MH1101 Calculus II
Tutorial 9 (Week 10) — Problems & Solutions

Academic Year 2025/2026, Semester 2
Quantitative Research Society QNTU

February 20, 2026

Overview of This Tutorial

This tutorial focuses on convergence and divergence of infinite series using core techniques
from Topic 5.1-5.2 (Integral Test, comparison tests, ratio/root tests, and limit comparison).
Question themes.

Integral Test with monotonicity checks via derivatives.

Classifying many series using comparisons, asymptotics, ratio/root tests, and basic in-
equalities.

Parameter-dependent convergence for a p-series family.

A key theorem: if lim,, oo @, /b, = ¢ > 0 and > _ b, diverges, then Y a, diverges.

Using limit comparison and calculus limits (including I’'Hopital) to show > In(1 +b,) and
> " sin(b,,) converge when ) b, converges.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1 (Integral Test)
Problem

Use the Integral Test to determine whether each series is convergent or divergent. You must
explain why the corresponding function is decreasing on the domain under consideration.

o0

1
() 2 3 414"

n=1

> 3

(b) Z n4n—i— 4

n=1

(c) Z ne™".

Solution
Method 1: Integral Test (with explicit monotonicity)

Recall: if f: [N, 00) — (0,00) is continuous, positive, and decreasing, and a,, = f(n), then

o oo
Z a, converges <— / f(z) dx converges.
n=N N

for x > 1. Then f is continuous and positive. Differentiate:

(@) Let f(@) = 5

, (In3) 3"
= —— >1
so f is decreasing on [1, 00).

Compute the improper integral. Substitute v = 3* so du = (In3)3*dx = (In3) udx,

% S 1
dr = : d
/1 3o+ 14" L_3u+14 (n3)u"

R
I3 ), u(u+14)

1 [>1 /1 1 g
=15 — |- - u
In3 /; 14\u u+14

1 o0
= TIn3 Inu —In(u + 14)];

B 1 lim 1 U | 3
T 143 \ube tu+14 1T

1 3
BEVINE (O—lnﬁ) < 00.
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(b)

Hence the integral converges, and by the Integral Test,

e 1
; 3n I 14 converges.

QRS@QNTU

Let f(x) = 4x+ 1 for > 1. This is continuous and positive. Differentiate:
x
f(x) = (32%)(x* + 4) — 23(42?)
(2% + 4)2
C 3a0 4+ 122% —4a®  2?(12 —a?)
B (24 + 4)2 - (24 4 4)2 :

Thus f'(z) < 0 whenever z* > 12, i.e. x > v/12. In particular, f is decreasing on
[2,00). (This is sufficient for the Integral Test; the initial finite number of terms n = 1

do not affect convergence.)

Now compute the integral for x > 2:

o] .133
dx.
/2 14

Use substitution v = z* + 4, du = 423 dx, hence

> 3 1 X 1 1
/ ’ dx:—/ —du = - [lnu)5; = oo.

So the improper integral diverges, and by the Integral Test,

i n’ diverges.
— n*+4

Let f(x) = xe*" for x > 1. This is continuous and positive. Differentiate:

flla)=e" +a(=22)e™ = (1 —22%)e ™ <0 (x > 1),

& 2
/ xe * dx.
1
Let v = 22, du = 2z dz, so

& 1 [ 1 S|
/1 re ™ dr = 5/1; e’“du:§ [—e’“]l 25671 < 00.

Hence, by the Integral Test,

so f is decreasing on [1, 00).

Compute the integral:

[e'S)
—n?
E ne converges.
n=1
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Method 2: Comparison / Limit comparison (non-integral approach)

(a) Since 3" + 14 > 3" for all n,

- 1 < 1
3v+14 — 30

But Y| - is a geometric series with ratio 1/3, hence convergent. Therefore,

0

> 1
; 3” n 14 converges.

