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Abstract

Comprehensive revision notes for MH1101 Calculus II, integrating core definitions, key
results, worked examples, and exam-focused techniques.

Course Overview & Topic Map

Topic Area Chapters | Key Concepts

Integrals Ch. 1 Antiderivatives; area problem; definite inte-
grals; Fundamental Theorem of Calculus; sub-
stitution rule; improper integrals; Mean Value
Theorem for integrals

Applications of Integrals | Ch. 2 Area between curves; volumes
(disks/washers);  cylindrical —shells;  arc
length

Techniques of Integration | Ch. 3 Integration by parts; trigonometric integrals;

trigonometric substitution; partial fractions;
numerical integration (midpoint, trapezoidal,
Simpson’s rule)

Sequences and Series Ch. 4 Limits of sequences; monotone sequences; se-
ries

Convergence Tests Ch. 5 Integral test; comparison tests; absolute vs.
conditional convergence; ratio test; root test

Power Series Ch. 6 Power series; Taylor series; Maclaurin series;

binomial series

This revision guide follows the official MH1101 chapter structure while emphasizing problem-
solving techniques and exam-relevant intuition.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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How to Use This Document

Structure of the Notes

These notes are designed to be used together with your lectures and tutorials. Each chapter is organised
into:

1. Core Theory — definitions, statements of key results, and conceptual interpretation.
Mathematical Framework — formulas, standard manipulations, and common patterns.
Worked Examples — representative questions with full solutions.

Applications — modelling or interpretation links (where relevant).

DA R

Exam Focus — high-yield checklists, typical traps and time-saving techniques.

A practical way to revise:
e First pass: read Core Theory + Key Formula boxes to map the chapter.
e Second pass: attempt Worked Examples yourself before checking solutions.

e Final pass: review Common Mistake boxes and your own error log before timed practice.

Colour and Box System (Legend)

The document uses a colour-coded system. Each box has a name at the top so you can quickly recognise
its purpose:

Colour | Box Name Use This For

Green | Definition / Theorem | Formal statements of definitions and the-
orems used throughout the course.

Blue Key Formula Core identities and methods you should be
able to apply quickly.

Brown | Worked Example Fully worked questions. Try on your own
before reading the solution.

Red Common Mistake Typical errors, misleading shortcuts and
conceptual traps to avoid.

Yellow | Policy Application Interpretation notes (units, modelling in-
tuition, and “what the answer means”).

Purple | Exam Focus High-yield checklists, time-saving tech-
niques, and typical exam patterns.

Cyan Extension Optional enrichment: elegant viewpoints,
stronger generalisations, or structural re-
marks.

When you print in black and white, you can still identify boxes by their title text:

e Look for the name at the top: Definition, Theorem, Key Formula, Worked Example, Common Mistake,
Policy Application, Exam Focus, Extension.

e In digital version, use the colour + name; in printed version, rely mainly on the name.


https://qrsntu.org

MH1101 Calculus IT — Revision Notes QRS@QNTU

1 Integrals

1.1 Antiderivatives and Indefinite Integrals

Definition 1.1: Antiderivative and indefinite integral

Let f be defined on an interval I. A function F is an antiderivative of f on [ if
F'(z)= f(z) forallzel.

The indefinite integral denotes the family of all antiderivatives:

/f(x) dx = F(z)+ C.

Theorem 1.1: All antiderivatives differ by a constant

If F and G are antiderivatives of f on an interval I, then F(z) — G(x) is constant on I.

Proof. Since F'(x) = f(z) = G'(x) on I, we have (F — G)'(x) =0 on I. Hence F — G is constant on I. [

Key Formula: Basic antiderivative library

For constants a # —1 and k # O:

a+1 1 1 1
/:U“ do = = +C, /e’“‘ de = e +C, /Cos(k‘;v) dx = —sin(kz)+C, / —dz =In|z|+C.
a+1 k k z

Worked Example: General antiderivative (power simplification)

5 —4z3 + 228
Find the most general antiderivative of —6+ for z # 0.
x
Solution. Rewrite using powers:
5 — 4x3 + 225

5 =5x % —4x7 3+ 2.
9

Integrate term-by-term:

—2

-6 z”® -5 — @ -2
/5x dac:5-—5:—:1: , /(—4:1: )dx:—4'_—2:2m , /2dx—2:c.

Hence

2
s dmz—;+?+2x+0.

/5—4x3+2x6 1
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Common Mistake: Dropping +C (and losing solutions)

Indefinite integrals represent families of functions. Omitting +C' can remove valid solutions, especially
when applying an initial condition later.

Exam Focus: Solving for f given f’ (and initial data)

Workflow:
(1) Integrate: f(z) = [ f'(x)dxz = F(z)+C.
(2) Apply the condition (e.g. f(x0) = go) to solve for C.
(3) If f” is given, integrate twice: f'(x) = [ f"(z)dx + C4, then f(z) = [ f'(z)dz + Cb.

1.2 Area Problem and Riemann Sums

A key motivation for definite integrals is area/accumulation. For f(x) > 0 on [a,b], the area under
y = f(z) from a to b can be approximated by rectangles.
Let [a, b] be partitioned into n equal subintervals with

b
Arx = a’ ri=a+iAx (i=0,1,...,n).
n

Choosing sample points x} € [x;_1,x;], the associated Riemann sum is

S, = if(m;‘)Ax.
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1.3 Definite Integrals and Basic Properties

Definition 1.2: Definite integral

Suppose f is defined on [a, b]. Using the equal-width partition with Az = (b — a)/n and sample points
x} € [x;_1,x;], the definite integral of f on [a,b] is

[ s dz = im >~ ) A,
@ i=1

provided the limit exists and is independent of the choice of sample points. In that case, f is integrable
on [a,b].

If f changes sign, fab f(x)dx is interpreted as net area: (area above z-axis) minus (area below z-axis).

Key Formula: Core properties of definite integrals

Assume f, g are integrable on [a,b] and c is constant.

(P1) /abcd:n — c(b—a).

®2) [U@*g@yr= [ f@ars [ o)

(P3) /abcf(x) dz :c/abf(:c) da.

(P4) (Additivity) Tf @ < ¢ < b, then / " Ha) di = / " f(2) da + / ) d.
(P5) (Comparison) Tf £(z) > 0 on [a,b], then / F@)dz > 0.

() (Clmperiz) B ) 2 6) o o5, den / " F@)de > / ' o) de.

(P7) (Bounds) If m < f(x) < M on [a,b], then m(b—a) < /b f@)de < M(b—a).
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Worked Example: Average value satisfies its own bounds

1 b
Show that if f is continuous on [a, b] with m < f(x) < M, then the average value fo,.. = / f(z)dx

b—a
satisfies m < fao < M.
Solution. By Property P7,

m(b— a) g/ f(z)dx < M(b—a).

Divide by b — a > 0 to obtain
1

b—a

m <

/bf(x)dw <M

ie.m < fave < M.

Exam Focus: Fast integral comparisons

If you can compare integrands pointwise (e.g. f > g > 0), then you can compare integrals without
computing antiderivatives. This is often faster and avoids algebra mistakes.

1.4 The Fundamental Theorem of Calculus

Motivation: Why do we need the FTC?
At this point in the course, you know two distinct operations:

e Differentiation: Given a function f, compute its instantaneous rate of change f'(z).

e Integration (as area): Given a function f on [a, b], compute the accumulated area f; f(x) dx by taking
the limit of Riemann sums.

These look completely unrelated—one is about rates, the other is about totals. Computing fol % dx

from the definition means evaluating lim Z

n N
i 1 . . .
<> - —, which requires summation formulas and careful
n—00 n
=1

n
limit-taking.

The Fundamental Theorem of Calculus reveals that differentiation and integration are inverse pro-
cesses. This has two immediate practical consequences:

(i) If you integrate then differentiate, you recover the original function (FTC Part I).

(ii) If you know an antiderivative, you can compute a definite integral instantly without Riemann sums
(FTC Part II).
In effect, the FTC transforms integration from a limit-of-sums calculation (slow, algebraically tedious)
1
into an antiderivative evaluation (fast, routine). This is why we can evaluate fol x? dz by writing [%3} =1
0
instead of summing rectangles.

We now state and prove both parts of the theorem carefully, emphasizing why each formula takes the
form it does.


https://qrsntu.org

MH1101 Calculus IT — Revision Notes QRSQNTU

Theorem 1.2: Fundamental Theorem of Calculus (Part I)

If f is continuous on [a,b] and

Flz) = /zf(t)dt (e <z <b),

then F' is differentiable on (a,b) and

F'(z) = f(z) (a <z <b).

Intuition behind Part I: Why does the derivative of an integral give back the original
function?
Think of F(z) = [ f(t) dt as the accumulated area under y = f(¢) from a up to . When you increase
x by a small amount h, the new area is approximately the area of a thin rectangle of width h and height
f(), so
F(x+h)—F(z) = f(z) - h.

Dividing by h and taking h — 0 gives F’(x) = f(x). The proof below makes this intuition rigorous using
the Mean Value Theorem for Integrals.

Proof. Strategy: Use the definition of the derivative and then apply the Mean Value Theorem for Integrals
to evaluate the resulting integral increment.

Step 1: Expand F’(z) using the definition.

Let = € (a,b). By definition,

F/(g;>:hmF(x+h)_F($),

h—0 h
Since F(z) = [ f(t)dt and F(x + k) = [*™" f(t) dt, we have
Flz+h) — F(z) = / - / ") de.

By the additivity property (P4), the interval [a,x + h] splits as [a, 2] U [z, z + h], giving

Flz+h) — F(z) = /+ (1) dt.

Therefore

Step 2: Apply the Mean Value Theorem for Integrals.
Since f is continuous on [z,z + h] (for small h > 0), the Mean Value Theorem for Integrals guarantees
a point ¢ € [z, x + h| such that

Step 3: Take the limit as h — 0.
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Because ¢ € [z,z + h], as h — 0 we have ¢ — = (the point c¢ is squeezed between z and x + h). Since f

is continuous at z,
lim £(c) = f(2).
—0

Hence F'(z) = f(z), as desired.

O

Why is continuity of f required?
The proof relies on two facts:

e The Mean Value Theorem for Integrals, which requires f to be continuous.
e The limit lim._,, f(¢) = f(x), which is the definition of continuity at x.

If f has a jump discontinuity, the accumulated area function F'(z) may still be continuous, but it will fail
to be differentiable at the jump.

Summary of Part I in words: If F(z) accumulates the values of f from a to x, then the rate of
change of this accumulation at z is precisely f(x) itself.

Worked Example: FTC Part I (direct application)

d [* 1
Find — dt.
in. /1 R
Solution. The integrand f(t) = H% is continuous on R. By FTC Part I, with a = 1,

d [* 1 1
L gt = f@) = .
da:/l =10 =15

Worked Example: FTC Part I with Chain Rule

4

Find i / sectdt.
dx 1

Solution. Let v = 2*. Then

d [+ d [ d [ [ du
— t=— tdt = — tdt) - —.
In /1 sectd . /1 sect dt Tu < /1 sec dt) Ia

d
By FTC Part I, d_/ sectdt = secu. Since Z—Z = 42°, we obtain
u

1

d [
— / sect dt = sec(x?) - 42® = 423 sec(z?).
dr J,
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Worked Example: FTC Part I with two variable limits (Leibniz rule)

12

Find d/ sintdt.
dr J,

Solution. Method: Split the integral at a fixed point (say, 0) and apply FTC Part I to each piece.

Write
z2 0 z2 @ 22
/ sintdt:/ sintdt—i—/ Sintdt:—/ sintdt+/ sin t dt.
a3 a3 0 0 0

Differentiate term-by-term using FTC Part I and the Chain Rule:

d o .
— <—/ smtdt) = —sinz,
dx 0

% /OI sint dt = sin(x?) - 2.
Hence )
% /: sintdt = — sinx + 2z sin(z?).
General form (Leibniz rule):

b(z)
= [ fwde = f0@) ¥ (@)~ fa@) - (@),

()

Exam Focus: Variable limits and Chain Rule

When the upper limit is not just x but a composite function g(x), you must apply the Chain Rule:

9(x)
dd/ Ft)dt = F(g(a)) - g (@).

When both limits are variable, split at a convenient constant and differentiate each piece separately.

Theorem 1.3: Fundamental Theorem of Calculus (Part IT)

If f is continuous on [a,b] and F' is any antiderivative of f (i.e., F'(x) = f(x) on [a,b]), then

/ f(z)dz = F(b) — F(a).

Intuition behind Part II: Why does an antiderivative let us evaluate definite integrals?
Part I showed that the accumulation function G(z) = [ f(t)dt is an antiderivative of f. If F is any
other antiderivative of f, then F' and G differ by a constant (Theorem ?7):

F(z) =G(z)+ C.
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Evaluating at x = b,
b
F@:G@+C=/f®ﬁ+a

Evaluating at =z = a,

ﬂ@szH%%iﬁf@ﬁ+C:0+C:G
Subtracting, ,
H@—H@z/]ﬁﬂt

The constant C' cancels in the subtraction, which is why you can use any antiderivative F' (with or without
+C) to compute the definite integral.

Proof. Strategy: Define G(z) = [ f(t)dt. Both G and F are antiderivatives of f, so they differ by a

constant. Exploit this to relate fab f to F(b) — F(a).
By FTC Part I, G'(x) = f(z) on (a,b). Since F is also an antiderivative of f, we have F'(z) = f(x) =
G'(z) on (a,b). By Theorem ?7?, there exists a constant C' such that

F(z)=G(z)+C for all = € [a, b].
Evaluate at x = b:

F@:G@+c:/%@ﬁ+a

Evaluate at x = a: u
.ﬂ@:m@+02/f@ﬁ+020+020

Subtract the second equation from the first:

H@—ﬂ@z/]ﬁﬂt

O]

Why is the dummy variable irrelevant?
In the statement of the theorem, we wrote f: f(x) dx instead of f: f(t)dt. The choice of variable inside

the integral doesn’t matter:
b b b
/ﬂ@m:/f@a:/ﬂmm

All represent the same number (the accumulated area from a to b). The variable is a dummy variable—it
is local to the integral and does not appear in the final answer F'(b) — F(a).

b
Notation: We often write F'(b) — F'(a) as [F(a:)]z or F(x)

a

Worked Example: FTC Part II (direct evaluation)

2

Evaluate / 3 dx.

-1
Solution. An antiderivative of f(z) = 2% is F(z) = %4 (we omit +C because it will cancel). By FTC
Part 11,

2 472 4 4
2 -1 16 1 15
/£E3d£(,‘:|:x—:| :——( ) = - ="
1 1 4

4 4 4 4 4

12
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Worked Example: FTC Part II with endpoint checks

us

Evaluate / cosz dx.

0
Solution. An antiderivative of cos z is sinz. Hence
v
/ coszdx = [sinz]; =sinm —sin0 =0—0 = 0.
0

Interpretation: The area above the z-axis on [0, 5] exactly cancels the area below the z-axis on [5, 7],
giving net area zero.

Worked Example: FTC Part IT with absolute value (sign change)

2
Evaluate / || dx.

—2
Solution. The function |z| is not differentiable at 2z = 0, so we must split the integral at the point

where the formula changes:
2 0 2
/ |x]dx=/ (—x)dm—i—/ xdz.
-2 —5 0

Compute each piece:

2

Hence/ |z|dz =2+ 2 =4.
2

Sanity ‘check: By symmetry, the two halves contribute equally; each is a triangle of base 2 and
height 2, so area $(2)(2) = 2.

Common Mistake: Ignoring sign changes in the integrand

If f changes sign or formula on [a, b], you cannot apply FTC Part II blindly to f: f(x)dx. You must:
(1) Identify points ¢ where f changes sign or formula.
(2) Split the integral: f:f =[f+ fcb f.
(3) Evaluate each piece separately using the correct formula for f on each subinterval.

Example: f_ll 1 dzx is not ln|:v||1_1 = 0. The integrand has a singularity at x = 0; the integral is
improper and divergent.
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Exam Focus: FTC Part II workflow

When evaluating ff f(z) dx:

(1) Find any antiderivative F'(z) of f(z) (omit +C).
(2) Compute F(b) — F(a).
(3) Sanity check:

e If f >0 on [a,b], the answer should be > 0.
e If f is odd and the interval is symmetric, the answer may be zero.

e If f changes sign, check that you’ve split correctly.

Exam Focus: When to use Part I vs. Part 1T

Use FTC Part I when:

d 9@
e You see e / f(t)dt (differentiate an integral).
€ a

e The question asks for the derivative of an accumulation function.
Use FTC Part II when:
e You need to evaluate fab f(z) dz numerically.

e You are asked to compute a definite integral using an antiderivative.

1.5 The Substitution Rule

Integration by substitution (also called u-substitution) is the reverse of the Chain Rule for differentiation.
It allows us to evaluate integrals by transforming them into simpler integrals in a new variable.

Theorem 1.4: Substitution Rule (Indefinite Integrals)

If uw = g(z) is differentiable and F' is an antiderivative of f, then

[ #9@) g @ dz = Flg(a)) +C.

Equivalently, writing du = ¢'(z) dx,

Practical recipe:
(1) Choose a substitution u = g(z).
(2) Compute du = ¢'(z) dx.

(3) Rewrite the integrand and differential in terms of u and du.

14
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(4) Integrate with respect to w.

(5) Substitute back u = g(z) to express the answer in terms of z.

Worked Example: u-substitution for indefinite integrals

Evaluate / x cos(x?) dx.

Solution. Let v = z2. Then du = 2x dx, so x dx = %du. Substitute:

1 1 1
/xcos(xQ)d:c:/cosu- Qdu: §sinu+C: isin(xQ)-l-C.

Theorem 1.5: Substitution Rule (Definite Integrals)

If g is continuously differentiable on [a,b] and f is continuous on the range of g, then

g(b)
/ f(g x)dr = f(u)du

g(a)

Key observation: When you substitute u = g(x) in a definite integral, you must also transform the
limits of integration: = = a becomes u = g(a), and = = b becomes u = g(b).

Worked Example: u-substitution for definite integrals

5
Evaluate / dz.
2 3 —5x

Solution. Let © =3 — 5x. Then du = —5dx, so dz = ——du
Transform the limits:

r=2=u=3-5(2)=-T1, z=5=u=3-5(5)=-22

5 1 —221 1 1 —221

Reverse the limits (introduces a minus sign):

1 L1 1. (7
Sdu==211 = Z(ln7-1n22) = -1
5/22u =g lnfullss, = 5 (n7-n22) = 5“(22)

Substitute:
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Exam Focus: Substitution workflow for definite integrals

When using substitution on ff f(z)d:

1) Choose u = g(x) and compute du = ¢'(x) dz.

2) Transform limits: u; = g(a), us = g(b).

4

(1)
(2)
(3) Rewrite the integral entirely in terms of u (no z should remain).
(4) Integrate with respect to u from wu; to us.

()

5) Do not substitute back to x—evaluate directly in u.

16
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1.6 Improper Integrals

So far, we have defined f: f(z) dx only when [a, b] is a finite interval and f is continuous (or at least bounded
and integrable) on [a,b]. An improper integral extends the concept of integration to:

e Type 1: Infinite intervals (e.g., [~ = dz).

e Type 2: Unbounded integrands (e.g., fol ﬁ dx, where f(x) — oo as z — 07).

Definition 1.3: Improper Integral of Type 1 (Infinite Interval)

(a) If fat f(x) dx exists for all t > a, then
o} t
/ f(z)dx = tlim f(z)dz.
(b) If [ f(x) dx exists for all ¢ < b, then
b b
/_Oo f(z)dx = tl{noo/t f(z)dx.
(c) If both [*_ f and [° f converge, then

/Zf(x)dx ::/;f(:c)d:c+/aoof(x)dx_

In each case, the integral converges if the limit exists (and is finite); otherwise it diverges.

Key Formula: p-integrals (Type 1 and Type 2)

> 1 1
/ — dx converges <= p > 1, / — dx converges <= p < 1.
1 P 0 xP

y = = (schematic)

17
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Worked Example: Type 1 divergence

oo

Determine whether — dx converges.
95

1
Solution. Write the definition:

e} t 1
/ —dzr=1lim [ —dz= lim [1H|SL‘|]§ = lim Int = oc.
1 X t—o00 1 T t—o0 t—o0

Hence the improper integral diverges.

Worked Example: Type 1 evaluation (split correctly)

Evaluate / Ty

Solution. _Split at 0 and take one-sided limits:

/oo ! d—/o ! d+/oo L
oo 1+ x2 T oo 1+ 22 v o 14 x2 “

provided both sides converge.
Since [ ﬁ dr =tan"lz + C,

dz.

e’} 0
/ 1 dzr = lim [tan_l w]z = ﬂ, / 1 dr = lim [taJn_:l x]? = E.
0

1+ 22 t—00 % oo 1+ 22 t——o00 2
°° 1
Therefore / ——dr =.
oo 1+ 22

Definition 1.4: Improper Integral of Type 2 (Unbounded Integrand)

(a) If f is continuous on [a,b) and lim, ;- f(x) = £oo, then
b t
/a f(z)dz = ltlgl/a f(z)dz.
(b) If f is continuous on (a,b] and lim, .+ f(x) = oo, then
b b
/ flx)dx = lim/ f(x) dx.
a tla t
(¢) If f has a discontinuity at ¢ € (a,b) and both [7 f and fcb f (as improper integrals) converge, then
b c b
/ f(x)dx ::/ f(m)dx-l—/ f(x)dx.

