+(J.

x+4 1 3 r+1
" " dr=ZInlz?2+2 z i il )
/xQ 5 5d:1: 5 n|x® + x+5]+2tan ( 5 >+C

(d) Use partial fractions over x, (z? 4+ 1), and (22 + 1)2. One convenient decomposition is

5x4+7x2+x+2_2 3z 1

z(z? 4 1)2 m+x2+1+(x2+1)2'

Thus

Sat + T+ x4 2 1 x 1
dr =2 | —dz+3 [ ——d —d
/ x(x? 4 1)2 ‘ /x Sl /332—1—1 x+/(:v2+1)2 v

3 1
=21 “In(z? +1 — .
n]a:H—Qn(x—l— )+/<x2+1)2daz+0


https://qrsntu.org

MH1101 Calculus II QRS@QNTU

For the remaining standard integral,

1 x 1
dr=—— 4 —tanlz+C.
/(x2+1)2 TT @y T
Therefore
St + T+ x4 2 3 1 x
dr =21 Sl 41+ <tanlot 4 C.
/ ey Tt R it ey

(e) Let u=¢€" (so u > 0), du = e®dx, and €** = u®. Then

/ e q / u? 1d / u 4
- dr= — Zdu= | —— du
e2r 4+ 3eT + 2 w+3u+2 u w2+ 3u+2

Factor u? + 3u + 2 = (u + 1)(u + 2), and decompose:

U 2 _ 1
(u+1)(u+2) u+2 u+l
Hence
2
/ ¢ du
621—1-36“'—1-2 u+ 2 u—i—l
ln(u—l— 2)—In(u+1)+C
2)?
+1

i (ﬂ> e

et +1

Method 2: “Recognise a derivative” and smart substitutions (alternative view-
points)
(a) For (a), note that
4’ +r—1 32?2 +x—1
a3 + a2 B 22(z+1)

Y

and the remainder term is naturally handled by splitting into 4 S+ 3 B4 :v_-l-l’ producing
the same antiderivative as in Method 1.

(b) For (b), after factoring (z41)(2*+1), a good strategy is to aim for L In(z?+1) = %

and % tan~lx = $2—1+1, which suggests rewriting the numerator to include a multiple
of 2z and a constant, leading to the same answer.
(c) For (c), the substitution u = = 4+ 1 immediately yields
4 3
/ U / uts o
2 +2x+5 u? +4
which splits into a log part and an arctan part as in Method 1.

4
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———dx by the trig substitution x = tan 6, which
+ stan "tz + C.

(d) For (d), one can also compute f 2+1)2

gives [ cos? 0 df, leading again to 5 s =y

(e) For (e), observing
e + 3" +2=(e"+1)(e” +2)
lets us rewrite the integrand quickly (after u = e”) into simple logarithms, matching
Method 1.
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Question 2 (Trapezoidal and Midpoint rules)

Problem
Let T, and M, be the approximations to the integral / 1 cos(x?) dx using Trapezoidal Rule
and Midpoint Rule respectively. "

(a) Find the approximation Tg and Msg.

(b) Estimate the errors in the approximations of part (a).

(c) How large do we have to choose n so that the approximations 7,, and M, to the integral

in part (a) are accurate to within 0.00017

Solution
Method 1: Compute T3 and Mg directly from the definitions
Let f(z) = cos(z?),a=0,b=1, and n =8. Then h = =% = L.

(a) Trapezoidal rule:

Midpoint rule:

Evaluating these sums numerically gives

Ty ~ 0902333, M ~ 0.905620.

Method 2: Error bounds via max|f”| (and choosing n)

First compute derivatives:
f'(r) = —2xsin(2?), f"(x) = —2sin(2?) — 42% cos(2?).

On [0, 1],
|f"(z)] < 2|sin(x?)] + 42%| cos(z?)| < 2 + 4 = 6.

Thus one may take K = 6 as a valid bound for maxjy 1y | f"(x)|.