(b) For all n > 1, we have n* +4 < n? +n? = 2n', so

. . . 3 .
Since Y °° . L diverges, by comparison > °° . - diverges:
n=1n ) n=1 n444

i n’ diverges.
—~ntt+4d

(¢) Use a ratio test on a, = ne™™ (positive terms):

Ao (n+1)e” D’ _ntl e

—n2
Qp, ne—" n

As n — oo, ”TH — 1 and e~ @) — 0, so @l — 0 < 1. Hence the series converges
by the ratio test:

[e'S)
—n?
E ne converges.
n=1
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Question 2 (Converge or diverge?)

Problem

Determine whether the following series converges or diverges.

1
(a) Zn3—|—8'

n=1

(b) Y —.

e —1
n=1

(0.9]

>

n=1

[eS)
n4n

0 D =
n=1 n>t

> 1
' tan ' —— ).
(j) ; an (n1-2+%)

Solution
Method 1: Asymptotic comparison with standard benchmark series

Throughout, we use that if a, ~ b, (i.e. lima,/b, = 1) and )b, converges/diverges, then
> ap has the same behaviour (Limit Comparison Test).
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1

(a) For large n, —— ~ 5. Indeed,

+8
_1 3
. 3 . n
lim & 1+ 8 — lim =1
n—00 3 n—oo N3 +8

Since >~ 5 converges (a p-series with p = 3 > 1), we get

oo

1
Z e converges.

n=1

(b) Here % = 1 for every n, so the terms do not go to 0. Thus the series diverges by the
n-th term test:

© 2
n .
E diverges.
n-n
n=1

(c) Simplify:

o L9\ /3\" [1)\"
g~ \aw) ~\3w) ~\5)

This is a geometric series with ratio r = 3% € (0,1), hence

o n

E 310n converges.

n=1

(d) Divide numerator and denominator by n?:

n?+n+1 S+t
nt+n2 1+ 4

1/n?
T

n?4n+1 4
1 1
lim 2277 — fim ”—<1+—+—> — 1.

n—00 # n—oo nd + n? n n?

As n — oo, this is asymptotic to = 1/n?. Formally,

Since Y -5 converges, we obtain

“ni4+n+1
Z _— converges.

e) Use the standard limit lim,_,o $2¢ = 1. Let z,, = £ — 0. Then
(e) n

T

i S0/R) gy stz

n—00 1/7’L z—0 I

So sin(1/n) ~ 1/n. Since Y- + diverges, by limit comparison,

= 1
E sin (—) diverges.
n=1 n
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(f) The series Y, ﬁ is a classical divergent series (integral test or Cauchy condensa-
tion type behaviour). Using the integral test: f(z) = l,ﬁm is positive and decreasing

for x > 3, and

/:O L dr = In(ln o)) = .

rzlnzx
Hence
x 1 .
Z diverges.
nlnn
n=2
(g) Compute asymptotics:
e —1 e”(l—e*")_1_e*n

ne*—1 e*(n—e™) n—e™

Then -
€ — -n —n
) =) n(l—e . n—ne
llm ne —- — g = hm —_— =1.
n—00 1/n n—oo N —e " n—oo N —e N

So the general term is asymptotic to 1/n, and therefore

oo

"1
Z ¢ ] diverges.

ner —

(h) Since n?/m = e@mn)/n 0 = 1 we have

1
lim —— =1 #£0.

n—o00 n2/n

Thus the series fails the n-th term test and diverges:

= 1
—— di :
;nQ 7, diverges
(i) Simplify:
nin 1
o =

L
n2n>

Use the root test: for a, =

Yan =P = —— 0 <1,

n—oo

so the series converges absolutely:

e 4
n
E W converges.
n=1
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(j) Let a, = tan_l( 1 1). As n — oo, the inside tends to 0. Using tan™'z ~ z as

nlA2+3
x — 0,

1 1 1 1
tan nl2 _|_% o2 _|_% Sz

121 r — 0. Then
n'+§

t —1
lim —2 — Jim | 22 (zn) Tn =1-1=1,
n—oo 1/nl?2  n—oo T, 1/n12

nl2

More formally, set z,, =

since lim,_, a— =1 and ; /nl - = —— — 1. Because Z —7 CONVerges (a p-series

12+

with p = 1.2 > 1),

> 1
tan"!{ ——— | converges.
St () comers

n=1

Method 2: Direct comparison inequalities and specialised tests

(a) Since n®+8 > n3, we have 0 <
(b) Since % = 1, the partial sums are Z,ivzl 1 = N — o0, hence divergence.

)
(c) Already geometric: 3° (35)" converges.
)

38
(d
n <n?and 1 < n?). Hence
n*+n+1 _3n*> 3

0< < = —
nt+n?2 — nt n2’

so convergence follows from comparison with ) %

——= < -5. As ) 5 converges, so does the given series.

Foralln > 1, n*4+n?2>n*and n?+n+1<n?>+n%+n?=3n? (for n > 1, since

(e) Use the inequality sinz > %az for z € [0, 5. Since 1 S € [O, %] for all n > 1, we have

)22

Thus the series diverges by comparison with the harmonic series.

(f) Use Cauchy condensation on a, = which is decreasing for n > 3:

nlnn’

o0 o

1 , -
; T diverges <= ;Qkazk = Z o ln 2 Z

k=1

(g) Forn > 1, note " — 1 > %e” (since 1 < %e” for n > 1) and ne” — 1 < ne™.

e —1 S %e” 1
ner —1 — ne® 2n’

So divergence follows from comparison with » %

8

Hence
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(h) Since lim,, o, # = 1, the series diverges by the term test.
(i) Root test as above gives convergence.

(j) Use the basic bound 0 < tan™'z < x for z > 0. Then

0 < tan " 1 < 1 <1
—tan n1.2+% —n1.2+%—n1.2'

Hence the series converges by comparison with > —.
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Question 3 (Find p for convergence)

Problem

Find the values of p for which the series is convergent:

=1
>
n=1
Solution

Method 1: p-series criterion

The series is a p-series of the form ) n% with a = 2p. It is known that

1
E — converges <= a > 1.
/rLOé
n=1
Thus

1
2p>1<:>p>§.

Therefore,

1
The series converges exactly when p > 5

Method 2: Integral Test (full derivation)
Let f(x) = 272 for x > 1. Then f is continuous and positive. Also,
fl(x) = =2pa=~1.

Hence f'(x) < 0 for all x > 1if p > 0, so f is decreasing on [1,00) (this monotonicity
condition is not needed when p < 0 since then terms do not even go to 0).
Compute the improper integral:
/ %P dx.
1

0 —2p41 J©
/ % dy = [w_] .
This converges iff the exponent —2p + 1 < 0, i.e. 2p > 1 (so the numerator z=2’*1 — 0 as

x — 00). If 2p = 1, the integral becomes floo % dxr = oo.
Therefore,

If 2p # 1, then

ee 1
/ x_dex<oo<:>p>§,
1

10
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and by the Integral Test,

o0

1 1
Z s converges <= p > 5>

n=1

11
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Question 4 (Limit Comparison Test: divergence trans-
fer)

Problem

The Limit Comparison Test. Suppose Y >~ a, and >~ b, are series with positive terms.
Prove that if

(o)
. a .
lim — =c¢ and E b, diverges,
n—oo b, .
n=

then Y ° | a, diverges.