The integral converges if the limit(s) exist and are finite; otherwise it diverges.
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Worked Example: Type 2 at an endpoint

5
1
Evaluat — dx.
"a““/“/mx

Solution. This is improper at = 2. By definition,

dr = lim

5 1 5 1
—_— ———dx.
/zm tu/”/mx

Let u=x — 2 so du = dz. Then [u~?du = 2u'/?, hence

/t5\/;T2dx= [2@}}2\/5—2@.

Taking t | 2 gives 24/t — 2 — 0, so the integral converges and equals 2v/3.

Common Mistake: Treating [f; as a symmetric single limit

The definition is not lima_, ff‘A f(z)dx.
A two-sided improper integral converges only if both one-sided integrals converge:

/ f ::/ f —I—/ f, with both terms finite.

Symmetric cancellation can produce a finite number even when the improper integral diverges (see
extension below).

Exam Focus: Improper integrals (non-negotiable workflow)

(1) Identify why it is improper (infinite interval / unbounded integrand / interior singularity).

(2) Rewrite using the correct one-sided limit(s) before manipulating.

(3) Decide convergence; only then compute the finite value (if it converges).
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Extension (Tutorial 3, Question 2, Method 1)

Syllabus link: Chapter 1 — §1.6 Improper Integrals.
Proposition (independence of split point).
Assume that for every real ¢, both [ f(z)dz and [° f(z) dz converge. Then for any real a,b,

/_;f(a:)der/aoof(x)dx:/_boof(x)der/boof(x)dx.

Proof. WLOG let a < b. For M > 0, finite additivity gives

Luo=Lo+ [

Take M — oo (the limits exist by hypothesis) to obtain

/;f:/;ﬂ/:f. (1)

Similarly, for N > 0, finite additivity gives faN = fab f+ be f; letting N — oo yields

/:of=/abf+/boof- (2)

Rearrange (2) as [;° f= [~ f — [7 f and add to (1):

/_;f+/boof=(/_;f+/abf>+</:of—/abf>=/_;f+/:o

s
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Extension (Beyond Syllabus: Cauchy principal value vs. improper integral)

Syllabus link: Chapter 1 — §1.6 Improper Integrals.
Definition. For integrable f on every finite interval, the Cauchy principal value is

oo A
PV/ f(z)dz ;= lim / f(z)dz (if the limit exists).
o —A

A—o0

This is not the same as the improper integral, which requires both fi)oo f and fooo f to converge (finite).
Example (odd integrand with finite PV but divergent improper integral).

Let f(z) = 1%z (odd, continuous on R). Compute one-sided integrals:
4z 1 4
= | = 2 = — 2
/o 1+x2dw-[2ln(1+x)h 21n(1—i—A)—>A_>oO 00,

0z 1 Nk 1 )
/_A1+$2dx= [gln(l—i-x )}_A=—§ln(1+A)m>—oo.

Hence the improper integral ffooo f does not converge (one-sided integrals are not both finite).
But for every A > 0, oddness gives ff‘A f(z)dz =0, so

PV/ Y e = b ()=,
_001+1'2 A— o0
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2 Applications of Integrals

2.1 Area Between Curves

Many geometry questions reduce to (i) identifying the correct bounding curves/lines, (ii) locating intersection
points, and (iii) setting up a nonnegative integrand (area is never negative).

Motivation: From “area under a curve” to ‘“area between curves.”

In Chapter 1 we saw that ff f(z) dx gives the signed area between y = f(x) and the z-axis. What if we
want the area of a region enclosed between two curves y = f(z) and y = g(z)? The idea is simple: at each
x, the vertical “height” of the region is (f(x) — ¢g(z)) (assuming f is on top). Summing these infinitesimal
vertical strips gives the total area. This is exactly how the Riemann-sum derivation works:

e Divide [a, b] into n strips of width Az.
e Each strip is approximately a rectangle of width Az and height f(z;) — g(z;).

e Summing and taking n — oo gives A = fab(f(:z) —g(x)) dx.

The requirement f(x) > g(z) ensures every strip has nonnegative height, so we get geometric (unsigned)
area.

Theorem 2.1: Area between two curves (w.r.t. z)

Let f,g be continuous on [a,b] and suppose f(z) > g(x) for all x € [a,b]. The area of the region
bounded by y = f(z), y = g(x), z =a, x =0bis

A= /a (f(z) — g(x)) dz.

Why “top minus bottom”? The integrand (f — g) measures the vertical distance between the two
curves at position z. If f(x) > g(z) on the whole interval, this distance is nonnegative and we get a single
integral. If the ordering swaps (i.e., g is on top for part of the interval), the integrand (f — g) becomes
negative there, yielding signed area rather than geometric area. To get geometric area, you must split at
intersection points and always write (top — bottom) > 0.

Key Formula: Area Between Curves (Choose dx or dy)

z=b
e Vertical slices (dz): A= / (top — bottom) dx.

y=d
e Horizontal slices (dy): A :/ (right — left) dy.
y=c

e Workflow: find intersection points = split the interval whenever the ordering (top/bottom or
right /left) changes.

When to use dx vs. dy:
The choice is a matter of convenience, not correctness. Ask yourself:

e Can I express both boundaries as functions of a single variable with one formula each? If yes, integrate
with respect to that variable.

e Does one choice avoid splitting the integral? For example, a parabola z = y? and a line x = y + 2 are
simpler to integrate with dy (one integral from y = —1 to y = 2), whereas using dx would require two
separate integrals.
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Yy =sinx

4 COS T

s s
4 2

Worked Example (Lecture Example 2.2): y =sinz vs. y = cosz on [0, 7]

Find the area bounded by y = sinx, y = cosz, v =0, x = 7.
Solution. Solve sinz = cosx = x = 7 on [0, 7]. On [0, 7], cosz > sinz; on [, 7], sinz > cosz. Hence

/4 /2
A= / (cosx —sinz) dr + / (sinz — cosz) dz
0 /4

+ [~ cosz —sinx]:/2 =(W2-1)+(V2-1)

/4

= [sinz + cos z] 3/4

—=2v2 - 2.

Worked Example (Lecture Example 2.1): y=2>+1 vs. y =z on [0, 1]

0and z = 1.

Find the area bounded above by y = 2% + 1, below by y = x, and on the sides by z =
(z) = 2® + 1 is on top

Solution. First check ordering: for z € [0,1], 22 +1 > 1 > z (since z < 1), so
throughout. No splitting needed.

A:/Ol((m2+1)—:v)dx:/ol(:vQ—:E-l—l)dm: F—g—w—z-i—:n};:

1
—Z4+1=2,
3 2 2t

6

W =

Sanity check: The region lies inside the unit square [0,1] x [0,2], so A < 2. Also A > 0 since the
integrand is positive. v/
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Worked Example: Horizontal slices (dy) are simpler (Tutorial 3, Q3(b) style)

Find the area enclosed by the parabola 4z + y* = 12 and the line z = y.
Solution. Rewrite the parabola as x = 3 — %-, and the line as z = y.

Intersections: Set y =3 — y4—2, ie. y?+4y—12=0,50 (y +6)(y —2) =0, giving y = —6 and y = 2.
For y € [—6,2], the parabola lies to the right of the line (check: at y = 0, parabola gives z = 3, line

gives z = 0). Hence
2 2 2 2
Y Y
Ao AN N —y— L) ay.
/_GK?’ 4) y} g /_6<3 ’ 4> !

2 372

1 4

- [Sy—y——y—} :(6—2—§>—(—18—18+18):§0—(—18):%.
-6

Evaluate:

2 12 12

Using dz would require solving for y (two branches y = £+/12 — 4z) and splitting the integral at z = —6
and x = 2—much messier. This illustrates why choosing the right variable matters.

Common Mistake: Not Splitting Where the Curves Cross

If the “top” and “bottom” curves swap order inside [a,b], then f:( f — g)dx gives signed area, not
geometric area. Always find intersection points first and split accordingly.

Common Mistake: Forgetting to check the ordering

Even if you correctly find intersection points, you still need to determine which curve is on top in each
sub-interval. A quick way: plug in a test value of  (or y) from each sub-interval and compare.

For instance, between y = 2 and y = x on [—1,1]: the intersections are x = —1,0,1. On (—1,0), test
z =-0.5: (=0.5)* = —0.125 vs. —0.5, so 2* > z there. On (0, 1), test x = 0.5: 0.125 < 0.5, so = > x°.
The ordering reverses.

Exam Focus: Fast Setup Checklist for Area Problems

e Sketch roughly and label intersections (solve algebraically).

e Decide dx vs. dy by whichever gives simpler bounds and simpler integrand.

e Write the integrand explicitly as (top—bottom) or (right—left) and ensure it is > 0 on each
sub-interval.
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Extension (Beyond Syllabus: absolute-value area formula)

Syllabus link: Chapter 2 — 2.1 Area Between Curves.

Proposition. Let f,g be continuous on [a,b]. Assume there exists a partition a = o < x; < -+ <
x, = b such that f — g does not change sign on each (zj_1, ;). Then the area between the two curves
is

n

A=L\ﬂm—mmwx=23

k=1

[ U@ - g@)as|.

Tk—1

This is just the rigorous statement of “split and take absolute values.” It can simplify setup when f—g
factors nicely.
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2.2  Volumes by Disk/Washer Method

Motivation: From area to volume via slicing.

We already know how to compute areas of planar regions using integrals. Volumes of three-dimensional
solids can be computed by a natural extension of the same idea: instead of summing the “heights” of thin
rectangles, we sum the areas of thin cross-sectional slices.

Consider a solid S lying along the z-axis between = a and x = b. If you cut the solid with a plane
perpendicular to the z-axis at position x, you obtain a cross-section whose area we call A(x). The volume
of a thin slab of thickness Az is approximately A(x) Az. Summing all such slabs and taking the limit gives:

V= /ab A(z) dx.

This is the general slicing formula—it works for any solid whose cross-sectional area A(z) you can express
as a function of x. Similarly, if slicing along the y-axis, V = fcd A(y) dy.

Why disks and washers?
When a solid is formed by revolving a plane region about an axis, every cross-section perpendicular to
that axis is either:

e a disk (solid circle) if the region touches the axis — area = mR?, or
e a washer (annulus = disk with a hole) if the region has a gap from the axis — area = w(R2, — R2).

The radii are distances from the axis of rotation to the boundary curves. This distance interpretation
is critical, especially when the axis is shifted.

Key Formula: General Slicing and Disk/Washer Method

General slicing:

b
V= / A(z)dz (slicing perpendicular to the z-axis).

Disk method (cross-section is a full circle):
b 2
V= / m[R(z)] dz, R(z) = distance from axis to curve.
Washer method (cross-section is an annulus):

V= /abﬂ[(Rout(x))Q ~ (Bu(2))”] d

(Replace x with y and [a, b] with [c, d] when slicing perpendicular to the y-axis.)

Step-by-step workflow for disk/washer problems:
(1) Sketch the region and identify the axis of rotation.

(2) Decide the slicing variable: slice perpendicular to the axis of rotation. If the axis is horizontal, you
typically slice with dx; if vertical, with dy.

(3) Identify the radii: For each slice at position z (or y), find the outer radius R, and inner radius R;,
as distances from the axis to the boundary curves.

(4) Set up the integral: V =7 [(RZ, — R?) d(slice variable).

out
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(5) Evaluate using FTC Part II.

Worked Example (Lecture Example 2.3): Volume of a sphere

Show that the volume of a sphere of radius r is V = §7rr3.
Solution. Place the sphere centered at the origin. A cross-section at position x (for —r < x <7)is a
disk of radius R(xz) = v/r? — 22 (by the Pythagorean theorem). Hence

r 377 3 3 4
V= _T7r(7'2 — 2 dzx =" [7’230— ‘%} B = [(7’3 — %) — <—7’3+ %)} = gﬂ'T‘S.

Sanity check: The sphere fits inside a cylinder of radius  and height 2r (volume 277%), and we expect
‘/sphere < ‘/;:ylinder- Indeed %71-7"3 < 271'?"3. \/

Worked Example (Lecture Example 2.6): Rotate region between y = 22 and z = y* about

y=0

In the first quadrant, the curves y = 2% and = = y? intersect at (0,0) and (1,1). Rotate the region
between them about y = 0 (the z-axis).

Solution (washer method w.r.t. z). Write both as y-functions: y = 2? and y = /x on z € [0,1].
Outer radius R(z) = v/, inner radius 7(z) = 2*. Then

1
2 sc5] 3r
0

V=ﬂ/ol(R(m)z—r(x)Q)dx=7r/01(x—x4)d:c=7r[7—3 =10

Worked Example (Lecture Example 2.4): Disk method about the y-axis

Find the volume of the solid obtained by rotating the region bounded by y = 2®, y = 8, and z = 0
about the y-axis.

Solution (disk method w.r.t. y). Since the axis is vertical (y-axis), slice perpendicular to it with
dy.

For a given y € [0, 8], the curve y = 2% gives z = y'/%. The cross-section is a full disk (no hole, since
the region touches the y-axis at x = 0) with radius R(y) = y'/°.

8 8
V:/ 7r[y”‘°’]2dy=7r/ y2/3dy=7r{§y5/3]
0 0

8

967

3
—r.2.320=2T
"3 5

0
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Worked Example (Tutorial 4, Q4(b)): Washer method with shifted axis

Find the volume of the solid obtained by rotating the region bounded by y = ixz and y = 5 — 22 about
the z-axis.

Solution (washer method w.r.t. z). Step 1: Intersections. 1z? =5 — 2 = 222 =5 = 2? =
4=z==2

Step 2: Identify radii. For z € [-2,2], the outer curve (farther from z-axis) is y = 5 — z?, and the
inner curve (closer to z-axis) is y = 12° (both are nonnegative here). So:

Rouws(z) =5 — o2, Rin(z) = 1a”.

Step 3: Set up and evaluate. The integrand is even, so

? 2\2 22 2 5 A
V:Tl'/_2|:(5—$) _(I) ] dx:27r/0 [25—10$ +z _16] dx

2 15 1023 152577
=2 25 —102% + —2* | dx = 27 |25 —
7r/0< x+16x> x w[ x 3 + 30 L

80 480 80 168 —80 1767
=9 -4+ ) =2 = —b =27 - = .
7T<50 3+80> 7r<50 3+6> T 3 3

Common Mistake: Wrong Radius (Distance to the Axis)

When rotating about a shifted axis (e.g. x =2 or y = —1), the radius is a distance:
R(z)=|f(z)—c| (abouty=c), R(y)=lg(y)—c| (aboutz=oc).

Forgetting the shift (using f(z) instead of f(x) — ¢) is a frequent setup error.

Common Mistake: Squaring a difference vs. difference of squares

The washer formula is m(R? — r?), which is a difference of squares. A very common error is writing
(R — r)? instead. These are not the same:

RP—r»=(R+r)(R-r)# (R-r)

Always square each radius separately, then subtract.

Exam Focus: Disk/Washer Method Selection

e If the axis is horizontal, slicing with dx is often natural; if the axis is vertical, slicing with dy is
often natural.

e If the setup forces you to solve a hard inverse (e.g. cubic y = 22? — 2® for z), consider cylindrical
shells instead.

e Always state outer radius and inner radius explicitly before integrating.
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Exam Focus: Quick dimensional/sign sanity checks for volumes

e Volume must be positive. If your answer is negative, you likely swapped R, and R;,.

e Volume should have dimensions of (length)®. If boundaries are pure numbers (e.g. x € [0,2], y €
[0,4]), the answer should be a number times 7.

e For a sanity bound: the solid of revolution fits inside a cylinder. Compute the cylinder’s volume as
a quick upper bound. If your answer exceeds it, something is wrong.
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2.3 Volumes by Cylindrical Shells

The shell method computes volume by integrating volumes of thin cylindrical shells obtained from slices
parallel to the axis of rotation.

Motivation: When washers fail.

Consider rotating the region under y = 2z* — 2 (for z € [0,2]) about the y-axis. If you try the washer
method, you need to slice perpendicular to the y-axis (i.e., horizontally), which requires writing x as a
function of y. But solving y = 2x? — z® for  means solving a cubic—messy and impractical. The shell
method avoids this by slicing parallel to the axis (vertically, using dz), so the curve stays in its natural form
y = f(z).

How a shell is formed:

Take a thin vertical strip at position x with width Az and height h(z). When this strip is revolved
about a vertical axis, it sweeps out a thin cylindrical shell (like a hollow pipe). The volume of this shell is
approximately:

AV = (circumference) x (height) x (thickness) = 2w r(x) - h(z) - Az,

where r(x) is the distance from the strip to the axis (the shell radius). Summing all shells and taking Az — 0
gives the integral formula.

Theorem 2.2: Volume by cylindrical shells

(a) (Rotation about a vertical line.) If a region between z = a and x = b is revolved about a vertical
axis, and a typical vertical slice at x produces a shell of radius r(x) and height h(z), then

V= /ab 2nr(x) h(z) dx.

(b) (Rotation about a horizontal line.) If a region between y = ¢ and y = d is revolved about a
horizontal axis, and a typical horizontal slice at y produces a shell of radius r(y) and height h(y),
then

V=/ 2mr(y) h(y) dy.

Why 27r - h?
A cylindrical shell with inner radius r;, outer radius 74, and height h has exact volume

Vanen = 15 b — mri b = wh(ry —ri) = wh(ry +r1)(r2 — 11).-

Let r = 542 (average radius) and Ar = r, — 7y (thickness). Then Vipen = 277 h Ar. In the limit Ar — 0,
this becomes 271 h dr, which is the integrand.

Key Formula: Shell Geometry

For a shell created by a slice parallel to the axis:

shell volume = (circumference) - (height) - (thickness) = (27r) h (Ar).

So the integral is always of the form V = / 27 (radius)(height) d(slice variable).

Step-by-step workflow for shell problems:

(1) Sketch the region and identify the axis of rotation.
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(2) Decide the slicing variable: slice parallel to the axis of rotation. If the axis is vertical, use vertical
strips (dz); if horizontal, use horizontal strips (dy).

(3) Identify radius and height:

e Radius r = distance from the strip to the axis.

e Height h = length of the strip = (top curve) — (bottom curve) for vertical strips.
(4) Set up the integral: V = f: 27 r - hd(slice variable).

(5) Evaluate.

y=R21> — 1

Worked Example (Lecture Example 2.7): Rotate y = 22> — z® about the y-axis

Find the volume obtained by rotating the region bounded by y = 22% — 23 and y = 0 about the y-axis.
Solution (shell method w.r.t. z). The curve meets y = 0 at = 0 and x = 2 (since 22% — 2 =
2?(2 — x)). A shell at position x € [0, 2] has radius r(z) = z and height h(z) = 22* — 2®. Hence

2 2
V= / 2r x (22% — 2%) dx = 27T/ (22° — z*) dx
0 0

zt 25)° 32 167
—or|——| =or(8—22) = ==,
“[2 5}0 “( 5) 5

Worked Example (Tutorial 4, Question 1(a)): Shells about z =0

Use cylindrical shells to find the volume generated by rotating the region bounded by y = x? and
y = 62 — 22% about z = 0.

Solution (shell method w.r.t. z). Intersections: z? = 6x — 22? = 32? —6x = 0 = z = 0,2. On
[0,2], the shell radius is 7(xz) = x and height is h(z) = (62 — 22?) — 2? = 62 — 3z2. Thus

2 2
V= / 2m z (62 — 32%) dx = 27r/ (62° — 32°) dx
0 0

2
=2r [2953 - Z:ﬁ‘l} = 27(16 — 12) = 8.

0
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Worked Example (Tutorial 4, Q1(b)): Shells about a shifted vertical axis z =3

Find the volume of the solid generated by rotating the region bounded by y = 2%, y = 8, and x = 0
about the line z = 3.

Solution (shell method w.r.t. ). The curves y = z® and y = 8 intersect at = 2. The region
spans z € [0,2].

A vertical shell at position x has:

e Radius: r(z) =3 —x (distance from z to the axis x = 3; note 3 —z > 0 on [0, 2]).

e Height: h(z) =8 —2® (from y = 2 up to y = 8).

2 2
vz/ 27r(3—a:)(8—a¢3)d:c:27r/(24—3x3—8:c+a¢4)d:c
0 0

3zt 572
—or |24z — 22 424 T
4 5,

32 132 264r
=27 (48 -12—-1 — =27 — = ——.
7T<8 6+5) T 5 3

Sanity check: Compare with the disk method answer for the same region about the y-axis (V = =7).
Rotating about = 3 (farther away) should give a larger volume, and indeed % > 96?”. v

Worked Example (Tutorial 4, Q1(c)): Shells about a shifted horizontal axis y = —2

Find the volume of the solid generated by rotating the region enclosed by x = 2y? and x = y? +1 about
the line y = —2.

Solution (shell method w.r.t. y). Intersections: 24> =y +1 = ¢y* =1 =y = +1.

For y € [—1, 1], horizontal shells are used. A shell at height y has:

e Radius: 7(y) =y — (—2) =y+2 (distance from y to axis y = —2; note y +2 > 0 for y > —1).

e Height: h(y) = (y* +1) —2y> =1 —y*> (right curve minus left curve).

1

1
vz/ 27r(y+2)(1—y2)dy=27r/ (y+2—y* — 2% dy.
-1

-1

Split into odd and even parts. The integrand is (y — 3®) + (2 — 2y?). On [—1, 1], the odd part (y — y*)
integrates to 0 by symmetry. The even part is:

1 1 2y° L
271'/ (2—2y2)dy:27r-2/ (2—2y2)dy=47r[2y—?] =47 -
_ 0 0

1

Common Mistake: Radius for Shells Is a Distance

For shells, the radius is measured to the azis of rotation. About x = ¢ (vertical axis): r(z) = |z — ¢|.
About y = ¢ (horizontal axis): r(y) = |y — ¢|. Do not drop the absolute value until you have fixed the
interval where the sign is known.