(b) Trapezoidal error bound:

(b—a)? 1
Er| < K = K.
|Br| < 12n2 12n2
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With n =8 and K =6,

6 6 1
Er| < — . — — ~0.0078125.
|Br| < 12-82 768 128

Midpoint error bound:

(b—a)? 1
Eyl < K = K.
|| < 24n2 24n2
With n = 8§,
6 6 1
Eyl < - — — ~0.00390625.
B < 24-82 1536 256
So

|Er| <0.0078125, |En| < 0.00390625.

(c) To guarantee accuracy within 1074, impose the bounds

<107 d <
1202 = e o2 =

with K = 6. Then

[ 6
n > T2 105 = V5000 ~ 70.71 = |n = 71 suffices for T,,.

Similarly,
/[ 6
n > 4 101~ V2500 =50 = |n = 50 suffices for M,,.
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Question 3 (Simpson’s rule for ff Inz dx)

Problem

5
Let S,, be the approximation of the integral / In x dz using Simpson’s Rule.
1

(i) Calculate Sg.

(i) Find a value n such that S, has error of at most 107°.

Solution
Method 1: Compute Sy from Simpson’s formula

Let f(z)=Inz,a=1,b=5n=8(even),soh = =% =12 = 1 The Simpson approximation
is

So= 2w 44 3 fa 2 S S+ flaw)|

3
k odd k even, k#0,8

where v, = a+ kh =1+ % Numerically,

| Ss ~ 4.046655. |

Method 2: Error bound using f* and choosing n
For f(z) =Inx,

1 1 2 6
_ = B () = 2 @ () =
f/([E) - Ea f”(ZE) - 72’ f (I) 3’ f ( ) - 74
Hence on [1, 5],
6
4) — — —6
Rl =g =6
The Simpson error bound is
(b — &)5 (4) 45 6144
E < = . pu— .
sl < g max (0 = 5571 -6 = 150,

To ensure |Eg| < 107 it suffices that

6144
<1078 == n*>"""".10%~3.4133333 x 10".

180n* — — 180

Taking fourth roots gives n 2 76.4. Since Simpson requires even n, one valid choice is

n = "78.
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Question 4 (Why Simpson is exact for quadratics)
Problem

b
Show that if f(x) = px® + gz + r is a quadratic polynomial, then Sy = / f(x)dzx, ie.

Simpson’s Rule with n = 2 gives the exact value of / f(z)dx

Solution

Method 1: Linearity + checking the basis 1, z, 2?

+

Simpson’s rule with n = 2 has h = 5% and midpoint m = , and reads

Sy = o (f(a) + 4f(m) + f(b)).

w| s

Both the integral fab f(x)dr and the Simpson expression Sy are linear in f. Therefore it
suffices to verify exactness for the basis f(z) =1, f(z) = z, f(z) = 2?

o If f(x) =1, then f;ld:c:b—aand

52=§(1+4-1+1): 6=2h=b—a.

w| s

o If f(x) =z, then fabxdx: b2;“2 = (b=a) a+b - Also f(a)+4f(m)+ f(b) =a+4-“FL+b=
3(a+10), so

b—a _(b—a)(a—i—b)‘

So=—=-3(a+b)=h(a+b) = 5 (a+0b) =

Wlb‘

o If f(z) =22 thenf 22 dr = . Also

2
f(a)+4f(m)+f(b):a2+4("’2”’) S0 =B+ (a+ D) = 2(a + ab+ 1P).

Hence

— 2 —
oS+ ab+ 1) = Ta(a2 + ab + b%).

Sy = —-2(a*+ab+b*) = 53

w| >

But b* — a® = (b — a)(a® + ab + %), s0 Sy = =2 = [P 42 dx.

Therefore Simpson’s rule with n = 2 is exact for any quadratic pz? + qz + r:

b
52:/ f(z)dx for all f(x) = pz®+ qx +r.

9
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Method 2: Simpson error term (vanishing fourth derivative)

A standard error representation for Simpson’s rule states that, for sufficiently smooth f,

ey de — 5y = -8 ey b
/Gf(x) T =Sy = —ooes () for some € € (a,b).

If f(z) = pa?+qz+r, then f*(x) = 0 for all . Hence the right-hand side is 0, and therefore
the Simpson approximation equals the exact integral:

/ab f(z)dx = S,.

10
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