Solution
Method 1: e-comparison (direct)

Assume a, > 0, b, > 0, and lim,,_, Z—: = ¢. Since a,/b, — ¢, for e = 5 > 0 there exists
N € N such that for all n > N,

an, <€
— —cl < =
b, 2
In particular this implies
n c c
— - = >N
b, ¢33 (2N
SO y
ap > §bn (n>N)
Now consider partial sums. For any M > N,

Since Y b, diverges and b, > 0, its tail sums ZﬁiN b, — oo as M — oo. Therefore

M . :
Yo an — 00 as M — oo, meaning » | a,, diverges. Hence

Z b, diverges and lim % =c>0 = Z a, diverges.

n—0o0 n

n=1 n=1

Method 2: Contrapositive argument

We prove the contrapositive statement:

o0 o0
E a, converges —> E b, converges.

n=1 n=1

12
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Assume Y a,, converges and lim,, ., ‘;—: = ¢ > (. By the definition of limit, for ¢ = 7 there
exists NV such that for all n > N,

Qp, < & Ay, <ed C 3c
— <= = —<c+=-=—.
Thus, for n > N,
2
b, > 0, a, < §bn = b, > —a,.
2 3¢

This inequality alone does not give convergence of > b,, but we can also get the reverse
inequality by using again

Qa C
L >c—— =

2
= — > .
b, 5=5 — b, < ~n (n>N)

Hence, for all n > N,
2
0<b, <-—a,.
c

Since Y a, converges, the tail Y > \ a, converges, so by direct comparison Y > \ b, con-
verges. Adding finitely many initial terms does not affect convergence, therefore > b, con-
verges.

Thus we have shown:

Z a, convergent — Z b, convergent.
Taking the contrapositive gives:
Z b, divergent — Z a, divergent,

which is exactly the desired claim, so

Z b, diverges — Z a,, diverges (under lima,/b, = ¢ > 0).

n=1 n=1

13
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Question 5 (Transformations of a convergent positive
series)

Problem

Suppose b, > 0 and Y| b, is convergent. Prove that the following series are also conver-
gent.

(1) > In(l+0y,).

(ii) ) sin(by).
n=1
(Hint: Use the Limit Comparison Test, and I’'Hopital’s Rule.)

Solution
Method 1: Global inequalities (direct comparison)
Because b, > 0 and »_ b, converges, we know b, — 0 as n — 0.

(i) For every x > —1, In(1+x) < x. (Proof: define g(z) =z —In(1+x) on (—1, 00); then

gx)=1- 14%27 = 157 > 0 for x > 0, and g(0) = 0, so g(x) > 0 for x > 0.) Applying
this with x = b,, > 0 gives

0 < In(1+b,) < by.

Since > b, converges, by comparison Y In(1 + b,) converges. Therefore

Z In(1 + b,,) converges.

n=1

(ii) For all real z, |sinx| < |z|. In particular, for b, > 0,
| sin(by,)| < by,

Since Y b, converges, the series Y |sin(b,)| converges by comparison; hence > sin(b,,)
converges absolutely, and therefore converges. Thus

o
Z sin(b,,) converges.
n=1

14
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Method 2: Limit comparison using calculus limits (as hinted)

(i)

Consider the limit

In(1 4 1n(1 + 1/(1
T k) A G ) O VA U ) B
x—0 X x—0 %m x—0

Since b, — 0, we may substitute x = b,, to get

In(1+b,)

n

lim =1.
n—oo

By the Limit Comparison Test, > In(1 + b,,) converges if and only if > b, converges.
Given Y b, converges, it follows that

Z In(1 + b,,) converges.

n=1

Similarly, use the standard limit (again obtainable by 1'Hopital):

sin x

lim =1.
z—0 I
Because b, — 0, we get
in(b,
fi S0bn) _

n—o0 bn

Since b, > 0, eventually b, € (0,7) and hence sin(b,) > 0 for all sufficiently large
n. Therefore we may apply limit comparison to the tails: there exists N such that
sin(b,) > 0 for n > N, and
. sin(b,)
lim ——=

n—oo b,

=1

Hence Y 7 \ sin(b,) converges if and only if > \ b, converges, and the latter con-
verges because > b, converges. Adding finitely many initial terms preserves conver-
gence, SO

oo
Z sin(b,,) converges.
n=1

15
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