Q| W~
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Common Mistake: Using the wrong slicing direction

Remember the key distinction:
e Washers: slice perpendicular to the axis = cross-sections are circles/annuli.
e Shells: slice parallel to the axis = strips sweep out cylindrical shells.

If you accidentally slice in the wrong direction, you will mix up the geometric setup and get incorrect
radii/heights.

Exam Focus: When Shells Beat Washers

Shells are often the cleanest choice when:

e the region is naturally described as y = f(z) and the axis is vertical, but washers would require
solving z in terms of y;

e the intersection analysis is simpler in the slice-variable used by shells;

e you want a quick cross-check against a washer setup (when both are manageable).

Exam Focus: Method comparison decision tree

When faced with a volume-of-revolution problem, use this decision tree:
(1) Identify the axis of rotation (horizontal or vertical? standard or shifted?).

(2) Try washers first (perpendicular slicing): Can you express both boundary curves as functions of
the slice variable? If yes, proceed with washers.

(3) If washers are awkward (e.g., solving a cubic for x(y)), switch to shells (parallel slicing).

(4) If time permits, set up both methods and compare answers as a cross-check.

— Scenario — Preferred Method — ———————— — Curves given as y = f(x), axis is horizontal (y = ¢)
— Washers w.r.t. x — — Curves given as y = f(z), axis is vertical (x = ¢) — Shells w.r.t. x — —
Curves given as x = ¢(y), axis is vertical (x = ¢) — Washers w.r.t. y — — Curves given as x = g(y),

axis is horizontal (y = ¢) — Shells w.r.t. y —
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Extension (Beyond Syllabus: Pappus’s centroid theorem for volumes)

Syllabus link: Chapter 2 — 2.3 Volumes by Cylindrical Shells.

Theorem (Pappus, Volume Theorem). Let D be a plane region of finite area A, and let ¢ be a
line in the same plane that does not intersect D. If D is revolved about ¢, then the resulting solid has
volume

V=A.(2nd),

where d is the perpendicular distance from the centroid of D to the axis £.
Working (torus volume in one line). Let D be a disk of radius r (area A = 7r?) whose center is
at distance R > r from the rotation axis £. The centroid of the disk is its center, so d = R. Hence

V =ar?.-27R = 212 Rr.

This is a fast cross-check alternative to a longer shell integral for the same solid.
Cross-check example (Tutorial 4, Q1(b)). The region bounded by y = 23, y = 8, x = 0 has area
A= f02(8—:c3) dxz =12 and centroid = 5 f02 z(8 —x%) dz = ;. Rotating about x =3: d =3—% = &.

5
Thus V =12 - 27 - & = 227 matching the shell computation.

Extension (Tutorial 4, Q5: Why shells are awkward for y = z(x — 1)?)

Syllabus link: Chapter 2 — 2.3 Volumes by Cylindrical Shells.
The region unde;r y = z(x — 1) on [0, 1] rotated about the y-axis is a natural shell problem: r(x) = x,
h(z) = x(x — 1)

V\(fhgf not(washe)rs? The function f(x) = z(z —1)? = 2® — 22® + x is not one-to-one on [0, 1]: it increases
on [0, 1] and decreases on [3, 1] (verify via f'(z) = 32> —4z+1 = (3z—1)(z—1)). So for each y € (0, 35),
a horizontal line meets the curve at two z-values, requiring you to solve a cubic for z(y)—impractical.
With shells: V = 2r [} @ - z(z — 1) da = 27 [, (¢* — 22° + 2®) dz = 27 [f-31+3]=2=

2 15°
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3 Techniques of Integration

Overview. Chapter 1 gave us the Fundamental Theorem of Calculus: if we can find an antiderivative F
of f, then fff(:r) dx = F(b) — F(a). The practical difficulty is that most integrands do not yield to a
single application of the power rule or a basic substitution. This chapter develops a toolkit of techniques—
integration by parts, trigonometric identities, trigonometric substitution, partial fractions, and numerical
approximation—that, taken together, let you evaluate (or at least approximate) virtually any integral that
arises in MH1101.

Each technique answers a specific structural question about the integrand:

e IBP: “Is the integrand a product of two functions, one of which simplifies when differentiated?”

e Trig integrals: “Does the integrand involve powers or products of trig functions that can be reduced
using identities?”

e Trig substitution: “Does the integrand contain a radical v/a? — x2, Va2 + 22, or v/z2 — a2?”
e Partial fractions: “Is the integrand a rational function P(z)/Q(z)?”

e Numerical integration: “Is an antiderivative unavailable or impractical? Can we approximate the
integral instead?”

3.1 Integration by Parts

Motivation: reversing the Product Rule.
We know the Product Rule for differentiation:

d

7= (u(@) v(@) = u(@)v'(z) + v'(2) v(@).

This tells us how to differentiate a product. But what if we need to integrate a product? Rearranging
the Product Rule and integrating both sides gives us a way to “trade” one integral for another—hopefully
simpler—one.

Integrate both sides of the Product Rule over any interval (or indefinitely):

u(z)v(z) = /u(x) v'(x) dac—i—/u'(ac)v(x) dx.

Solving for the first integral on the right:

This is the integration-by-parts (IBP) formula. Notice what it does: it replaces [« dv with uv— [ v du.
The hope is that [ v du is easier to evaluate than the original integral.
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Key Formula: Integration by Parts (Indefinite and Definite)

The rule is the integration analogue of the Product Rule.
If u=wu(x) and v = v(z) are differentiable, then

%(U(w)v(w)) = u(z)v'(z) + u'(z)v(z).

Integrating both sides gives:

For definite integrals,

How to choose u and dv. The goal is to trade an integral that looks hard for one that looks easier:

/ u(x) dv — uv/vdu.
—_

differentiate Integrate

A good choice typically makes:

e du simpler than u (e.g. polynomials shrink in degree; In z becomes 1/x; arctan z becomes 1/(1 + z?)),

e v = [dv computable immediately (avoid dv whose antiderivative is unknown).

Why the trade works (intuition).

Think of IBP as shifting “complexity” from one factor to the other. If u becomes simpler when differen-
tiated (e.g. 2™ — na™ '), and dv can be integrated without difficulty (e.g. sinzdz — —cosx), then [vdu
has a simpler first factor (du) multiplied by a known function (v). After one or more rounds of IBP, the
integral may reduce to a standard form.

Common Mistake: Forgetting the boundary term in definite IBP

For f: u dv, the boundary contribution [uv]z is not optional.

A frequent error is to write fab udv =uv — fab vdu but forget to evaluate uv at a,b.

Worked Example: / x sin x dx

Let w =z and dv = sinx dxz. Then du = dx and v = — cos . Hence

/xsinxdaj:uv—/vdu:x(—cosx)—/(—Cosx)dl‘: —xcosx +sinz + C.

Quick check: Differentiate —x cos x+sinx: by the product rule we get — cos z+x sinx+cosz = xsinz.
v
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Worked Example: / Inz dz (why IBP is necessary)

There is no direct “antiderivative rule” for Inx itself. Treat Inz as a product:

/1nxdm = /(lnx) -ldx.

Choose v = Inz and dv = dx. Then du=édw and v = z. Thus
/lnxdxzwlnw—/m-%dmz:cln:c—/ldxlenx—x—i—c.

Why this choice? Choosing u = In z converts In z (which we cannot integrate directly) into du = % dx
(which combines nicely with v = x to give a trivial integral [ 1dz). Choosing v = 1 and dv = Inz dz
would require knowing [ Inz dz in advance—circular!

Key Formula: Derivatives often paired with IBP

These frequently appear when w is an inverse trig or logarithmic function:

1 d 1 d 1

—(arcsinx) = ——, —(arccosr) = ————.
( )= L ) T

(Use the course’s standard inverse-trig derivative list when needed.)

—(arcta = —
dw(r ne) 1 - g dx

Why inverse trig and log functions are always chosen as u:

Functions like In z, arctan z, and arcsinx are hard to integrate directly but easy to differentiate—their
derivatives are algebraic. So making them u converts them into simpler du terms. Meanwhile, the remaining
factor (often algebraic or trigonometric) serves as dv and is easy to integrate.
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Worked Example: Definite IBP with a secondary substitution

1
Evaluate / arctan z dzx.
0

dz and v = x.

Choose u = arctanz and dv = dz, so du = T
Then

x2

1 1
1
/ arctan z dx = [marctanx]l—/ - ——dx
0 0 0 1+l‘2

:(1.%—0>—/011_f$2dx.

For the remaining integral, set t = 1 + 22, so dt = 2z dx:

Loy 1 /%21 1 2 1
= dr=-| Zdt=-[Int]°==-In2.
/0 1+a2 2/t_1t g i, =5 In

Hence

1
/ arctanr dr =
0

Worked Example: / r’e” dr (two rounds of IBP)

Here the polynomial factor 22 needs two differentiations to reach 0.
Round 1: Let v = 22, dv = e dx, so du = 2z dx, v = €:

/3326”” dr = z%e® — 2/1‘630 dr.

Round 2: For [ze”dx, let u =z, dv = e”dx, so du = dz, v = e":
/xe””da:zxe”” —/ewd:t:xe’” —e*+C.

Combine:
/xzez dr = z%e” — 2(ze” — €*) + C = e"(z* — 2z + 2) + C.

Pattern: Each IBP round reduces the polynomial degree by 1. For [z"e® dz, you need n rounds (or
use the Tabular method in the Extension below).

Repeated integration by parts (“solve-for-the-integral”)

Some integrals produce the same integral again after applying IBP. In that case, carry the repeated term to
the left and solve algebraically.

Why does the integral reappear?

When both factors in the product “cycle” under differentiation and integration (e.g. e stays e”, while
sinz — cosz — —sinx), applying IBP twice brings back the original integrand. The trick is to name the
original integral (e.g. I), and after two rounds you get an equation of the form I = (stuff) — I, which you
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solve as 21 = stuff.

Worked Example: / esinz dr (two rounds of IBP)

Let
I:/ezsinxdaz.
First IBP: choose u = €*, dv = sinx dx. Then du = e* dzx, v = — cos x:
I =—e"cosx + /e” cosz dx.
Let J = [e”coszdz. Apply IBP again with u = e*, dv = cosx dx so v = sin:
J=¢e"sinx — /e“”sin:cdm =e’sinz — 1.
Substitute into the first relation:

I =—e"cosx+ (e“sine —I) = 2[=¢€"(sinz —cosx).

Therefore,

1
/e“’ sinz dx = Qez(sinx —cosz) + C.

Exam Focus: When repeated IBP is likely

Repeated IBP is common when the integrand is a product of:

e ¢ with sin bz or cos bx;

e a polynomial with e, sin bz, or cos bz (eventually the polynomial differentiates to 0).

When you see the same integral reappear, name it (e.g. I), then solve for I explicitly.

Exam Focus: Sign consistency in “solve-for-the-integral”

When applying IBP twice to [ e®® sinbx dz or [ e cos bz dzx, you must use the same choice pattern in
both rounds (e.g. always let u = €*). If you switch (e.g. v = €** in round 1 but u = cos bz in round
2), the original integral does not reappear, and you go in circles.
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Reduction formulas

Motivation: Why reduction formulas?

Some families of integrals (like [sin" z dz) do not have a closed-form antiderivative in terms of elemen-
tary functions for general n. Instead, we derive a recursive relationship: express [sin” zdz in terms of
Ik sin""?z dz. Applying this recursion repeatedly reduces the power until you reach a base case (n = 0 or
n = 1) that you can integrate directly.

The derivation itself is just a clever IBP combined with the Pythagorean identity.

Theorem 3.1: Reduction formula for / sin” x dx

Let n > 2 be an integer. Then

. 1 e n—1 e
/sm”ﬂ:d:c:—cosm sin" 'z + sin" 2 x dux.
n n

Proof idea (exam-usable). Write sin” x = sin” "' z-sin 2 and apply integration by parts with v = sin " z

and dv = sin x dz; then use cos®> z = 1 —sin® z to eliminate cos? z and isolate the original integral on the left.
Step-by-step derivation.
Set u = sin” "' 2 and dv = sinz dz. Then du = (n — 1)sin" ?z cosz dx and v = — cosz. By IBP:

/sin” rdr = —coszsin” 'z + (n—1) /sin"_2 xcos® z dx.
Now replace cos® z = 1 — sin® z:
/sin”xda: = —cosxsin" '+ (n—1) /sin”2 xdr—(n—1) /sin” xdx.
Move the last term to the left side:
n/sin” rdr = —coswsin" 'z + (n—1) / sin" " x dz.

Divide by n to get the stated formula.
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Extension (Tutorial 4, Question 5, Method 1: Reduction for cos™ x)

Syllabus link: Chapter 3 — §3.1 Integration by Parts.
Proposition. Let n > 2 be an integer. Then

1 . n—1
/cos” xdr = =cos" lzsinx + cos" 2 x dzx.
n n

Full working.
Start from /cos” rdr = /cos”_1 T -cosxdx.
Choose

u=cos" !z, dv = cosz dzx.

Then v = sinx and
du = (n —1)cos" ?z(—sinz)dr = —(n — 1) cos" > wsinx dx.

By integration by parts,
/cos":vdx =uv — /vdu

=cos" 'xsinx — /sinx( —(n—1)cos" *wsinz) dx

=cos" 'zsinz + (n — 1) /cosn_2 rsin® z dz.
Use sin’ z = 1 — cos? :
/cos" zdr =cos" 'zsinz + (n—1) /cos"_2 2(1 — cos’ z) dx
=cos" 'zsinz + (n—1) /cos"_Q:cd:U —(n-1) /cos" xdx.

Bring the last term to the left:

n/cos" zdx = cos™ ' zsinz + (n — 1) /cos”_2 xdx,

and divide by n to obtain the claimed formula.

A warning on heuristics (LIATE)

Common Mistake: Blindly following LIATE

Heuristics like LIATE (Log, Inverse trig, Algebraic, Trig, Exponential) can suggest a choice for u, but

the actual criterion is: does [ v du simplify?
If a substitution is available (chain-rule structure), it often beats IBP even when LIATE “permits” IBP.
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Worked Example: When substitution beats IBP

Evaluate / 23 sin(2?) dx.

A fast approach is to expose a 2x dx term.
Write 2° dz = ?(z dz). Let u = x? so that du = 2z dx and 2 = u:

1
/xS sin(z?) dx = §/usinudu.

Now apply IBP in u:
choose 4 = u, dv = sinu du, so v = — cosu:

1 1
§/usinudu= 5(—ucosu+/cosudu> =

Substitute back u = x2:

N |

(—ucosu—l—sinu) + C.

(— 2” cos(z?) + sin(z?)) + C.

N =

/x3 sin(x?) dz =
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Extension (Beyond Syllabus: Tabular Integration by Parts)

Syllabus link: Chapter 3 — §3.1 Integration by Parts.
Proposition (finite-derivative case).

Let u be a function such that u(™*+"(z) = 0 for some integer m > 0 (e.g. a polynomial of degree m),
and let v be differentiable.
Then repeated integration by parts yields

[u@r@)ds =3 (-1* ¥ (m) VP@) + C.

k=0

where V© = [vdz and V¥ = [ V=D gy (i.e. V¥ is the k-fold antiderivative of v).
Full working (derivation).
Apply IBP once to [wwvdz with dv = vdx:

/uv dr = uV© — /u’V(O) dzx.

Apply IBP again to the remaining integral:

/u’V(O) de =’V — /u”V(l) dz,

SO
/uv dr = uV©® — 'V 4 /u"V(l) dx.

Continuing this process m times produces alternating signs and ends because u(™* = 0.
This yields the stated finite sum.

Micro-example.

For [z cos(5x)dx, take u = z (so v’ = 0) and v = cos(5z).

Compute V© = [ cos(5z) dz = 1 sin(5z) and

VW = [VOdg = [ Lsin(ba)ds = — 5 cos(5z).

Thus

/xcos(5x) de =z - %sin(&r) -1 ( - 2—15 cos(5x)) +C = gsin(fw) + % cos(bz) + C.

3.2 Trigonometric Integrals

Motivation.

Integrals involving powers and products of trigonometric functions arise naturally after trigonometric
substitution (Section 3.3) and in Fourier analysis. The key idea: use trig identities to rewrite the integrand
into a form amenable to a simple u-substitution or direct integration. The choice of identity depends on the
parity (odd/even) of the powers involved.

Powers of sinz and cosz

Key Formula: Power-reduction and Pythagorean identities

5 1+ cos2x
cos”x =

.2 2
Sin 33‘+COSQIL‘:1, Sin I‘ZT, T,

. 1 .
sinx cosx = §s1n2w.
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Why these identities? The Pythagorean identity sin® z 4+ cos® z = 1 lets you convert between sin and
cos powers, which is essential when one power is odd (you “peel off” one factor and convert the rest). The
half-angle formulas are needed when both powers are even, because there is no odd factor to peel off; instead,
you reduce the degree by expressing sin” z or cos? z in terms of cos 2z.

Method-selection logic for [sin™ z cos™ z dx.

e If n is odd: save one cosz, convert the rest using cos?z = 1 — sin® z, then substitute u = sin z.
e If m is odd: save one sinz, convert the rest using sin® z = 1 — cos? z, then substitute v = cos z.

e If both m,n are even: use power-reduction (half-angle) formulas until integrable.

Why “save one factor”?

The substitution v = sin x requires du = cos x dzx, so you need exactly one leftover cos x to pair with dzx.
All remaining cos factors must be converted to sin via cos? z = 1 —sin® z, so the entire integrand becomes a
polynomial in v = sinx. This only works if the number of leftover cos factors after saving one is even—which
is guaranteed when n is odd.

Worked Example: / cos® v dz (odd power)

Write cos® z = cosz cos? x = cosz(1 — sin’ ).
Let u = sinx, du = cosx dzx:

3 o B
/Cosgxd$:/(1_u2)du:u—%+C:sinx—Sngxq_c_

Worked Example: / sin® z cos® r dr (Lecture Example 3.9)

: : . .4 . 2
Since m =5 is odd, save one sinz and convert sin® z = (sin° z)? = (1 — cos® )%

/sin5 zcos’ xdx = /(1 — cos? x)? cos® zsin z dx.

Let u = cosz, du = —sinz dz:
=— /(1 u?)ut du = — /(u2 —2u* +u®) du
ub  2ub U’ cosr  2cos’x cos’w
—_ 42 _Z L 0=— — C.
3 + 5 7 + 3 + 5 7 *
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Worked Example: / sin* z dz (even power)

Use sin® o = 1=6g=22.
1-— 21\ 2 1
#) = Z(1—20032x+00322m).

Apply power-reduction again to cos? 2z = (1 + cos 4x):

sintx = (

1 1 1.3 1
sin'z = 4_1(1 — 2cos 2z + 5(1—1—00843:)) = 4_1(5 — 2cos 2z + 50054:1;).

Integrate term-by-term:

1/3 1
/sin4xd1‘ = Z<§x—sin2w+ gsin4w) +C.

Worked Example (Tutorial 5, Q1(a)): / sin® z cos® x dx

Here n = 3 is odd. Save one cosz and convert cos?z = 1 — sin® z:
9 . 2
/81116 zcos® zdr = /sm6 x(1 — sin” x) cos z dz.

Let u = sinz, du = cos x dzx:

sinz  sin’zx

_ 601 .2 _ 6 .8 _uv v _ _
—/u(l u®) du /(u u®) du - 9+C' - 9 +C.

Powers of tanz and secz

Key Formula: Core identity for tan /sec

1+ tan® z = sec® z, /tanxdlen\secx|+0, /secmdlen\secx—i-tanﬂ—i-a

Why the parallel with sin / cos?

The identity 1 + tan? z = sec? z plays the same role as sin? z + cos?z = 1: it lets you convert between
tan and sec powers. The key derivatives are % tanz = sec? z and % sec x = secx tan x, which dictate what
you “save” for the substitution:

e Save sec’ z dr when you want u = tanz (requires the remaining sec power to be even).

e Save secxtanx dr when you want u = secz (requires the remaining tan power to be even, i.e. original
tan power is odd).

Method-selection logic for [tan™ z sec” z dz.

e If n is even: save a sec®x factor, convert remaining sec” 2z into (1 + tan®z)"~2/2_ then substitute
u = tanz.
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e If mis odd: save a sec x tan x factor, convert remaining tan™ ! z into (sec? x—1)(™~1/2 then substitute
u = secz.

Worked Example: / tan® z dz (reduce power)

Use tan® z = tanz - tan® x = tan z(sec? z — 1):

/tanga:d:c:/tan:cseczscdx—/tanxdx.

For [tanxsec® xzdx, set u = tanx so du = sec? z du:

tan? x

2 +C.

2
/tanxsec2xdx=/udu= %—FC:

Hence

t 2
/tan3:vdx: ar; z —In|secz| + C.

Worked Example (Lecture Example 3.10): / tan® z sec’ x dx

Since n = 4 is even, save sec? z and convert sec? x = 1 + tan® x:
/tan6 rsect xdr = /tan6 x(1 + tan® ) sec® x dz.

Let u = tanz, du = sec® z dz:

7 9
:/”6(1+“2)d“:/(”6+“8)d“:u7+u§+cztm;x+tar; Y@

Exam Focus: What if neither m is odd nor n is even?

When m is even and n is odd (e.g. [sec® z dx), the standard strategies above do not directly apply. In
such cases:

e Try writing tan™ 2 = (sec?z — 1)™/2 and expanding.
e Use IBP (e.g. [sec® zdz is a classic IBP + solve-for-the-integral problem).

e Use reduction formulas if available.
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Product-to-sum identities

Key Formula: Product-to-sum identities

1

sin Acos B = i(sin(A — B) +sin(A + B)),
1

sin Asin B = i(cos(A — B) — cos(A + B)),
1

cos Acos B = i(cos(A — B) + cos(A + B)).

Also: cos(—0) = cosf and sin(—60) = —sin6.

When to use these:

These identities convert a product of trig functions with different arguments (e.g. sin4x cos5x) into a
sum of single trig functions, each of which is trivially integrable. They are not needed when both factors
share the same argument—in that case, the power-reduction strategies above apply.

Worked Example: / sin(4z) cos(5x) dx

Apply sin A cos B = (sin(A — B) + sin(A + B)):

(—sinz + sin9z).

N

sin(4x) cos(5x) = %(sin(—x) + sin(9z)) =

Thus

Syllabus link: Chapter 3 — §3.2 Trigonometric Integrals.
Lemma (Euler). For all real 6,

0 | —if 0 —if
) o e +e ) e’ —e
e =cosf+isinf, hence cosf = —5 sin = ———

Full working (derive sin A cos B identity).
Using Euler’s formulas,

iA _ g—iA| ,¢iB 4 e—iB)

e e 1 ) ) . )
sin A cos B — ( o >< > _ (ez(A+B) 4 ¢i(A=B) _ o~i(A=B) _ e—z(A+B))'

43

Group the (A + B) terms:

gi(A+B) _ o—i(A+B)  ,i(A—B) _ ,—i(A—B)
24 21

This reproduces the product-to-sum identity and provides a systematic way to derive others.

1
sin Acos B = —(
2

) = %(sin(A + B) + sin(A — B)).
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3.3 Trigonometric Substitution

Motivation: eliminating radicals.

Expressions like va2 — 22, Va2 + 22, and /22 — a? arise frequently in geometric and physics problems
(arc length, surface area, gravitational potentials). These radicals resist ordinary substitution because there
is no obvious “inner derivative” to exploit. The idea of trigonometric substitution is to choose a substitution
that converts the radical into a pure trig expression via a Pythagorean identity, thereby eliminating the
square root entirely.

For example, if we set x = asin @, then a? — 2? = a?> — a?sin* @ = a? cos®f, and so /a2 — 22 = acosf (no
more radical!). The integral becomes a trigonometric integral in 6, which we can handle using the techniques
of Section 3.2.

Key Formula: Trigonometric substitution table

Trigonometric substitution is designed for radicals:

va? — x2?, va? + x2, 2 — a2,

A standard choice is:

a? —x?: x=asinf (-5 <60<7),
Va?+z?: r=atanf (—Z<60<?Z),

Va2 —a?: x =asech (0§6<§or7r§9<37”).

The angle restrictions make the substitution one-to-one so that 6 can be expressed in terms of .

Why these particular substitutions?

Each substitution is chosen so that the expression under the radical becomes a perfect square of a trig
function:

Radical Sub. Identity used

a® — 122> x=asinf® 1—sin’f=cos?h
a>+2?> x=atanf 1+tan®fh =sec?h
22 —a?> x=uasecl sec’f—1=tan’h

After the substitution, /- simplifies to a| cos 6|, a| sec 8|, or a| tan 6] respectively, and the angle restriction
ensures the expression inside the absolute value is nonnegative, so you can drop | - |.

Why the angle restrictions?

The restriction on 6 serves two purposes: (1) it makes the substitution invertible (so you can write 6
back in terms of z at the end), and (2) it ensures the trig function inside /- is nonnegative, so you can write
Va?cos? = acosf (not alcosb|).

Workflow (exam-ready).

1) Identify the radical form and choose the matching substitution z = g(6).

2) Compute dx = ¢'(0) df and rewrite the entire integrand in 6.

4

(1)
(2)
(3) Simplify using the identity behind the substitution (e.g. 1 — sin®@ = cos? ).
(4) Integrate in 6.

(5)

5) Convert back to = via a triangle (or an explicit inverse relation such as 6 = arcsin(z/a)).
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Completing the square first.
If the expression under the radical is not already in one of the three standard forms (e.g. v/5 + 4z — 22),

complete the square first: 54 42 — 2? = 9 — (z — 2)%. Then set u = x — 2 so the radical becomes v9 — u?,
and proceed with u = 3sin#.

a2 — 2

V9 — 22

- dx
x?

Worked Example: /

Let x = 3sinf so that dez = 3 cos 8 df and
V9 — 22 =19 —9sin? 0 = 3cosh.
Then

cos? 4

28d0:/cot20d0.

_ 2
/”9$2$ do = [ 2680 -3cosed9:/

9sin? 6 sin

Use cot? § = csc? 0 — 1:
/cot29d9 = /(08029— 1)df = —cotd — 0+ C.
Convert back. Since z = 3sin, we have 0 = arcsin(z/3).

V9 — x2

X

From the triangle, cot § =

Hence

/\/9— V9 — 2?2

x_2 z dr = — — arcsin(%) + C.

Domain check: This answer is valid for |z| < 3 (i.e. 9 — 2? > 0) and z # 0.
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Worked Example (Lecture Example 3.15): Preliminary substitution + trig sub

3v/3/2 3
Evaluate /0 W dl‘

Step 1 Note 42? + 9 # a® 4+ z? directly. Set 2 = 2tan6, so 42> +9 = 9tan®0 + 9 = 9sec?§ and
dx = sec 20d6.

lelts r=0=0=0; x—3f=>tan0—\/_:>9——
Step 2:

/3 (3 tanf)3 ™/3 27 tan® 6
/ ((2 an )—-§se(:29d9=/ i §sec 20do
0 0

9sec?6)3/2 2 27sec? 0 2
:i /3 tan® 0 9:3 /3 sin39d9
16 J, sec 16 Jo  cos?d

Step 3: Write sin® 0 = (1 — cos?6) sin 6 and let u = cos 6:

1/2 1— 2 1 1 1 1 1
i/ —A-v), 3 (__1>d _3 i 281 3
16 /, w? 16 w? 6 u ], 162 32
Worked Example (Tutorial 5, Q2(c)): Completing the square + trig sub

Evaluate /
Vb5 + 4z — wz

Step 1: Complete the square: 5 +4x — 22 =9 — (v — 2)2. Let u =z — 2, du = dx:

1
—d
/\/9—u2 “

Step 2: This is a standard form: [ \/a;i—ﬁiuz = arcsin(%) + C with a = 3.

= arcsin(%) +C = arcsin(x — 2) + C.

Domain: Valid for |z — 2| < 3, ie. —1 <z <5.

Common Mistake: Losing constants in the substitution

If the radical is v/ax? + 3, do not force it into v a? + x? without scaling.
A standard fix is a preliminary substitution u = y/a z so that az? = u?, then apply the trig substitution

to vVu? + a?.
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Common Mistake: Forgetting to convert back to x

After integrating in 6, you must express the answer in terms of the original variable x. Draw the
reference triangle:

e For x = asin@: opposite = x, hypotenuse = a, adjacent = va? — z2.
e For x = atan®: opposite = x, adjacent = a, hypotenuse = v/a? + z2.
e For z = asec6: hypotenuse = x, adjacent = a, opposite = v/z2 — a?.

Read off sin 8, cos @, tan 6, etc. from the triangle to complete the back-substitution.

Exam Focus: Back-substitution sanity checks

After converting back to x:

e Check domain restrictions (e.g. |x| < a when using x = asin6).
e Differentiate your final answer quickly if the integrand is algebraically delicate.

e For definite integrals, consider switching limits to #-limits to avoid inverse trig at the end.

3.4 Rational Functions by Partial Fractions

Motivation.

A rational function P(z)/Q(z) can always be integrated if we can decompose it into simpler pieces. The
idea is analogous to prime factorisation for integers: just as every integer factors uniquely into primes, every
polynomial over R factors into linear and irreducible quadratic factors. We then “un-add” the fraction into
a sum of simpler fractions (partial fractions), each of which has a known antiderivative.

Why must the fraction be proper first?

A proper fraction (deg P < deg @) decomposes into partial fractions that are genuinely “simpler” (each
has degree of numerator strictly less than degree of denominator factor). If the fraction is improper, polyno-
mial long division extracts the polynomial part first; the remainder is then proper and can be decomposed.

Definition 3.1: Rational function and properness

A rational function is a ratio of polynomials:
P(z)
Q(x) #0).
o @@#0)
It is proper if deg P < deg @. If not proper, perform polynomial long division first to rewrite it as
P(z) R(x)
=S(z) + , deg R < degQ@.
Q@) ST gy et ds
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Key Formula: Partial fraction templates

Factor Q(z) over R into linear and irreducible quadratic factors.

e Linear factor (az + b)" contributes

A + Ay + u L
ar +b (ax +b)? (az +b)"

e Irreducible quadratic factor (ax?® + bx + ¢)” contributes

Al.'L' -+ Bl AQQ’) + BQ + Arﬂf -+ BT
ax? +bxr+c  (az?+ bx + ¢)? (az? +bx + )"

Why the different numerator forms?
Each partial fraction must be proper with respect to its own denominator factor:

e Over a linear factor (ax + b)* (degree 1), a proper numerator has degree < 1, so it is a constant A.

e Over an irreducible quadratic (ax®+bx+c)* (degree 2), a proper numerator has degree < 2, so it is linear:
Ax + B.

Using a constant over an irreducible quadratic would leave you with too few unknowns to match all coeffi-
cients of P(z)—the system would be inconsistent.
Integration after decomposition.

e Terms integrate to In|ax + b|.

ax

1
e Terms ———— integrate by power rule.

(azx +b)

Az + B .. DT, . .
e For ——————— split into a derivative-of-denominator part plus a remainder:
ax? +bx +c

Az + B = A(2ax 4+ b) + p,

A(2azx +b)

R v

dx is logarithmic, while

S m dx uses completing the square and arctan.

Why the “derivative of denominator” trick?

If the numerator is a constant multiple of Q'(x) = 2ax + b, then the integral is simply A\n |Q(z)| + C
(by substitution v = Q(x)). So we deliberately decompose Ax + B into a multiple of Q’'(x) plus a leftover
constant. The leftover gives an arctan after completing the square.
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Worked Example: Proper rational function (linear factors)

2+2z -1
Evaluate m dx.

First factor the denominator:

22% + 32 — 22 = 2(22* + 3z — 2) = 22z — 1)(z + 2).
So write

?+2x-1 A B C

(22 — 1) (z + 2) ztm—1 o2
Multiply through by x(2z — 1)(x + 2):

22 +2z— 1= A2z — 1)(z + 2) + Bz(z + 2) + Cx(2z — 1).

Expanding and matching coefficients yields A = %, B = %, C= —1—10, hence

2 +2x -1 1 1 1
Ry, P (s - dz.
/2x3+3$2—2x v /<2$+5(2x—1) 10(x-|—2)) v

Integrate term-by-term:

1 1 1
:Eln|x|—|—1—oln|2x—1|—E1n|aj+2|+C’.
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Worked Example: Improper rational function (long division first)

xt — 222 + 4+ 1
dx

Evaluate /
d—x2—z+1
Since deg numerator > deg denominator, do long division:

zt =222+ 4z +1 14 4z
=7 :
3 —x2—x+1 8 =" =g 4= 1l
Factor 2 — z? — 2 + 1. Since Q(1) =0, (z — 1) is a factor, and

P—r—z+1=(x-1*z+1).
Decompose

4x A i B n C
(x—1)2(x+1) z—-1 (z-12 z+1

Solving gives A=1, B=2,C = —1, so

gt — 222 +4z+1 1 2 1
= 1 = .
—z2—z+1 v +:c—1+(x—1)2 x+1
Integrate:
x> 1
/(w—i—l)dx—?—i—a:, /x_ldl‘—ln|w—1|,
2 2 1
——dr =2 — 1) 2de = — / dr =1 1].
/(x—l)2 v /(CE )" da x—1 z+17 nle 41|
Thus
ot — 227 + 4o + 1 T2 2 z—1
dr = — —— +1 —‘ C.
/ 3 —x2 —zx+1 x 2+$ m—1+nx+1+
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Worked Example (Tutorial 6, Q1(b)): Irreducible quadratic in the denominator

Evaluate / 3 Az dx.
»4+r2+r+1
Step 1: Factor. 2> + 2’ + oz +1=2%(z+ 1)+ (z+1) = (z+ 1)(2®> + 1).
Note 22 + 1 is irreducible over R (discriminant < 0).
Step 2: Decompose.

4z A Bx+C

(x+1)(z2+1) z+1 * 2+1°
Multiply through: 4z = A(2® + 1) + (Bz + C)(z + 1).
Set = —1: —4=2A4,s0 A=-2.
Expand and compare z-coefficients: 0 = A+ B = -2+ B, so B = 2.
Compare constant terms: 0 = A+ C = -2+ C,s0 C = 2.
Step 3: Integrate.

4x -2 2x + 2
" dr = — d
/(:g-|—1)(x2+1) “ /(ac+1+:v2—|—1> *

2z 1
:—21n|:13+1|+/x2+1d$+2/x2+1daz
= —2In|z + 1| +In(z® + 1) + 2arctanz + C.

Note: The %5 term integrates as In(z® 4 1) because 2z is the derivative of 2 + 1—exactly the

“derivative of denominator” trick.

Worked Example (Tutorial 6, Q1l(e)): Exponential rational integral

e2w

Evaluate / ——dr.
e + 3e® + 2
Key idea: Let u = e” (u > 0), du = e” dz. Then €** = v? and dz = &

/—U2 d_u_/—u du
w+3u+2 u ) (ut+1)(u+2)

= =14 2

. u
Decompose: remaryTerm sl i e

Integrate:
=—Inju+1|+2nju+2|+C=—In(e*+1)+2In(e” +2) + C.

(Since u = €* > 0, absolute values are unnecessary.)

Common Mistake: Missing (Ax + B) over an irreducible quadratic

If 2> +1 (or any irreducible quadratic) appears in the denominator, the numerator of its partial fraction
term must be linear (Az + B), not a constant.
Otherwise you will not have enough degrees of freedom to match coefficients.
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Common Mistake: Forgetting long division for improper fractions

If deg P > deg (@), you must do long division before decomposing. Setting up partial fractions on an
improper fraction gives an inconsistent system of equations.

Quick degree check: look at the leading terms of P and Q. If the degree of P is at least the degree
of ), divide first.

Exam Focus: Efficient coefficient-finding strategies

e Strategic substitution: After multiplying both sides by Q(z), plug in the roots of @ to isolate one
unknown at a time (this is the Heaviside cover-up idea for distinct linear factors).

e Coefficient matching: For repeated or quadratic factors where strategic substitution alone does
not determine all unknowns, expand and compare coefficients of x*.

e Hybrid: Use strategic substitution for as many unknowns as possible, then compare one or two
coefficients for the rest.

Extension (Beyond Syllabus: Heaviside cover-up for distinct linear factors)

Syllabus link: Chapter 3 — §3.4 Rational Functions by Partial Fractions.
Proposition (cover-up method).
Suppose a rational function has the form

P(x) B i A

[Tiei(z — ax) - 1 L ax’

where the ay, are distinct (no repeated roots) and deg P < m. Then each coefficient is

P(z)

4= @)

r=a;

Full working (why it works).
Multiply both sides by [[,—,(z — ay):

P(z) = Xm:Ak H(l‘ — ayp).

k=1 04k

Now set « = a;. Every term with k # j contains a factor (a; — a;) = 0 and vanishes, leaving

P(a;) = A; [ [(a; — ar),

0]
P(a; P
ot P P
Hé;éj (aj — ay) Hk;éj (z — ax) —
Micro-example.
T +5 A B
F = :
S o= zr?) @1 5+
Cover up (z — 1) and set x = 1: A—ﬂ—2
p =L A= +22 —5 .
Cover up (z 4 2) and set x = —2: B = :Qtl =—1.
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3.5 Numerical Integration I: Midpoint and Trapezoidal Rules

Motivation: when antiderivatives fail. ,

Not every function has a “nice” closed-form antiderivative. For instance, [ e™* dx cannot be expressed in
terms of elementary functions. Even when an antiderivative exists, it may be so complicated that numerical
approximation is more practical. The idea is to go back to the definition of the definite integral as a limit
of Riemann sums and use finite sums as approximations.

Riemann-sum viewpoint.

When an antiderivative is hard or unavailable, we approximate fab f(x) dz using Riemann sums. Partition

[a,b] into n equal subintervals with Az = =2 2, =a+iAz (i =0,1,...,n).

A general Riemann-sum approximation 1s

b n
fla)de = f(a]) Az,
a =1

where z} € [z;,_1,z;]. Different choices of z; yield different rules.
Why different rules?

e Left/Right endpoints (L, /R, ): simplest but least accurate. They are first-order methods (error ~ 1/n).

e Midpoint rule (M, ): uses the midpoint of each subinterval. Surprisingly, this is more accurate than
endpoints because errors on the left and right halves of each subinterval partially cancel. It is second-order
(error ~ 1/n?).

e Trapezoidal rule (7},): averages L, and R,, which is equivalent to approximating f by a straight line
(trapezoid) on each subinterval. Also second-order, but typically about twice the error of the midpoint
rule.

Key Formula: Endpoint, Midpoint, and Trapezoidal rules

Left endpoints: L, = Z f(zio1) Ax.
i=1
Right endpoints: R, = Zf(a:z) Azx.
=1

Midpoint rule: M, = i f(ml_le> Azx.

=1
_L,+R, Az

Trapezoidal rule: T, = 5 F (f(:co) 4+ 2f(x1) + 2f(x2) + - + 2f (Tp_1) + f(xn)>

Why is T, the average of L,, and R,?

On each subinterval [z;_i, z;], L, uses the left height f(x; 1) and R, uses the right height f(z;). Their
average gives % - Az, which is exactly the area of a trapezoid with parallel sides f(x;_1) and f(x;)
and width Az. Summing over all subintervals gives the formula above, with the interior f(x;) values counted

twice (they are shared by adjacent trapezoids) and the endpoints counted once.
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"2

1
Worked Example: T5 and M; for / - dx

J1 T

Let f(z) =2, a=1,b=2n=>5s0 Az =02and xp =1, x; = 1.2, z, = 1.4, 23 = 1.6, 2, = 1.8,
Ty — 2.

Trapezoidal rule:

Ts = %2(f(wo) +2f(x1) + 2f(x2) + 2f (23) + 2f (x4) + f(as5))-

Substitute values:

Ty =0.1(1+ %+ 5+ 5% + 15+ 5) = 0.695635.

Midpoint rulé uses midpoints 1.1,1.3,1.5,1.7,1.9

M;=02(3&+ 75+ 5 + & + 155) ~ 0.691908.

For reference, the exact value is ff i dxr =1n2 =~ 0.693147.

Observation: Mj; is closer to the exact value than 75. This is typical: the midpoint rule error is
roughly half the trapezoidal rule error.

Error bounds

Why error bounds matter.

Computing 7T,, or M,, gives a number, but how close is it to the true integral? The error bounds below
answer: “how large must n be to guarantee accuracy to k decimal places?” They depend on |f”(z)|, which
measures how “curved” f is—the more curved, the worse a piecewise-linear (trapezoidal) or piecewise-
constant (midpoint) approximation performs.

Definition 3.2: Approximation errors

Define tbhe errors ,
Er= [ f(x)de —T,, Ey=/[, f(z)ds— M,,

and similarly Fj = fab f(zx)dz — L,, Ep = f: f(z)dz — R,.

Theorem 3.2: Error bounds for Trapezoidal and Midpoint rules

Assume f” is twice differentiable on [a,b] and |f”(z)| < K for all z € [a,b]. Then

K(b—a)? K(b—a)?

Er| <
|Br| < 12n2 24n2

|Enp| <

Observations from the bounds:

e The midpoint bound has 24 in the denominator vs. 12 for the trapezoidal rule, so the midpoint error
bound is half as large. This matches the empirical observation.

e Both errors decrease as 1/n*: doubling n reduces the error by a factor of 4.

e The bound involves K = max |f”|: for nearly-linear functions (f” ~ 0), both rules are very accurate.
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Exam Focus: Using error bounds efficiently

To guarantee an accuracy target:

e Compute or bound |f”(x)| on [a,b] and choose a valid K (often the maximum occurs at an
endpoint).

e Solve the inequality from the relevant bound for n.

e Round up to the next integer since n must be an integer.

Worked Example: Choose n for midpoint accuracy

Find n such that M,, approximates f14 V& dx with error at most 10™%.

Let f(w) = v& = 21/% Then f/(w) = ko /2, f"(z) = —3a~2, | /"(z)| = Lo
On [1,4], 27%/? decreases, so the maximum occurs at x = 1: |f"(z)] < i = K.
Apply the midpoint bound:

-3/2

1
4

_ )3 1 493
K(b—a) _ 3 3 _ 27 <104,
24n? 24n? 96n2

So n? > 2T . 10* = 2812.5, hence n > /2812.5 ~ 53.033.
Thus n = 54 suffices.

|En| <

Worked Example (Tutorial 6, Q2): Ty, Mg and error for fol =7 dos

Let f(z)=e™*,a=0,b=1,n=8, Az =1/8.

(a) Compute Tg and Ms.

Ty = 1L2(f(0) +2f(1/8) +--- + 2f(7/8) + f(1)).

Mg = £(f(1/16) + f(3/16) + - - - + f(15/16)). 2

(Numerical evaluation gives Ty ~ 0.902333, Mz ~ 0.905620 using f(z) = e *"; the exact value is

~ (0.746824—but for the tutorial function f(x) = e” on [0, 1], the exact value is different. Substitute
the actual function values as specified.)

(b) Error estimation.

fl(x) = —2ze~, f"(z) = (422 — 2)e~"".

On [0,1]: |f"(z)] = |[42% — 2|e™™" < 2¢° = 2 at = = 0. (Check boundary and critical points.) Take
K =6 as a safe bound (tutorial uses K = 6).

Then |Er| < &= ~ 0.0078 and |Ey| < 55 ~ 0.0039.

(c) For accuracy 10*: 2 < 10™* gives n > 71 (trapezoidal); 51— < 107* gives n > 50 (midpoint).

Common Mistake: Choosing K incorrectly

K is a bound on |f”(z)| over [a,b]. You need the maximum of |f”|, not just |f”(a)| or | f”(b)|.

e If |f”| is monotone on [a, b], the max occurs at an endpoint.
e If | f”| has interior critical points, find them (solve f”’(x) = 0) and compare values.

e It is fine to overestimate K—this gives a slightly larger n than necessary, which is conservative but
safe.
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3.6 Numerical Integration II: Simpson’s Rule

Motivation: can we do better than O(1/n*)?

The trapezoidal and midpoint rules approximate f by straight lines (degree-1 polynomials) on each
subinterval, giving error ~ 1/n?. Simpson’s Rule approximates f by parabolas (degree-2 polynomials) on
pairs of subintervals, and achieves error ~ 1/n*—a dramatic improvement. Doubling n now reduces the
error by a factor of 16 instead of 4.

Definition and derivation as a weighted average.

Simpson’s Rule combines the trapezoidal and midpoint ideas on pairs of subintervals. From our study,
E,s is roughly —FEr/2 (opposite sign, half the magnitude). This means a weighted average that puts twice
as much weight on M as on T should cancel the leading error term:

Sn = 1,—Tn/Q + g

3 M., )2, n even.

This weighted average turns out to be equivalent to fitting a parabola through three equally spaced points
(z;_1,;,x;41) on each pair of subintervals and integrating the parabola exactly.

Let n be even and Az = b_T“

Key Formula: Simpson’s Rule (n even)

[ 1@ $,= S (£(w0) + 47(@) + 25 (02) + 45(@3) + -+ 2w a) + 4 (oa ) + £(2)),

where z; = a + 1 Az.

Why the coefficient pattern 1,4,2,4,2,...,4,17

Simpson’s Rule processes the subintervals in pairs. On each pair [xoy,, Z2r 2], it fits a parabola through the
three points (zag, f(2r)), (Tars1, f(T2r+1)), (Torr2, f(Zari2)). The area under this parabola is %(f(a:%) +
A4f(xops1) + 2f(x2x42)). The endpoint values f(zqr) and f(zax42) are shared between adjacent pairs, so
interior even-indexed values get coefficient 2, odd-indexed values get coefficient 4, and the two endpoints get
coefficient 1.

Common Mistake: Wrong coefficient pattern in Simpson’s Rule

Simpson coefficients alternate as 1,4,2,4,2,...,4,1 with 4 on odd indices and 2 on even indices (ex-
cluding endpoints).
Also, n must be even. If n is odd, Simpson’s Rule does not apply directly.

Error bound

Theorem 3.3: Error bound for Simpson’s Rule

Assume f is four times differentiable on [a,b] and | f*) (z)| < K for all z € [a,b]. If Eg = ff f(z)dz—S,,
then

K(b—a)’

Eq| <
|Es| < 1804

Why f® and not f’?
The trapezoidal /midpoint bounds involve f” because those methods approximate f by degree-1 polyno-
mials (any degree-1 polynomial has f” = 0). Simpson’s Rule uses degree-2 approximations (parabolas), so it
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is automatically exact for quadratics and cubics (by a fortunate symmetry cancellation). The first derivative

that is not automatically killed is f*), which is why it appears in the error bound. This also explains why
Simpson’s Rule is exact for polynomials up to degree 3 (see the Extension below).

Worked Example: Simpson approximation with n =8

4
1

Approximate / — dz using Ss.
2 I

Herea=2,b=4,n=8,soAa:=%=0.25andm0=2,m1=225,...,x8=4.
Let f(z) = &. Then

o

2

t

Ss = (f(:co) +4f (1) +2f (22) + -+ + 4f (27) + f(ws))-

x;) (calculator) gives Sg &~ 10.74159.

oo ‘

Substituting the evaluated f

—

.
.o
.
9

Worked Example (Lecture Example 3.25): Error control for Simpson’s Rule

Compute Sg for ff’ %d:c and bound the error; then find n for error < 107°.
Let f(x)=1,a=1,b=3,n=8,s0 Az =0.25 and z; = 1 + 0.25.
Therefore,

1 1 4 2 4 2 4 2 4 1
ss—§<o.25>( timtisTim e +ﬁ+z—5+m+s>~1'09873'

Error bound.
For the error bound, compute f¥(z): f(z) =27, f@(x) = 24275.
On [1,3], 242~° decreases, so |f®(z)| <24 = K.

24-(3—1)° __ 24.32 _ 64
Thus |Es| < =555 o 180m% =I5t

Choosing n for |Eg| < 107%:
Solve -84 <1076, i.e. n* > 410 ~ 4,267 x 105,
n > (4.267 x 106)1/4 ~ 45.45. Slnce n must be even, take n = 46.

Worked Example (Tutorial 6, Q3): Ss for [1) vz dr and error control

Let f(z) =vz,a=1,b=5n=8, Az = 0.5.
Ss = 22(f(1) +4f(1.5) + 2f(2) + 4f(2.5) + 2f(3) + 4f(3.5) + 2f(4) + 4f(4.5) + f(5)) ~ 4.046655.
Error bound: f( )_1‘1/2 f/ 1 —1/2 f//: 1 —3/2 f///: 3 —5/2 f(4)_ %:U—?/?

On [1,5]: |f(4()\:12 _7/2<15atx—1 soK .

|Bg| < 454 — 104 00013,

180 180-8% 180- 4096

For |Es| < 1076 161024 < 10-6  pd > 15102010° oy 533 5 106, So n > (5.33 x 109)1/4 ~ 48.1. Take

n = 50 (next even integer > 49).

6
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Exam Focus: Simpson’s Rule computation checklist

e Verify n is even before starting.

e List all z; values and compute f(z;) in a table for accuracy.
e Apply the coefficient pattern 1,4,2,4,2,...,4,1.
e For the error bound: you need f*, not f”.

e When choosing n for a target error, remember to round up to the next even integer.

Extension (Beyond Syllabus: Simpson is exact for cubics)

Syllabus link: Chapter 3 — §3.6 Numerical Integration II: Simpson’s Rule.
Proposition. If f is a polynomial of degree at most 3 on [a, b], then Simpson’s Rule is exact:

b
/ f(z)dr =S, for any even n.

Full working via the error-bound hypothesis.
For a cubic or lower-degree polynomial, the fourth derivative is identically zero: f®(x) = 0 for all .
Thus we may take K = 0 in the Simpson error theorem, obtaining

0-(b—a)®

180n*
Hence E5 = 0, i.e. Simpson’s approximation equals the exact integral.
This explains why Simpson’s Rule is significantly more accurate than trapezoidal/midpoint for smooth
functions: its leading error term is controlled by f* rather than f”.
Alternative proof (Tutorial 6, Q4): Direct verification.
By linearity, it suffices to check Sy = fabf(x) dx for f(x) =1, f(z) =z, and f(z) = x? (the basis for
polynomials up to degree 2; the cubic case then follows from the error-term argument). This is carried
out explicitly in Tutorial 6, Question 4.

|Es| <
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4 Sequences and Series

4.1 Limits of Sequences

Overview. This chapter shifts focus from continuous calculus (integrals, derivatives) to discrete mathemat-
ics: sequences and series. A sequence assigns a real number to each positive integer; a series asks whether
the “infinite sum” of those numbers makes sense. Why care? Many quantities in science and engineering
(power series, Fourier coefficients, numerical approximations) are defined as limits of sequences or sums of
series. Before we can manipulate them, we need a rigorous definition of what “converges” means.

Definition 4.1: Sequence and notation

A (real) sequence is a function a : N — R, written as {a,}:>; (or simply {a,}), where a,, is the n-th
term.
The starting index does not have to be 1 (e.g. {a,}5°, is also common).

Why “a function from N to R”? At first glance, a sequence looks like a list: aq, as, a3, ... But math-
ematically, a list is a function: you input the position n and output the value a,. Thinking of a sequence
as a function is not pedantic; it lets us immediately apply function-theoretic tools (e.g. L’Hopital’s Rule via
Theorem ?7) to compute sequence limits.

Geometric intuition. Think of a sequence as a list of points on the number line (or as plotted points

(n,a,)).
Saying “a, — L” means that, as n grows, the points a,, are eventually trapped inside any narrow band
around L.

0.9 { ° ° o g

0.6 1

Definition 4.2: Limit of a sequence (formal é—N definition)

We say lim a,, = L (or a, — L) if for every € > 0 there exists an integer N such that
n—oo

n>N = la,— L|<e.

If such an L exists, {a,} is convergent; otherwise it is divergent.

Why this definition looks the way it does. The quantity |a, — L| is the distance from a,, to L.
The phrase “for every € > 0” means:
no matter how strict the tolerance is, the tail of the sequence eventually stays within that tolerance.
The index N may depend on ¢ (tighter tolerance = larger V).
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Unpacking the definition further (exam-ready). The definition has three quantifiers, and their
order matters:

1. “For every ¢ > 0”: the challenger picks any positive tolerance (no matter how small).
2. “There exists N”: you must respond with a cutoff index N (which may depend on ¢).
3. “For all n > N”: every term past the cutoff must satisfy |a, — L| < e.

Think of it as a game: if you can always win (i.e. always find an N), the sequence converges to L.

Exam Focus: The e-N proof template

For an e-N proof, always follow this structure:

1. State “Let ¢ > 0.”
2. Compute |a,, — L| and simplify it.

=)

3. Find an upper bound for |a, — L| that is a simple decreasing function of n (e.g. % or -%).

4. Choose N so that the upper bound < € whenever n > N (e.g. N = [C/¢e]).

5. Conclude: “For all n > N, |a, — L| < bound < &.”

The “backward work” (finding the bound and choosing N) is scratch work that does not appear in the
formal proof; the formal proof runs forward from the chosen N.

Theorem 4.1: Uniqueness and boundedness

(i) A convergent sequence has a unique limit.

(ii) Every convergent sequence is bounded.

Why uniqueness? If a, — L and a,, — L/, then by the triangle inequality |L—L'| < |a,,—L|+|a,—L'| < 2¢

for n large enough. Since ¢ was arbitrary, ]L L'|=0,s0L=1L
Why boundedness? If a,, — L, take ¢ = 1: there exists N such that |a, — L| < 1 for all n > N, i.e.
a, € (L —1,L+ 1). The finitely many terms ay,...,ay are just finitely many real numbers, so they are

bounded. Hence the entire sequence is bounded.

Common Mistake: Converse of boundedness

Theorem 4.1(ii) says convergent = bounded, but the converse is false.
Example: a,, = (—1)" is bounded (|a,| < 1) but divergent (oscillates between 1 and —1).
You need monotonicity + boundedness (Theorem ?7) to guarantee convergence.
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Worked Example (Tutorial 7, Question 1(a)): e~N proof for a, = 3~

on

Show that lim 3i =0.

n—o00 3N
Solution.
Let ¢ > 0. We want |a,, — 0| < ¢, i.e.

! < <~ > !
— € n>—.
3n 3e
Choose N = [4-]. Then for all n > N,
1 1
w0l = < o
lan =0l =30 < 37 <¢
. 1
Hence | im — = 0]
n—oco 3N

Worked Example (Tutorial 7, Question 1(c)): e—N proof for a rational sequence

2n* —3n 2
Show that lim ——— " — =
oW e B 1 3

Solution.
Let € > 0. Compute the difference:

2n? — 3n 2‘_‘3(2712—371)—2(3712—1—1) 9 +2

3n2+1 3| 3(3n% +1) T 9n2 43
Bounding step. For n > 1:
9 2 9 2 1 2 1 2 11
L AP s — oS o=
In? +3 9In? M2 " n 9In  9n
Choose N = [$+]. Then for all n > N:
2n? —3n 2 11 11
e e
3n?+1 3 9 9N

lim 2n% — 3n g
n—oo 3n2 4 1 3
Exam note: The key step is replacing the exact expression
valid bound works; you do not need to find the tightest one.

Definition 4.3: Subsequence

Given {a,}> |, a subsequence is a sequence of the form

Hence

In+2
In2+3

with a simpler upper bound % Any

Gryy Qnyy Grgy - .. Where 1 <ng <ng <ng<---.

Why subsequences matter. The subsequence test (below) is the workhorse for proving divergence: if you
can exhibit two subsequences with different limits, the original sequence cannot converge. This is typically
much easier than a direct e~N argument for divergence.
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Theorem 4.2: Subsequence test

If {a,} converges to L, then every subsequence of {a,} also converges to L.

Why this is true (proof sketch). If n > N implies |a, — L| < ¢, and {n;} is a strictly increasing sequence
of indices, then n; > k for all k. So for kK > N, we have ny, > k > N, giving |a,, — L| < ¢.
Contrapositive (the useful direction for exams):

o If two subsequences converge to different limits = {a,} diverges.
e If any one subsequence diverges = {a,} diverges.

Worked Example: {(—1)"} diverges (Lecture Example 4.4)

The even subsequence ag, = (—1)?* =1 — 1.
The odd subsequence agg_; = (—1)%*7! = -1 — —1.
Since 1 # —1, by the subsequence test, {(—1)"} diverges.

(—1)"n?

Worked Example (Tutorial 7, Question 2(vii)): subsequence test for

n342n2+1

Wit i —

rite a, = (—1)" - —————.

1+24+ %
1
e Even subsequence: ag, = +—5——7— — 1.
L+ %t (2k)3
1

e Odd subsequence: aq,_1 = — — —1.

2 1
L+ 55+ (2k—1)3

Since 1 # —1, the sequence diverges by the subsequence test.

Worked Example (Tutorial 7, Q3): If odd and even subsequences both converge to L, then

a, — L

Claim. If as;,_y — L and aq;, — L, then a,, — L.

Proof. Let € > 0. Since ag, — L, there exists N, such that |ag, — L| < ¢ for all £ > N,. Similarly, there
exists IV, such that |as,_; — L| < ¢ for all £ > N,.

Let N = max{2N,, 2N, — 1}. For any n > N:

o If n =2k (even): n > 2N, implies k > N, so |a,, — L| < e.
o If n=2k—1 (odd): n > 2N, — 1 implies k > N,, so |a, — L| < e.
Hence a,, — L. O

Exam use: This fact is useful for sequences defined piecewise (e.g. even and odd terms given by
different formulas). If both halves converge to the same L, the full sequence converges.
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Definition 4.4: Divergence to +oo

We say a,, — oo if for every M > 0 there exists N such that n > N = a,, > M.
Similarly define a,, — —oc.

Why a separate definition? The ¢-N definition of a, — L requires L to be a real number. Saying
a, — 00 is not the same as saying “a,, converges to co”—it is a specific type of divergence where the terms
grow without bound.

Quick implications for positive sequences

Assume a,, > 0 for all sufficiently large n.

1
(i) If a,, — 0, then — — oo.
Qn

1
(i) If a,, — oo, then — — 0.
anp,

(iii) If b, > a, eventually and a,, — oo, then b, — occ.

Why these hold (intuition). (i) If a, is very small and positive, 1/a,, is very large. (ii) If a,, is very large,
1/a,, is very small. (iii) If a, already exceeds every bound, and b,, > a,,, then b, does too.

Common Mistake

Divergence does not behave well under algebra.
For instance, a,, = (—1)" is divergent, but |a,| = 1 is convergent.
Always justify convergence before applying limit laws.

Exam Focus

To prove divergence quickly, the subsequence test is often the fastest:

e Try even/odd subsequences when (—1)", cos(nm), or oscillations appear.

e If the expression behaves differently along two simple subsequences (e.g. n = 2k and n = 2k + 1),
you can often conclude divergence immediately.

4.2 Finding Limits of Sequences

Motivation. The e-N definition tells us what convergence means, but using it directly for every limit
would be tedious. This section builds a toolkit of shortcuts: limit laws, the squeeze theorem, the function—
sequence bridge (Theorem ?7?), and the continuity transfer (Theorem ?7?). Together, these let you compute
most sequence limits algebraically.
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Limit laws for sequences (require convergence)

Suppose {a,} and {b,} are convergent and ¢ € R is a constant. Then:

(a) lim(a, +£b,) =lima, +limb,.
(b) lim(ca,) = clima,.
(¢) lim(a,b,) = (lima,)(limb,).

a, lima,

b, limbd,’

provided lim b,, # 0.

Why the convergence hypothesis is non-negotiable. Without it, absurd conclusions follow. For
example, a, = n and b, = —n are both divergent, but a, + b, = 0 — 0. Writing “lim(a, + b,) =
lim a,, 4+ lim b, = 0o + (—00)” is meaningless.

Method selection (high yield). When asked for lim,, , a,, try in this order:

1. Algebraic simplification: factor/divide by the dominant power of n; rationalize radicals.
2. Squeeze: use boundedness (|sin|, |cos| < 1), or compare with simpler sequences.
3. Recognise a function: if a,, = f(n) and lim, ., f(z) is known, transfer the result.

4. Continuity: if a,, — L, then f(a,) — f(L) for continuous f.

Exam Focus: When to use which method

e Rational expressions in n: Divide top and bottom by nhighest power  Thig always works and is the
fastest approach.

e Bounded oscillating factor x vanishing term: Squeeze (e.g. S22 m)

n ? 2n

e Expression involving In, e, n!: Recognise as f(n) and use L’Hopital’s Rule on the continuous
version f(x).

e Composition with continuous function: Use Theorem ?? (e.g. sin(rw/n), ¥/ ("+1).

Theorem 4.3: Sequence defined by a function

Let f: (A, 00) — R be a function such that lim, ., f(z) = L, and define a,, = f(n) for integers n large
enough.
Then lim,,_,. a,, = L.

Why this works. The real limit lim, ,., f(z) = L means: for every ¢ > 0, there exists M such that
x> M = |f(z) — L| < e. Integers are a subset of the reals, so choosing N = [M] gives |f(n) — L| < ¢ for
alln > N.

Practical payoff: This lets you apply L’Hopital’s Rule (which requires differentiability, a function
concept) to compute sequence limits.
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Theorem 4.4: Squeeze theorem for sequences

If a, <b, <e¢, for all n > Ny and lima,, = lim¢, = L, then limb,, = L.

Why the squeeze works. Given ¢ > 0, for n large enough, L —¢ < a, <b, <c¢, < L+¢e,s0 |b, — L| <e.
The inequalities a,, < b, < ¢, “squeeze” b,, into the e-band around L.

Theorem 4.5: Continuity and limits of sequences

If a,, — L and f is continuous at L, then f(a,) — f(L).

Why this is true. Continuity at L means: for every ¢ > 0, there exists 6 > 0 such that |z — L| < § =
|f(x) — f(L)| < e. Since a,, = L, eventually |a,, — L| < 4, so |f(a,) — f(L)] < e.

Worked Example: geometric sequence r"

Determine lim r".
n—oo

Solution.

(i) If |r| < 1, then |r|* — 0, so r™ — 0.

)
(ii) If » = 1, then ™ =1 for all n.
(iii) If r > 1, then 7" — oo (unbounded growth).
)

(iv) If » < —1, the terms do not approach a single real number (they oscillate in sign and/or grow
in magnitude), hence divergence.

Why the case |r| < 1 works. If 0 < r < 1, write r = —— with p > 0. By Bernoulli’s inequality,

T+p
I+p">14+np so0<r" = ﬁ < 1+1np — 0. For —1 < r < 0, we have |r"| = |r|” — 0, and

|a,| = 0= a, — 0 by the squeeze theorem.

Worked Example: a bounded trigonometric factor (Squeeze)

2
. cos’n
Evaluate lim .
n—00 n

Solution.
Since 0 < cos?’n < 1,

cos’n 1
o< < —
- 2n T 2n
As n — 00, 53~ — 0. Hence by Theorem ?7,
2
cos’n
lim =0
n—oo 21
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Worked Example: continuity trick

Evaluate lim sin(z).

n— 00 n
Solution.

We know = — 0. Since sinx is continuous at 0, Theorem 77 gives

lim Sin(%) =sin0 = 0.

n—oo

Worked Example (Tutorial 7, Q2(viii)): continuity with tan

Evaluate lim tan 2nm .
n—o0 1+8n

Solution. First find the “inner” limit:

2nm B 2 _)27'('_7['
1+8: 8+ "8 4

Since tan is continuous at /4 (which is not an odd multiple of 7/2), Theorem ?? gives

. 2
lim tan(l —fgn> = tan(%) = .

n—oo

Sanity check: Always verify the inner limit lands at a point where the outer function is continuous.
If it landed at 7/2, tan would be undefined and the argument would fail.

Worked Example: comparing growth rates

n!
Show that lim — = 0.

n—oo N,

Solution.

For2<k<n, £<1, so0

- 7n_

k=2
. . .oonl
Since =+ — 0, the squeeze theorem yields | lim — =0
n—oo N

Worked Example: if |a,| — 0 then a, — 0

Assume lim,, . |a,| = 0. Show lim,, . a, = 0.
Solution.

For every n, —|a,| < a, < |ay|.

Taking limits, the squeeze theorem gives a,, — 0.
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Worked Example (Lecture Example 4.14): L’Hépital via the function bridge

Calculate lim 5
n—00 n

Solution. Define f(z) = 2%, This is an 2 form as  — co. By L’Hopital’s Rule:

x+Inx 1+1 1 1
li =1l = = iy — G =— =1
o @ S T P
1
By Theorem 7?7, | lim L;ln =0
n— 00 n

Worked Example (Lecture Example 4.15): composing function bridge with continuity

Calculate lim /(1)
n—oo

Solution. Let a, = 30 = 32— 3,

n+l ~ 1+1/n
Since f(x) = e” is continuous at 3, Theorem ?? gives

lim e3n/(n+1) — ehman _ ‘

n—oo

Worked Example (Tutorial 7, Q5): {/a — 1 for a >0

Claim: lim ¢"" =1 for all @ > 0.

n— o0

Ina

Proof (continuity method). Write a'/™ = €™+, Since ™% — 0 and e is continuous at 0:

lim o'/ = ® = 1.

n—oo
Proof (squeeze for a > 1). Let b = a —1 > 0. By Bernoulli’s inequality, (1 + b/n)" > 1+ b = a, so
a'/™ <1+ b/n. Also a'/® > 1 since a > 1. Hence 1 < a'/" <1+ % — 1 by squeeze.
For 0 < a < 1, apply the a > 1 case to 1/a and take reciprocals.
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Extension (Beyond Syllabus: Stolz—Cesaro theorem for limits)

Syllabus link: Chapter 4 — §4.2 Finding Limits of Sequences.

Theorem (Stolz—Cesaro).

Let {b,} be a strictly increasing sequence with b,, — oo.
Let {a,} be any sequence.

If the limit

1. an+1 — Qn _ L
B=ES bn+1 - bn

exists (finite), then lim Z—n = L.

n—oo n
Inn
Application. Compute lim —.
n—oo N
Take a,, = Inn and b, = n. Then b, is strictly increasing and b,, — oc.

Moreover,

Ant1 = Gn _ In(n+1) —Inn :1n<1-|—l>.
bpi1 — by (n+1)—n n

Since In(1 4+ ) — 0 as 2 — 0, we have In(1 + £) — 0. By Stolz—Cesaro,

1
e = —
n—oco 1

Common Mistake

The limit laws require the individual limits to exist.
If {a,} or {b,} is divergent, statements like “lim(a,, + b,) = lima,, + limb,” are not valid.

Worked Example (Tutorial 7, Q4): True/false on divergent sequences

(a) “If {a,} and {b,} are divergent, then {a,, + b,} is divergent.” FALSE.

Counterexample: a, = (—1)", b, = —(—1)". Both diverge, but a,, + b, =0 — 0.

(b) “If {a,} is divergent, then {|a,|} is divergent.” FALSE.

Counterexample: a, = (—1)" diverges, but |a,| =1 — 1.

(c) “If a,, — L and b,, — 0, then a,b, — 0.” TRUE.

Proof: Since a,, — L, {a,} is bounded: |a,| < M. Given ¢ > 0, choose N so that |b,| < ¢/M for
n > N. Then |a,b,| < M|b,| < e.

Exam Focus

For rational expressions in n:

e Divide numerator and denominator by the highest power of n present.

e For \/polynomial in n, factor out the dominant power inside the root: \/n?(14---) =ny/1+---.

e If you rationalize, rationalize once and simplify before taking limits.

72


https://qrsntu.org

MH1101 Calculus IT — Revision Notes QRSQNTU

4.3 Monotonic Sequences

Motivation. Many important sequences (especially recursively defined ones) are hard to evaluate by direct
algebraic manipulation. The Monotone Sequence Theorem gives an existence guarantee: if a sequence is
monotonic and bounded, it converges—even if you cannot compute the limit directly. You then find the
limit by solving the fixed-point equation L = f(L). This three-step workflow (bound — monotone — fixed
point) is one of the most frequently examined techniques in MH1101.

Definition 4.5: Monotonicity

A sequence {a,} is increasing if a,, < a,,; for all n (and strictly increasing if a,, < a,11).
A sequence {a,} is decreasing if a,, > a, 1 for all n (and strictly decreasing if a,, > a,1).
A sequence is monotonic if it is increasing or decreasing.

Ways to check monotonicity.

e Difference test: Compute a, 1 — a, and determine its sign.

e Ratio test (for positive sequences): Compute a,1/a, and check whether it is > 1 or < 1.
e Function derivative: If a, = f(n), compute f’'(z) and check its sign.

e For recursive sequences a,.; = f(a,): Show f(z) > z (or < z) on the relevant interval.

Definition 4.6: Boundedness

A sequence {a,} is bounded above if there exists M such that a, < M for all n.
It is bounded below if there exists m such that m < a,, for all n.
It is bounded if it is both bounded above and bounded below.

Theorem 4.6: Monotone sequence theorem

Every bounded, monotonic sequence is convergent.

Why this theorem is true (intuition). An increasing sequence that is bounded above has a least upper
bound (supremum) L by the completeness of R. Since L is the least upper bound, for any £ > 0, there must
be some ay > L — ¢ (otherwise L — ¢ would be a smaller upper bound). Since the sequence is increasing, all
subsequent terms satisfy a,, > ay > L — ¢, and also a,, < L < L+ ¢. Hence |a,, — L| < € for all n > N.

Standard recursion workflow. For a recursively defined sequence a,. 1 = f(a,):

1. Invariant interval (boundedness): find an interval I = [m, M| such that a; € I and f(I) C I.
2. Monotonicity: show a,; > a, (or <) using algebra and the bounds from Step 1.
3. Limit identification: conclude convergence by Theorem ?7; let a,, — L and solve L = f(L).

4. Reject extraneous roots: keep only solutions consistent with the bounds (e.g. L € I).
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Exam Focus: Why you must prove convergence before solving L = f(L)

The equation L = f(L) may have multiple solutions, and without knowing the sequence converges,
you cannot even write lima,; = f(lima,). Example: define a; = 0, a,41 = a2 + a,. The equation
L = L?+ L gives L = 0, but the sequence is 0,0,0,... and L = 0 is the only fixed point—so it works.
But if you had a; = 2, the sequence diverges to oo, and “solving L = f(L)” gives the wrong answer.
Always establish convergence first, then solve the fixed-point equation.

Worked Example (Tutorial 8, Question 1): nested radicals

Find the limit of

V2, \/2v2, \J2V/2V2, ...
Define a; = v/2 and Gni1 = v/ 20y,.

Bounded: show by induction that 0 < a,, < 2 for all n.

Base: a1 =vV2< 2. vV

Inductive step: if a,, < 2, then a,.1 = +/2a, < V2-2=2. v

Also a,, > 0 trivially (positive under square root).

Increasing: a,,1 > a, < 2a, > a, < 2a, >ad> < a,(2—a,)>0.

Since 0 < a,, < 2, both factors are positive. So increasing. v/

Limit: by Theorem ??, a,, — L exists. Then L = v/2L, so L? = 2L, giving L(L — 2) = 0.

Since L > 0, we conclude .

Worked Example (Tutorial 8, Question 2): a; =1, a,4; =3 — %

Show the sequence is increasing and 0 < a,, < 3, then find the limit.
Invariant interval: We show a,, € [1,3) by induction.

Base: a; =1€[1,3). v

Inductive step: if 1 < a, <3, then - <1,50 a4 =3— - >2>1.
Also al > 0,80 a1 < 3.V

2
M- — 1 —a,+3an—1
Increasing: api1 —an =3 — .- —ap = —2—"—.

The numerator —a? + 3a,, — 1 > 0 when a,, € [a, 3] where a = %5 ~ 0.382 and § = %5 ~ 2.618.
Since a,, € [1,3) C [, ] (check: 1 > a and 3 >  but a, < 3 and is increasing with a,, < ), the
numerator is > 0 and a,, > 0, 80 411 > Gp. vV

Limit: L=3—-1=12-3L+1=0= L =%

Since a,, is increasing from a; = 1 and bounded above by 8 =

_3+45
==

3+
2

&

L
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Worked Example (Tutorial 8, Question 3): a; =2, a,11 = :

Invariant interval: Show a, € (o, ] where a = 35 and B = . (Both are fixed points of

2
flz)=35)
Since a; = 2 € («, ) and f is increasing on (—o0,3) with f(a) = «, f(8) = B, the interval [, f] is
invariant.
Decreasing: an41 < a, < 3_1% <a, < a®>—3a, + 1 <0, which holds for a, € [a,]. v
Since {a,} is decreasing and bounded below, it converges. Solving L = 1+ gives L € {a, 8}. Since the
sequence decreases from a; =2 and a, = 1 < 2, we have L <1 < f, so:

3—v5
7 |

Common Mistake

For recursive sequences, solving L = f(L) is not enough.
You must first justify that {a,} converges (typically by boundedness + monotonicity).

Exam Focus

When proving monotonicity, avoid expanding blindly.
A reliable pattern is:

L=

Ap+41 Z (07 — f(an) 2 Ap,
then factor and use bounds on a,, to determine signs (e.g. a,(2 — a,) > 0).
e For the invariant-interval step, try M = the larger fixed point of f (solve L = f(L)).
e For monotonicity, the sign of f(x) — x on the invariant interval is the key.

e Common pitfall: assuming monotonicity from the first few terms without proof by induction.
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Extension (Tutorial 8, Question 4: (1+ 1)" is increasing)

Syllabus link: Chapter 4 — §4.3 Monotonic Sequences.

Proposition. The sequence e, = (1 ol %)n is increasing and bounded above (by 3), hence convergent.
Its limit is e.
Proof of monotonicity (calculus approach). Define ¢(x) = zln(l + 1/z) for z > 0, so that

e, = e . Differentiate:
1

1
() =In({1+ =) — .
¢(=) n( +:U> rz+1
Using the inequality In(1 + u) > - for u > 0 (with v = 1/z):

1 1/z 1
In(1+-) > = .
n( +$>_1+1/x x+1

Hence ¢'(z) > 0, so ¢ is increasing, and e, = e®™ is increasing.
Bounded: By the binomial theorem,

“[n) 1 “1 "1
6":Z<k>ﬁ§”k:ﬁ§1+22k1<1+2=3-

k=0 k=1

By the Monotone Sequence Theorem, e, converges. The limit is denoted e ~ 2.71828.

4.4 Series

From a sequence to an “infinite sum”. An infinite series is written Y .~ | a,.

Since we can only add finitely many numbers at a time, the rigorous meaning is via partial sums.
Why partial sums? We know how to add 2 numbers, 3 numbers, ..., k¥ numbers. But “adding infinitely
many numbers” is not defined by the arithmetic axioms. The only way to give Y, a, a meaning is to
define it as a limit: form the finite sums sy = a; + - - - + a; and ask whether {s,} converges. If it does, the
limit is the “infinite sum.” If it doesn’t, the series has no sum.

This is analogous to how we defined the definite integral as a limit of Riemann sums: infinitely many
infinitesimal areas added up via a limiting process.

Definition 4.7: Series and partial sums

Given a sequence {a, }2° ,, define the k-th partial sum
k
S = Z (07
n=1
(i) If {sx} converges to a real number S, then the series Y | a, is convergent and we write

ian =GS.
n=1

(ii) If {sx} diverges, then the series is divergent.

Key conceptual point. The symbol Y 77 | a, does double duty: it denotes both the formal expression
(the “series”) and, when convergent, its numerical value S = lim;_,., ;. Always be clear about which
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meaning you intend.

Worked Example: a divergent series with oscillating partial sums

Consider Z(—l)"*l =1-141-1+---.

n=1
The partial sums are s; =1, s =0, s3 =1, s, =0, ..., which do not converge.
Hence the series diverges.

Why the “0 = 1” paradox fails (Lecture Example 4.19). The “proof” that 0 = 1via0 = (1—1)+(1—
4+--=1+(-14+1)+(—14+1)+--- =1 fails because it regroups terms of a divergent series. Regrouping
(associativity) is valid for finite sums but not for infinite series unless convergence is established first.

Common Mistake

Infinite series are not finite sums.
Operations such as regrouping terms, cancelling “co — 00”, or treating “---” algebraically are not
justified unless you can translate them into statements about the partial sums s;.

Theorem 4.7: Geometric series

Let a # 0 and r € R. The geometric series

”

oo
> ar" ' =a+ar+ar’+--
n=1

converges iff |r| < 1, and in that case

= a
g ar™ 1t = 1 .
n=1 =

If |r| > 1, the series diverges.

Why the formula is ;*-. The partial sum formula s;, = “(1::’6) is derived by the “multiply-and-subtract”
trick (see Key Formula below). When |r| < 1, the term r* — 0 as k — 00, 50 5, — 2U=2 — &

1—r 1—r"
When |r| > 1, either r* diverges (|r| > 1) or s, = ka — 400 (r = 1), or r* oscillates without converging
(r=-1).

Geometric partial sum (exam setup)

For r # 1, the k-th partial sum is

1— k
sk:a—l—ar—F---—i-arkl:a(lr)
—-Tr

When |r| < 1, use 7¥ — 0 to obtain the infinite sum 2.

Derivation of the partial-sum formula. Write:

sp=a+ar+ar® 4+ 4 ark

resp=ar+ar’ +ar® + - +ark.
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Subtract: s, — rs, = a —ar®, so sg(1 —r) = a(l —r"), giving s;, = a(i::k).
Exam Focus: Identifying geometric series

n—1

The first step is always to rewrite the general term in the form a - r (or equivalently const - ™).

o Identify a (first term) and r (common ratio).
e Check |r| < 1 for convergence.
o If the sum starts at n = 0 instead of n = 1: Y~ 7" = .

e If the sum starts at n = k instead of n = 1: factor out r*~1 or compute as Siotal — Sk_1-

Worked Example: sum of a geometric series

€9 -3 n—1
Evaluate Z &

n=1 an
Solution.
Rewrite
(_3)n—1 _1 _§ n—1
4n 4\ 4 '
This is geometric with a =  and r = =2 (so |r| = 2 < 1).
Therefore,

Worked Example (Lecture Example 4.21): identifying divergent geometric

Is Z 22"31=" convergent?

n=1
Solution. Rewrite: 22"3'~" = (2%)".3-3™" =3 (%)" —4. (%)
This is geometric with r = % > 1, so the series diverges.

n—1
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Worked Example: telescoping via partial fractions

EvaluateZTl)
Solution.
111
nn+1) n n+l
Then
1 1 1
= = = =1-— —1
nz::l<n n-l—l) E+1 ks
SO —_ =
= n(n+1)

Why telescoping works. When partial fractions produce a difference f(n) — f(n + 1), consecutive terms
in s, cancel:

se=(f(1) = f(2) + (F2) = fB3) + -+ (f(k) = f(k+ 1)) = f(1) = f(k+1).

Only the first and last terms survive—like a collapsing telescope.

Worked Example (Tutorial 8, Q5(iv)): telescoping plus geometric

=~ /1 2
Evaluate Z <— + )
—\e nZ—1

Solution. Split into two convergent series:

1 1/e? 1
G t i t: — = = .
eometric par nz::? = =T /e~ o= 1)
Telescoping part: .25 = —ry = 7oy — iy
i U S AR L1y 3
Z\n-1 n+1/) 2 N N+1 2’
Total: =.
otal: ) ( 1) e—1) 2
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Worked Example: harmonic series diverges (grouping idea)

=1
Show that Z — diverges.
n=1 n
Solution.
Let s, = >2F_, L. For k=27,

UL (I B (VIR RTINS
Som = — — — f— e — “ .. - .. —_ .
2 2 \3 ' 4 5 8 om=1 41 om
Each block has 297! terms, each at least 1/27, so each block sum is at least 1/2.

Thus sgm > 1+ 5 — 00, hence the harmonic series diverges.

Why the harmonic series is important. It is the canonical example showing that a, — 0 does not
imply convergence: % — 0, yet > % = co. This is why the nth-term test (below) can only prove divergence,
never convergence.

Theorem 4.8: Necessary condition for series convergence

If > | a, converges, then lim, ., a, = 0.

Why this is true. If " a, = S, then s, — S and sx_; — S. Since a), = s — s,_1, we get a, - S — S5 =0.

Theorem 4.9: The nth-term test for divergence

If lim,, o a,, does not exist or lim,,,~ a, # 0, then Y~  a, diverges.

Why this is just the contrapositive of Theorem ?7?7. Theorem ?7 says: convergent = a, — 0.
Contrapositive: a, /4 0 = divergent. That’s exactly the nth-term test.

Common Mistake: a, —+ 0 does NOT imply convergence

If lim a,, = 0, the nth-term test is inconclusive—it tells you nothing.
The harmonic series (a,, = 1/n — 0, but diverges) proves this.
You need a stronger test (comparison, ratio, root, integral, etc.) to establish convergence when a,, — 0.

Exam Focus

A fast first check for any series ) a,:

e Compute lim,,_,, a,. If the limit is not 0 (or does not exist), the series immediately diverges by
Theorem ?7.

e If lima, = 0, you cannot conclude convergence; you will need additional ideas (covered later in
the course).
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Worked Example (Tutorial 8, Q5 collection): quick divergence checks

n® + n?
(v )Zn?’ 2n+5

a, = n;‘_;rg+5 — 155 = 1 # 0. Diverges by the nth-term test.

oo en
(iii) Z 3
n=1
ay = fTZ — oo (exponential dominates polynomial). Diverges by the nth-term test.
N3 2\
V1 -Nn — o
o) 3 (30 2)

an ~ 5xn® — co. Diverges by the nth-term test.

Theorem 4.10: Linearity of convergent series

If Y a, and ) b, are convergent and ¢ € R, then:
(i) >>(ca,) converges and » (ca,) = ¢ ay.
(ii) > (a, + b,) converges and > (a, + b,) = > a, + >_ b,.
(iii) >>(a, — b,) converges and Y (a, — b,) =D a, — Y b,.

.
-
.
oo
.
.

Why linearity holds. These follow directly from the limit laws for sequences applied to partial sums:
S (an +b,) = S a, + 3" _ b, and the limit of a sum is the sum of the limits (provided both
converge).

Common Mistake

The linearity rules require that the involved series are already known to be convergent.
It is not valid to use these identities to “prove” convergence without a separate convergence argument.

Worked Example (Lecture Example 4.26): combining series

1
Evaluate Z (ﬁ + 2—)

Solution.
Both component series converge:
P 1 (tel ) doo ! 1/2 ey
— elescoping) an — = eometric with r =
n+l) PR con T 1-1/2°  ®

B_y linearity:

> 1
2( D) 27>=3'1+1=-

n=1
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Exam Focus: Finite number of terms does not affect convergence

Adding or removing finitely many terms from a series does not change whether it converges or diverges
(though it may change the sum).

For example, if > 7, -3 converges, then >°
terms).

This is because the partial sums of the two series differ by a fixed constant (the sum of the finitely
many added/removed terms), and shifting a sequence by a constant does not affect convergence.

Extension (Beyond Syllabus: p-series preview and the integral test connection)

Syllabus link: Chapter 4 — §4.4 Series.

The harmonic series Y + diverges, but what about Y~ = or 3~ - in general?

o0

ne1 iy also converges (it just adds three extra finite

Theorem (p-series test). The series E — converges if and only if p > 1.
n
n=1

Intuition. For p > 1, the terms 1/n” shrink fast enough that the partial sums stay bounded. For p < 1,
the terms shrink too slowly (at most as fast as 1/n), and the grouping argument from the harmonic
series can be adapted.

This result is typically proved using the integral test (which may appear later in MH1101 or MH2100).
1

The key idea: # converges iff floo mip dx converges, and this integral equals p—) when p > 1 and

diverges when p < 1.
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5 Convergence Tests

Overview and purpose. In Chapter 4 we defined what it means for a series Y a, to converge: the

partial sums s, = ZZZI a, must tend to a finite limit. But computing partial sums explicitly is often
impractical (e.g. try writing down s;, for Y 1/n?). Convergence tests bypass this by translating the question

into a simpler criterion—typically a comparison, an integral, or a ratio—that yields a yes/no answer without

finding the actual sum.

Why so many tests?

Integral Test: series whose terms come from a “nice” (continuous, positive, decreasing) function f(x).

Comparison / Limit Comparison: series that are “close to” a known benchmark (p-series, geometric
series).

e Alternating Series Test: series with terms that strictly alternate in sign.

e Ratio Test: series involving factorials, exponential terms, or products.

e Root Test: series where the n-th term is an n-th power.

Exam Focus: Which test to try first (decision flowchart)

1.
2.

Given a series > a,:

Step 0 (Term test): Does a,, — 07 If not, the series diverges immediately.

Step 1 (Recognise known forms): Is it geometric? Telescoping? A p-series? If so, use the
known result directly.

Step 2 (Factorials or n-th powers?): If the term involves n!, (n!)2, a”, or ()", try the Ratio
or Root Test.

Step 3 (Rational/algebraic in n?): If the term is a ratio of polynomials or roots, try Limit
Comparison with a p-series.

Step 4 (Alternating sign?): If a,, = (—1)"b,, with b,, > 0 decreasing to 0, use the Alternating
Series Test.

. Step 5 (Integrable terms?): If a,, = f(n) for a continuous, positive, decreasing f, use the

Integral Test.

5.1 The Integral Test

Why connect series to integrals? The terms a, = f(n) are the heights of rectangles of width 1.
The area under f(z) from 1 to co and the total area of these rectangles are closely related: one bounds the

other. If the integral converges, the rectangles’ total area is finite, so the series converges; if the integral

diverges, so does the series. This is the geometric insight behind the Integral Test.
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Theorem 5.1: The Integral Test

Suppose f : [1,00) — R is continuous, positive, and decreasing, and let a,, = f(n). Then:

(i) If/ f(x) dx converges, then Z a, converges.
1

n=1

(ii) If/ f(z)dz diverges, then Z a, diverges.
1

n=1

Why does this work? (Proof idea via bounding partial sums.) Since f is decreasing, for each
integer n > 1:
n+1

fin+1) < / @) dz < f(n).

n

Summing from n =1 to k — 1:

S f(n) < / fayde <Y f(n).

e (i) Integral converges = series converges: If floo f(x)dr =1 < oo, then s, = a; + 25;2 a, <ay+1,
so {si} is bounded. Since a,, > 0, {s;} is also increasing, so by the Monotone Sequence Theorem, {s;}
converges.

e (ii) Integral diverges = series diverges: If [~ f(z) dz = oo, then s;_; > flk f(z)dr — oo.

Common Mistake: The Integral Test does NOT give the sum

The Integral Test tells you whether a series converges, not what it converges to. The value ffo f(z)dx
is generally not equal to Y o7 | a,.

Exam Focus: Integral Test checklist

Before applying the Integral Test, you must verify three conditions on f:

1. Continuous on [N, co) for some N.
2. Positive: f(z) >0 on [N, oc0).
3. Decreasing: f'(r) <0 on [N,00) (compute the derivative explicitly).

It is not necessary that f is decreasing from x = 1; it only needs to be ultimately decreasing (i.e. for
all x > N for some N). Finitely many initial terms do not affect convergence.
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Worked Example (Lecture Example 5.1): > 1”2 converges

1+

1
Test Z T for convergence.

Solution. Let f(x) = i35z This is continuous, positive, and decreasing on [1,00) (since f'(x) =
ﬁ < 0 for z > 0).
/Oo L o= o il = 2= 2= Z ¢
z=lim [tan" 2| = - ——=— <0
L 1422 t—o0 L2 4 4

1+ n2

Sanity check: The integral evaluates to m/4 &~ 0.785, but the actual sum Y -, ﬁ ~ 1.077. These
are not equal—the integral is merely a tool for determining convergence.

Worked Example (Lecture Example 5.2): 3 h;—l” diverges

o0
Inn
Determine whether E —— converges or diverges.
n
n=1

o0
1
By the Integral Test, the series Z converges |.
n=1

_IHI

Solution. Let f(x) = . This is continuous and positive for z > 1. Compute the derivative:

_1—ln:c

f'(x) = :

T2

So f'(z) <0 when Inz > 1, i.e. x > e ~ 2.718. Hence f is decreasing on [3,00).
Now evaluate the integral from 3 to oo:

00 27t 2 2
/ ln—xdx = lim [(lnaz) ] = lim (3 — ) = 0.
3 T t—00 2 3 t—00 2 2

By the Integral Test, > . “‘T" diverges. Since adding finitely many terms does not affect convergence,

=1
Z an diverges |
n

n=1
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Worked Example (Tutorial 9, Q1(c)): Y ne ™ converges

2

Determine whether Z ne” " converges or diverges.
n=1
Solution. Let f(x) = ze~®" . This is continuous and positive for > 1.
Monotonicity: f/(z) = e +z(—2z)e ™ = (1 —222)e™™ < 0 for 2 > 1 (since 2z > 2 > 1).
Integral: Let u = 22, du = 2x dx:

By the Integral Test, Zne‘"2 converges |.
n=1

The p-series: a fundamental benchmark. The most important application of the Integral Test is
classifying p-series. These serve as the “benchmark” series against which almost all other series are compared.

Theorem 5.2: p-series convergence

=1
The p-series E — is:
n
n=1

e convergent if p > 1,

e divergent if p < 1.

Why this threshold at p = 1?7 (Full proof.)
e Case p <0: Then 1/n? = n?l > 1 for all n > 1, so lim,,_, a, # 0. Diverges by the nth-term test.
e Case p = 1: This is the harmonic series Y 1/n, which diverges (proved in Chapter 4).

e Case p>0, p# 1: Let f(x) =27P. Then f'(z) = —px P! <0 for z > 1, so f is decreasing. Compute:

oo —p+1 |t t-r _1
/ z Pdxr = lim w = lim —.
1 t—oo —p —+ 1 1 t—oo | — p

. 1— . 1 .
If p > 1: the exponent 1 — p < 0, so t'"? — 0. The integral equals 51 < oo Series converges.

If 0 < p < 1: the exponent 1 —p > 0, so t!? — co. The integral diverges. Series diverges.
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p-series reference table (memorise for exams)

Series p-value Verdict

> 1/n? p=3>1 converges
> 1/n? p=2>1 converges
Y 1/n3?2 p=3/2>1 converges
> 1/n p=1 diverges

S 1/v/n p=1/2<1 diverges
> 1/nt? p=1/3<1  diverges

Exam Focus

The p-series is your most important “test series” for the Comparison and Limit Comparison Tests. When
you see a rational expression in n, identify its dominant behaviour and compare with the appropriate
p-series.
2 2
n“+3n n . 3 .
~ —§ = —3, 50 compare with Y~ 1/n° (which converges).

For example, ———
xampre, ns+7 ns

5.2 The Comparison Tests

Why comparison? We often encounter series Y a, that don’t have a nice closed-form partial sum or
a clean integral. The idea: if each term a, is “smaller” than a term b, of a known convergent series, then
> a, converges too. Similarly, if a,, is “bigger” than terms of a known divergent series, then > a,, diverges.

Theorem 5.3: The (Direct) Comparison Test

Suppose > a, and > b, are series with positive terms.
(i) If b, converges and a,, < b, for all n, then Y a,, converges.

(ii) If > b, diverges (to co) and a,, > b, for all n, then > a,, diverges (to o).

Why this works.

e (i) Both partial-sum sequences s;, = Zﬁzl a, and t, = Zﬁzl b, are increasing (positive terms). Since

a, < b,, we have s, < t;. Since > b, converges, t, — t for some t, so t;, <t. Thus s, <t for all k, and
{sk} is increasing and bounded = convergent by the Monotone Sequence Theorem.

e (ii) Since a,, > by, s > ti. Since t; — 00, s — 00 as well.

Common Mistake: Wrong direction of comparison

To prove convergence, you need a,, < b, where Y b, converges (bound above by something convergent).
To prove divergence, you need a,, > b,, where _ b,, diverges (bound below by something divergent).
The reverse inequalities give no information:

e a, > b, and )b, converges = nothing (the larger series could converge or diverge).

e a, <b, and > b, diverges = nothing.
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Worked Example (Lecture Example 5.4): direct comparison

> 100
Determine whether Z e E—— TEnrd
n n

n=1

Solution. For n > 1: 2n? + 5n + 4 > 2n?, so

converges.

0< 100 - 100 50
2n24+5n+4  2n2  n2?’
Since Y % = 50> # converges (p-series with p = 2 > 1), the Comparison Test gives
3 100 converges
———————— converges |.
= 2n*+5n+4 2

Worked Example (Tutorial 9, Q2(e)): > sin(1/n) diverges

> 1
Show that in| — | di .
ow tha T; sin < n) iverges

Solution. Use the standard limit lim,_,q Sigz = 1. Setting z = 1/n:

lim sin(1/n)

=1>0.
n— oo l/n

Since Y 1/n diverges (harmonic series), the Limit Comparison Test implies Z sin(1/n) diverges |.

Alternative (direct comparison): For x € [0,7/2], sinz > 2z. Thus sin(1/n) > -2, and divergence
follows by comparison with ) +.

The Limit Comparison Test: when direct comparison is fiddly. Direct comparison requires
an explicit inequality a,, < b, (or >), which can be tedious to establish. The Limit Comparison Test replaces
this with an asymptotic comparison: if a, and b, have the same “growth rate” (i.e. their ratio tends to a
positive constant), they have the same convergence behaviour.

Theorem 5.4: The Limit Comparison Test (LCT)

Suppose > a, and > b, are series with positive terms.
(i) If lim In —cwith0<c< 00, then both series converge or both diverge.
n—oo n
(i) If lim In — 0 and > b, converges, then ) a,, converges.
n—oo n
(iii) If lim In _ 5 and > b, diverges, then ) a, diverges.
n—oo n

Why (i) works (proof sketch). If a, /b, — ¢ > 0, then for large n:

by < an < .
2

N o
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The right inequality gives: if )" b, converges, then > a, converges (by comparison with % > b,). The left
inequality gives: if }_ b, diverges, then }_ a, diverges (by comparison with § > b,).

Exam Focus: Choosing the comparison series b, for LCT

When a,, is a rational expression in n (possibly with roots), identify the dominant terms in the
numerator and denominator:

numerator dominant numerator term
a’ﬂ, = . ~ . . = n
denominator  dominant denominator term

Then lima, /b, =1 (or some nonzero constant) so > a, and > b, have the same behaviour.

2 . 72 .
Example: a, = i}‘%b Dominant: jsﬂ = n1/2 Compare with b,, = T (p=1/2 < 1, diverges).

Worked Example (Lecture Example 5.6): LCT with geometric comparison

.
|
.
.
.

= 1
Test 2_: T for convergence.

Solution. Compare with b, = 2% (convergent geometric series). Compute:

n

i 22— e w10

By the LCT, f:

converges |
1
n=1

2n —

.
|
.
.

Worked Example (Lecture Example 5.7): LCT with p-series

2
Does Z \;L% converge?

Solutwn. The dominant behaviour is jg/ —27. Set b,

. ay 2n%2 4+ 3n n'/? . 2n%/2 4 3p3/? - 2+3/n 2
lim =2 =1lm —  — = lim ——— = =-=1

n—oo bn n—o0 \/5_1_”5 2 n—soo 2\/5_1_”5 n—)oo 2,/5/n5 2

2 3n
Since Y. b, =2 — diverges (p = 1/2 < 1), the LCT gives Z n = diverges |
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Worked Example (Tutorial 9, Q2(d)): 3. Zt%l converges

nt+n?2
“n+n+1
Determine convergence of _
= ; n* + n?
Solution. Dominant behaviour: Z—z = 5. Set b, = =;.
G, n?n?+n+1 n* +n3 4+ n?
lim — = lim @2 lim +—+=1>0.
n—oo bn n—oo n4 —+ n2 n—o0o n4 —+ n2
n>+n+1
Since > 1/n? converges (p =2 > 1), the LCT gives Z ﬁ converges |.

Worked Example (Tutorial 9, Q2(f)): > -+ diverges

nlnn

= 1
Determine convergence of Z :
‘= nlnn
Solution. Let f(x) = ﬁ for x > 2. This is continuous and positive. Since f'(z) = — (ﬁrllr;”)”z

x > 2, f is decreasing.
Integral Test: use substitution v = Inz, du = dz/z:

< 1 <1 0o
/2 xlnxdxz/lmEdu=[lnu]ln2=oo.

o0

By the Integral Test, Z
n=2
Exam note: This is a “borderline” series—it diverges, but very slowly (slower than > 1/n).

diverges |
nlnn

< 0 for

5.3 Absolute and Conditional Convergence

Why do we need a new concept? The Integral Test and Comparison Test only apply to series
with positive terms. But many natural series have mixed signs, such as > (—1)"/n. To handle these, we

introduce absolute convergence: strip the signs (take |a,|) and test the resulting positive series.

converges, then > a,, converges too.

If 5 |an]

Definition 5.1: Absolute convergence

A series Y a, is called absolutely convergent if the series of absolute values Y |a,| converges.

Why this definition is natural. Absolute convergence means the series converges “no matter what the
signs are.” It is the strongest form of convergence. Absolutely convergent series can be rearranged in any
order without changing the sum—conditionally convergent series cannot (this is the Riemann rearrangement

theorem).
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Theorem 5.5: Absolute convergence implies convergence

If > a, is absolutely convergent, then > a, converges.

Why this is true. For each n, 0 < a,, + |a,| < 2|a,|. If Y |a,| converges, then Y 2|a,| converges, so by
comparison Y (a, + |a,|) converges. But then

Zan = Z(an + lan]) — Z |ay|

is the difference of two convergent series, hence convergent.

Worked Example (Lecture Example 5.9): }~ “3* converges absolutely

cosn

Show that Z converges.

n=1

Solution. The signs change irregularly (not alternating), so we test absolute convergence.

n2

’cosn‘ | cosn| < 1

n2 n2 T n?

Since Y 1/n? converges (p-series, p = 2 > 1), by comparison Y_ | cosn|/n? converges.

Hence Y cosn/n? is absolutely convergent, and therefore by Theorem ?7.

Definition 5.2: Conditional convergence

A series Y a,, is called conditionally convergent if Y a,, converges but 3 |a,| diverges.

Why this distinction matters. Conditional convergence is “fragile”: the positive and negative terms
each diverge to 400 and —oo respectively, but they nearly cancel to give a finite sum. Rearranging terms
can change the sum (or make it diverge).

The Alternating Series Test. If a series is not absolutely convergent, how do we check whether it is
conditionally convergent? For alternating series (signs strictly alternate: +,—,+, —,...), the following test
applies.

Theorem 5.6: Alternating Series Test (AST)

Let {a,} be a decreasing positive sequence converging to 0:

ap > ay>az>--->0, and lim a, =0.

n—oo

Then the alternating series Z(—l)”flan =a; — ay + a3z —ay + - - - converges.

n=1

Why the AST works (geometric intuition). Consider the partial sums:

e s; = a; (overshoot),
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e s, = a; — ap (undershoot below s, but still positive since a; > as),
e s3 = Sy + a3 (overshoot again, but less than s,),
e sy = s3 — a4 (undershoot again, but more than s,).

The even partial sums ss, 84, Sg, . . . form an increasing sequence; the odd partial sums s, s3, S5,... form a
decreasing sequence. Both are bounded, so both converge. Since Sox11 — Sop = a2r11 — 0, they converge to
the same limit.

Common Mistake: AST requires TWO conditions

Both conditions are needed:

1. {a,} is decreasing (you must show a,; < a,, or show the corresponding function f has f'(z) <

0).
2. a, — 0.

If a,, — 0 but {a,} is not eventually decreasing, the AST does not apply. (However, the converse rarely
comes up in MH1101.)

Also, the AST says the series converges; it does not say whether the convergence is absolute or condi-
tional. To classify fully, you must also test > |a,| separately.

Worked Example (Lecture Example 5.11): > (—1)""'/\/n is conditionally convergent

1)71 1
Show that S = -
5k
Solution.

Step 1 (convergence): Let a, = 1/y/n. Then {a,} is decreasing and a,, — 0. By the Alternating
Series Test, S converges.
Step 2 (not absolute): > |(—1)""'/y/n| =" 1/y/n diverges (p-series with p =1/2 < 1).

Hence S is ‘ conditionally convergent ‘

is conditionally convergent.

Worked Example (Lecture Example 5.12): Z(—l)"’“?%2 converges by AST

n3+1
o n2
Is TZ;(—I)"JF:l | convergent?
Solution. Let a, = n?—il
Decreasing: Consider f(z) = 7. Compute:
2w(x® 4+ 1) — 2%(32?) (2 —2?
fay < B D =Y _ a2=a)

(23 +1)2 (34 1)2°

For = > 2% ~ 1.26, we have f'(z) < 0, so f is decreasing on (2'/3, c0). Thus a,; < a, for all n > 2.
We also check a; =4/9 < 1/2 = a; by direct computation, so {a,} is decreasing.

_ _1/n
Limit: lim,, ., —5— iy = My o0 TFi/me 0.

By the AST, the series
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Worked Example (Tutorial 10, Q1(a)): conditional convergence via AST + LCT

00 —1)"
Classify Z % as absolutely convergent, conditionally convergent, or divergent.
n

n=0
Solution.
Test for absolute convergence: Z‘%’ =5, 5n1+1. By LCT with b, = 1/n: limw =
lim " = 1/5 > 0. Since >_1/n diverges, > 1/(5n + 1) diverges. So the series is not absolutely
convergent.
Test for conditional convergence: Let a, = ﬁ Then a,,; = ﬁ < ﬁ = a, (since 5n + 6 >

5n + 1), and a,, — 0. By the AST, > (—1)"/(5n + 1) converges.
Hence the series is ‘conditionally convergent ‘

Exam Focus: Classification workflow (absolute / conditional / divergent)

Given a series Y a,, with mixed signs:
1. First, test >_ |a,| for convergence (using any test for positive series).
2. If > |a,| converges = the series is absolutely convergent (done).
3. If 3" |a,| diverges = test the original > a,, for convergence (typically AST).

e If > a, converges = conditionally convergent.

e If > a, diverges = divergent.

5.4 The Ratio and Root Tests

Why these tests? The tests developed so far (Integral, Comparison) work well for algebraic and rational
expressions in n, but struggle with:

e Factorials: n!, (n!)?, (2n)! — you cannot integrate these.
e Exponential terms: a” — comparison with p-series is awkward.

3
2n+3

n
e n-th powers: ( ) — the exponent depends on n.

The Ratio Test and Root Test handle these naturally by comparing with a geometric series.
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Theorem 5.7: The Ratio Test

Let {a,} be a sequence with a,, # 0 for all n, and assume

an+1
Qn

p = lim
n—oo

exists (or equals co).
(i) If p < 1, then Y a, converges absolutely.
(ii) If p> 1 (or p = 00), then ) a,, diverges.

(iii) If p =1, the Ratio Test is inconclusive.

Why the Ratio Test works (proof sketch for p < 1). Choose r with p < r < 1. Since |a,41/an| — p,
there exists N such that |a,,1/a,| <r for all n > N. Then |ay x| < r*¥|ay| for all & > 0. So:

Z‘an|22’aN+k‘§’aN|ZT :71 < 00
n=N k=0 k=0 NV

This is a comparison with a convergent geometric series.
For p > 1: By the same argument with reversed inequality, |ax x| > 7*|ax| with r > 1, so |a,| — oo
and a,, / 0. Divergence follows from the nth-term test.

Common Mistake: p =1 does NOT mean divergence

When p =1, both convergence and divergence are possible:

_n®

oz = L but 37 1/n? converges.

e a,=1/n% p=Ilim
e a,=1/n: p=Ilim =5 =1, but 3 1/n diverges.

When you get p = 1, you must use a different test (Comparison, Integral, etc.).

Exam Focus: When to use the Ratio Test

The Ratio Test is most effective when the general term involves:

e Factorials: n!, (2n)! — the ratio a,y,/a, simplifies via (n + 1)!/n! =n + 1.

e Exponential constants: ¢” — the ratio gives ¢"*'/c" = c.

nl 3% these are the Ratio Test’s “sweet spot.”

e Mixed factorial-exponential: 7, =

The Ratio Test is not useful for rational expressions in n (you always get p = 1).
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Worked Example (Lecture Example 5.15): )" 1/n! converges

=1
Show that g — converges.
n!
n=1

Solution. Let a, = &. Then:

an+l
Qp

_ 1/(n+1)! n! 1
- 1/l (n+ ) 41

Sopzlimn_won#ﬂ:O<1.

oo
1
By the Ratio Test, E — converges |.
n!
n=1

Worked Example (Lecture Example 5.16): > n?/2" converges

oo 2
n
Does E on converge?
n=1

Solution. Let a,, = g—j Then:

(n+1)* 2"
ot 2

Ap41
Qp

N | —
3
[\v]
Do | =
/N
—
+
S|
N~
no

Sop=1-1=1<1

2

2

n
By the Ratio Test, Z on converges |.

Worked Example (Lecture Example 5.17): > (—1)"n!/100" diverges

= (=1)"n!
Determine whether Z ( )n converges.

Solution. Let a, = 52" Then:

an+1
Qn,

_(n+1)! 100" n+1
T 100mtt !l 100

S0 p = lim, 00 28 =00 > 1.

By the Ratio Test, | the series diverges |

Intuition: Factorials grow faster than any exponential. Hence n!/100™ — oo, and the terms do not
approach 0.

95


https://qrsntu.org

MH1101 Calculus IT — Revision Notes QRS@QNTU

Worked Example (Tutorial 10, Q2): > (n!)?/(kn)! and parameter k

For which positive integers k does Z (n) converge?
“— (kn)!
Solution. Let a, = gZT'L); Compute:
Gni1 _ (n+1)H*  (kn)! _ (1) (kn)t _ (n+ 1)?
ap, (k(n+ 1)) (n!)? (kn + k)! Hle(kn + )
— .anl_("""l)z_ d
k=1: i =25 =n+1— oco. Diverges.
9. Gnt1 _ _ (n+D)?  _ pyl 1
k=2 28 = e = 2(2:{“) — 3 < 1. Converges. 2
k > 3: The denominator H?zl(kn + ) ~ (kn)* = kFn*, so “2H ~ S = Sn?7F — 0 < 1. Converges.
The series converges for all k£ > 2, and diverges for k = 1. ‘

Theorem 5.8: The Root Test

Let {a,} be a sequence and assume
L = lim {/|a,]|
n—roo
exists (or equals 00).
(i) If L < 1, then Y a, converges absolutely.
(ii) If L > 1 (or L = o0), then > a, diverges.

(iii) If L =1, the Root Test is inconclusive.

The Root Test.

Why the Root Test works (same idea as Ratio). If L < 1, pick r» with L < r < 1. For large n,

Van| < r,ie. |a,| < r". Comparing with the convergent geometric series Y r” gives convergence.
If L > 1, then for large n, |a,| > r™ with > 1, so |a,| /4 0.

Exam Focus: When to use the Root Test

Use the Root Test when the general term is an n-th power:
a,, = (expression in n)".
Then {/|a,| = |expression in n|, and you just compute its limit.

The Root Test is also useful for piecewise-defined terms (e.g. odd/even) where the Ratio Test may not
have a limit.
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Worked Example (Lecture Example 5.18): Root Test on n-th power

Does Z ( 2nT:_ 3) converge?
n=1

Solution. {/lan] = 5% — 5 < L.
By the Root Test, |the series converges |

Worked Example (Tutorial 10, Q1(c)): Root Test for ( Lon )n

2+3n

Classif .
ity 3 (2+3n>
Solution. . )

T 2
3n + 2 3

1—n

lan| = 2+ 3n

By the Root Test, the series converges absolutely.
Absolutely convergent. |

Worked Example (Tutorial 10, Q3): lim, .., 2" /n! = 0 via Ratio Test

n

Claim: lim 33_' =0 for all x € R.

n—oo Nl
Proof. Let u,, = |z|"/n!. Then:
Unt1 _ =] S5 0<1.
Up, n+1
By the Ratio Test (applied to the sequence: if ratios tend to L < 1, terms tend to 0), u,, — 0.
Hence |2"/n!| = u,, — 0, so | 2" /n! — 0| for all z € R.

Interpretation: Factorials grow faster than any exponential. This is why the Taylor series e* =
>~ ™ /n! converges for all z.
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Extension (Tutorial 10, Q5): Bounding the remainder of a convergent series

Syllabus link: Chapter 5 — §5.4 Ratio Test.

Theorem (Tail bound under ratio assumptions). Let > a, be a series with positive terms, with
ratio r,, = @,11/a,. Suppose limr, = L < 1, {r,} is decreasing, and r,; < 1. Then the tail

Rn :an+1+an+2+"'
satisfies
R < Ant1
n

-1 — Tn+1

Proof. Since {r,,} is decreasing, for all m >n+ 1: r,, <r,.; < 1. Then for k£ > 1:

n+k
_ < k
Qpt14+k = An41 Ti > Qpny1 " Tpyq-
j=n+1
. . _ o0 (oo} k _ An41
Summing: R, = Gny1 + D 5y Cniitk < Gni1 Do Tig1 = Fr—

Application: This is useful for estimating how many terms are needed to approximate »_ a,, to a given
accuracy.

Master convergence test summary (exam reference)

Test Best for Pitfall

nth-term test Quick divergence check Cannot prove convergence

Integral Test f(n) with nice integral Must verify f is decreasing

Comparison Test Explicit inequality Wrong direction gives noth-
ing

Limit Comparison Asymptotic match Both series must have posi-
tive terms

Alternating Series (—=1)"b,, form Must verify b, decreasing
and — 0

Ratio Test Factorials, ¢” Inconclusive when p =1

Root Test n-th powers Inconclusive when L =1
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6 Power Series

6.1 Power series and radius of convergence (§6.1)

Definition 6.1: Power series and partial sums

Fix a centre zp € R and coefficients (¢,,),>0. A power series (about xg) is

o0
Z cn(T — x)",
n=0

with partial sums Sy(x) = S0, ez — x0)™.

Why “infinite polynomials”? A polynomial p(x) = ag+a;z+--+axz? is the simplest class of function
to evaluate, differentiate, and integrate. A power series generalises this by allowing infinitely many terms,
giving us the expressive power to represent transcendental functions (e, sinz, In(1+4z), ...) while retaining
the easy term-by-term algebra of polynomials. The price we pay is that we must track where the infinite
sum converges.
A useful mental model. Think of Sy (x) as the “Nth polynomial snapshot” of the full series. As N — oo,
more and more terms are included; the radius of convergence R tells you the region where these snapshots
settle down to a well-defined function. Outside |z — zy| > R the snapshots blow up.

A power series behaves like a polynomial inside its convergence region, but the region itself must be
determined. The key object is the radius of convergence R € [0, oc].

Theorem 6.1: Radius of convergence (interval form)

For the power series > ¢, (z — xo)", there exists R € [0, 0o] such that:
e it converges absolutely for |z — x| < R;
e it diverges for |z — zo| > R;

e when 0 < R < 0o, convergence at the endpoints o + R must be checked separately.

Why exactly three cases? At the centre x the series trivially converges (every term with n > 1 vanishes).
Moving away from xg, the terms |c, ||z — xo|™ grow or shrink depending on the interplay between |c,| and
|z — zo|™. If |c,| decays fast enough (e.g. ¢, = 1/n!), the series converges for all x (R = 00). If |c,| grows
too fast (e.g. ¢, = nl!), it diverges for every = # xy (R = 0). In between, there is a critical distance R where
the behaviour switches from convergence to divergence.

diverges convergence for |z — x| < R diverges
Fo" O
Q Q
To — R Zo To + R

Computing R in practice. Apply the ratio or root test to Y |c, ||z — xo|" and solve for |z — x|

Cn+1

e Ratio test route: Compute L = lim,,_, . Then R =1/L (with conventions 1/0 = oo, 1/00 = 0).

¢ Root test route: Compute A = lim,, ,o, {/|c,|. Then R = 1/A.
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Both methods give the same R whenever both limits exist.

Worked Example: finding R and the interval (Lecture Ex. 6.3)

o0 _1 n
Find the radius and interval of convergence of ,; ﬁ(x —1)"
Step 1 (Ratio test). Let a,, = %(x —1)™. Then
any1|  2n—1 |z —1] |z — 1|
an | 2n+1 2 noe 2

Convergence when ”32;1‘ <l ie Jz—1]<2,50 R=2.
Endpoints:

. é&ttx =3: (x —1)" = 2", so the series becomes > (2;12:, which converges by the alternating series
est.

e Atz =—1: (x —1)" = (—2)", so the series becomes , which diverges.

_1
2n—1

Therefore the interval of convergence is (—1, 3].

Worked Example: endpoint behaviour (Lecture Ex. 6.4)

x —3)ngn
Find R and the interval of convergence for Z (=3)"

T vn 1

1
—3lz] /2 3.
n+2 n-ooo

Converges when 3|z| < 1, ie. || < 3. So R = 3.
Step 2 (Endpoints).

Step 1 (Ratio test).

an+1
Qn

° = —%: series becomes ﬁ, which diverges (p-series, p = % <1).
e & = 1: series becomes ) E;an)T;’ which converges (AST: \/n;? } 0).

Interval of convergence: (—3, 1].

Common Mistake: forgetting that endpoints can go either way

The ratio/root test is inconclusive at |z —zo| = R. You must substitute each endpoint individually and
apply a separate convergence test (AST, p-series, comparison, nth-term test, ...). The four possible
shapes (), [), (], [] are all achievable.
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Exam Focus: a fast workflow for R

1. Identify the centre z( (from (z — x¢)").
2. Compute R via ratio/root test ignoring endpoints.
3. Test endpoints using quick divergence/alternating/comparison logic.

4. State both radius and interval clearly.

Exam Shortcut: radius from nearest singularity (Tutorial 12, Q1 Method 2)

For a Taylor series of an analytic function f centred at a, the radius of convergence equals the distance
from a to the nearest singularity (real or complex) of f.

e Inz at a = 2: singularity at x =0,s0 R=[2— 0| = 2.
e ¢?* at a = 3: entire function, so R = oo.

e /x at a = 16: branch point at z = 0, so R = |16 — 0| = 16.

1
Tx—13

B|=1
3| —

— 9. _ 13 _
ata—2.poleatx—7,soR—]2— o

This is not a formal exam method (it relies on complex analysis) but is a powerful quick check.

6.2 Representing functions by power series (§6.2)

A major use-case is to rewrite a function into a form where a known power series applies, then transfer the
convergence condition.

The big idea. We already know one convergent power series by heart — the geometric series. The
strategy of this entire section is: start from the geometric series, then adapt it using algebra (substitution,
multiplication) and calculus (term-by-term differentiation / integration) to represent new functions. Every
example below follows this pattern.

Theorem 6.2: Geometric series

For |z| < 1,

More generally, for constants A # 0 and B,

1 1 1 1 S /B\" .
A—B(x—xo)_A'l—g(x—xo)_A;<A> (= 20)",

valid when |5 (z — zo)| < 1.

Rewriting recipe (step by step). Given a rational function afﬁm:
1. Factor out the constant from the denominator so you have % . H%I

2. Recognise I = (-2a)
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3. Apply the geometric series with u = —gx.

4. The convergence condition is |u| < 1, i.e. |z] < %

Key Formula: “rewrite to geometric form” pattern

Aim to express f(z) as

f(z) = T—ul) so that f(x) = CZU(CL')" when |u(x)| < 1.

Then the inequality |u(z)| < 1 becomes your interval condition.

Worked Example: rational function to power series

Find a power series for f(z) =

about zy = 0 and its interval of convergence.

24
Rewrite:
3 _3 1 _3 1
24z 2 1+% 2 1-(-%)

Using Theorem 77,

3 3,y = 3(-1)"
2+:p_§;<_§) _; gntt L

valid when |—Z| < 1, i.e. |z| < 2. Thus the radius is R = 2.

Worked Example: expansion about a non-zero centre (Lecture Ex. 6.7)

. . . 1
Find a power series representation of
3xr +

Rewrite:
1 1

32+1 3(@@—1)+4

For |3(z —1)| < 1,ie |z —1]| <3,

1 1& /0 3z —1)\" & (=1)m3n .
srr=al o) = S =T

The interval of convergence is (—%, %) and R = %.
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Worked Example: substituting u = —2> (Lecture Ex. 6.6)

1
1422
Replace ¢ by —z? in the geometric series:

Express f(z) as a power series and find its interval of convergence.

! 1 s 2"—00 n,.2n
14 22 - 1— (—a?) :;(_l’) —7;)(—1) ™.

Convergence when | — 22| < 1, i.e. || < 1. So R =1 and the interval is (—1,1).

Sanity check. At n =10,1,2: 1 — 2%+ 2* — ---. Substituting z = 0 gives 1 = v

.
1+0°

Common Mistake: losing the convergence condition

It is not enough to write down the series; you must also state where it is valid. Always carry the
condition |u(z)| < 1 through your substitutions.

Building new series via calculus. The term-by-term theorem (Theorem 7?7 in §6.3 below) lets us
differentiate and integrate a known series to get a new series with the same radius R. Two standard
patterns:

e Differentiation: L1 = TP = Yoney na" ! for Jz| < 1.

Differentiating again: ;%55 = > ,2, n(n — 1)z" 2 for |z| < L.

e Integration: [—de=—-In(l—xz)=> ", % +C for |z < 1.
Setting C =0 (since In1 =0 at z =0) gives In(1 —z) = —-> " &

n=1 n *

n

Worked Example: tan~!z via integration (Lecture Ex. 6.10)

a:.2n+1
2n +1

n=0
Start from — = >"° (—1)"z*" (valid for |z| < 1). Integrate both sides from 0 to z:

1422
tan~'z = /I ! dt = i(—l)" /90 " dt = i(—l)” i
o 1+1¢2 2n+1°

n=0 0 n=0

Prove that tan™'z = Z(—l)" for |x| < 1.

The constant of integration is zero because tan™* 0 = 0. The radius remains R = 1 by Theorem ??.
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Worked Example: differentiating twice (Tutorial 11, Q5(b))

3
Find a power series for ( ) and its radius of convergence.

— X

3
Step 1. Rewrite: (ﬁ) - %_ (1_17)3.

Step 2. From ;— = ) u", differentiate twice:

Step 3. Substitute u = x/2 and multiply by z3/8:

3 o
x n+2\ "3
(2—x> :Z( 2 >2n+3’ ol < 2

n=0
So R =2.
e If f has lmear — use geometric series directly.
e If f has : differentiate the geometric series k — 1 times.

lmea (linear)® *
e If f involves In, tan™': integrate the geometric series (after a substitution).

e If f has an extra ™ factor: find the series for the rest, then multiply by z™.

Always state the convergence condition after each manipulation.

6.3 Taylor and Maclaurin series (§6.3)

Power series become especially structured when the coefficients come from derivatives of a function.

Definition 6.2: Taylor polynomial and Taylor series

Let f be (n+ 1) times differentiable near a. The nth Taylor polynomial of f at a is

k=0

If the infinite series converges, the Taylor series of f at a is

Z f(k) (z — a)".

When a = 0 this is called the Maclaurin series.
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Why these coefficients? A polynomial P, can be made to match f and its derivatives at a by enforcing
PO (@) = fF(a) (k=0,1,...,n).
f(k)(a)

Solving these n+1 matching conditions yields exactly the coefficients +—5=*. In other words, P, is the unique

degree-< n polynomial that shares the same “local data” (value, slope, curvature, .. .) as f at a.
Deriving the formula step by step (from the lecture notes). Suppose f(z) = ¢y +c1(z —a) + ca(z —
a)®>+ c3(x —a)®+--- for |r —a| < R.

e Setting z = a: f(a) = .
e Differentiating once and setting x = a: f'(a) = ¢;.

£ (a)
2l -

Differentiating twice and setting = a: f”(a) = 2¢a, S0 ¢ =

Differentiating three times and setting x = a: f"'(a) = 3!¢3, so ¢35 = f/;!a).

In general: f(a) = n!ec,, giving ¢, = f(:!(a)'

The factor k! in the denominator arises because differentiating (z — a)* exactly k times produces k! (by the
power rule applied repeatedly). This is why the Taylor coefficient formula has k! in the denominator — it
“undoes” the factorial that differentiation creates.

Theorem 6.3: Taylor’s theorem and remainder (Lagrange form)

Assume f has continuous derivatives up to order n + 1 on an interval containing ¢ and x. Then
f(z) = Pu(z) + R (2),

where P, is the nth Taylor polynomial at a, and there exists ¢ between a and x such that

f(n+1) c
Ra@) = Gy

(x —a)"*.

Why does the remainder look like that? Taylor’s theorem is fundamentally an iterated application of
the Fundamental Theorem of Calculus (FTC). Here is the key idea:

Base case (n =0): The FTC says

f@) = f@) = [ 7'w)du.

This is the remainder Ro(z) = [ f'(u)du — the difference between f(z) and the Oth Taylor polynomial
By(z) = f(a).

General case: Repeating integration by parts gives the integral form of the remainder:

Ry(z) = ;l/m(w - u)nf(n-‘rl)(u) du.

The Lagrange form then follows by applying the Mean Value Theorem for integrals: since (x —u)™ does not
change sign on [a, x|, there exists some ¢ between a and z such that

% :(m —u)" f" () du = f('“:‘)(c) /a””(x —u)"du = m(x —a)"t,
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Proof of the integral form via IBP (from lecture notes, Theorem 5). Define I, = & ["(z —
u)"” £+ (u) du. Use integration by parts with U = (””:!‘)n and V' = fFD (y):

1
(n—1)!

f™(a)

n!

(z —w)"

_ (n)
I, = py f (u)] ) +

/x(x — )" M (u) du = — (x—a)" + Iy

Rearranging: I, ; = %(m —a)" + I,,. Applying this recurrence n times starting from f(z) = f(a) + Io
yields
[ (a)

n!

f(@)=fla) + fla)(x —a)+---+ (z —a)" +1y,

P, (x)

proving R, (z) = L,.

Key Formula: Error bound for Taylor approximation

If |f+1(¢)| < M for all ¢ between a and x, then

M

R, (z)] < m

|z — a|™*.

This is the standard tool to prove R,(z) — 0 as n — oo for a fixed x.

Why % — 0 always. This fact, used in almost every “prove Taylor series equals f” problem, deserves
a short justification. Fix any real number r = [z — a|. For n > 2r, each new factor satisfies = < >1= < 1.

n+1 — 2r+1
So beyond that point, multiplying by halves the term each time, driving it to 0. More precisely,
pntl Fr2rl ) (l)n+1—]'2r‘\ 0

(n+1)! — [2r]! 2

Theorem 6.4: When a Taylor series equals the function

If lim R,(z) =0 for a given z, then
n—o0

T
n+1

® (0 (g
@) =3 @ 0yt

at that x. If this holds for all  in an interval, then the Taylor series represents f on that interval.
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Worked Example: proving e” equals its Maclaurin series (Lecture Ex. 6.12)

Step 1 (Series). Since f((z) = e for all n, we have f(™(0) = 1, giving the Maclaurin series > > ; £
with R = oo (by ratio test).

Step 2 (Remainder — 0). Pick any d > 0. For |z| < d, we have |f"*V(¢)] = e* < e?. So

d

e n
|Rn(ZL‘)| < m|$| s —0 asn— oo.

Since d is arbitrary, R, (z) — 0 for all x € R.

oo

2" for all .

Conclusion. By Theorem 77, ¢* =3 > | &

Worked Example: Maclaurin series for sinz and cosx

Using derivatives of sin x:
sinx, cosx, —sinx, —cosx, sinz, ...

At x =0:
sin0 =0, cos0 =1, —sin0 =0, —cos0=—1, ...

Hence the Maclaurin series is

) &9 p2ntl 3 25
Smx:;}(_l)m=$—§+§—“' (R = 00).

Term-by-term differentiation (justified by Theorem ?7 below) yields

& 2n 2 4

cosx:Z(—l)"én)!:1—%+%_... (R = o).

n=0

Proving sinz equals its Maclaurin series (Lecture Ex. 6.13). Since f"*V(z) = £sinz or £ cos,

we have |f("*D(z)| <1 for all z. The error bound gives |R,(z)| < li':; — 0. By the Squeeze Theorem,

R, (x) — 0 for all z, so the Maclaurin series represents sin  on all of R. The same argument applies to cos z
(or use term-by-term differentiation of the sinz series).

Common Mistake: “Taylor series exists” vs “Taylor series equals f”

Writing down ) %(az —a)® does not automatically mean it equals f(x). You must either:
e use Theorem ?? by showing R, (z) — 0 (often via the error bound), or

e identify it with a known series representation (e.g. reduce to sin, cos, e*, geometric).
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Exam Focus: proving R,(z) — 0 quickly

A standard pattern is:

e bound |f"*Y(¢)| < M by a constant (often 1, el or a simple maximum);

o apply |R,(2)| < i5le — al™*h
e conclude ‘””(:Lil:;l — 0 as n — oo (factorial dominates powers).

Worked Example: Taylor series at a # 0 via substitution (Tutorial 12, Q1(a))

Find the Taylor series for Inx centred at a = 2.
Key idea: reduce to a known Maclaurin series by substitution. Write z = 2 + (z — 2), so

—2
Inz =In(2+ (z —2)) =ln2+ln(1+xT>.

Let v = 232, Using In(1 +u) = 3207 (=1)"*" % for |u| < 1:

n=1

(z —2)"

Inz=In2 1)
nzr=1In —G—Z( ) o

n=1

, |z — 2| < 2.

So R = 2. (Alternatively: nearest singularity of Inz is x = 0, distance |2 — 0] = 2.)
Exam tip. The substitution method (reduce to a known Maclaurin series) is almost always faster than
computing f™(a)/n! by hand, especially for In, e®, and trig functions.

Worked Example: first three nonzero Maclaurin terms (Tutorial 12, Q3)

Find the first three nonzero terms of the Maclaurin series for:

(a) secx. Since secz is even, write secx = 1+ Az® + Bz* + O(2°). Use (secz)(cosz) = 1 and
cosr =1-— §+‘2”—z+0(x6):

2 4
1+ A2+ Ba")(1- % + 2 ) =1.
(1+ Ax® + Bz )( 5t 57
Matching 2: A—1 = 0= A= 1. Matchingz*: B—44+L =0= B = 5. Sosecz = 1+ 43 10(z%).
(b) €®In(1+4z). Multiply trunca;ted s;aries: e’ = 1+z+Z 42 +0(z') and In(14+2) = z— L+ 4+0(z*).
Collecting: e”In(l1+4+z) =z + % + Z + O(z").
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Theorem 6.5: Term-by-term differentiation/integration of power series

Let Y07, ¢u(z — xo)™ have radius of convergence R > 0. For |z — x| < R:

d o0 o0
1. (Differentiation) e Z cn(x —x0)" = Z nen (T — x0)" ', with the same radius R.
x
n=0 n=1

2. (Integration) /Z cn(T —x0)"dx =C + Z
n=0

Cn . .
1 (z — o)™ *!, with the same radius R.
n

n=0

Why does the radius stay the same? Differentiation multiplies the nth coefficient by n, and integration
divides it by n+1. Neither operation changes the growth rate of |c,| fast enough to alter R = 1/ limsup {/c,.|.
(Formally: {/n — 1, so limsup {/n[c,| = limsup {/]c,].)

Important caveat. The radius R is preserved, but endpoint convergence may change. For example, > %

converges at x = —1, but its derivative > 2"~ (the geometric series) diverges at © = —1. Always re-check
endpoints after differentiation or integration.

Key Formula: Important Maclaurin series (memorise for exams)

Function Maclaurin series Radius
1 o
" R=1
1—=x T;Ox
o0 xn
e Z ) R =
nO:OO x2n+1
sin © ZO(—I) antl) R =
’ﬂoz ;L,2n
CoS T Z(—l)” @n)! R =00
. nio; 21
tan™" x (=" R=1
TLO:OO 2n + 1
In(1 + z) Z(—l)"’l% R=1
n=1
k = k n
(1+z) Z L R=1
n=0

6.4 The binomial series (§6.4)

Motivation. The classical Binomial Theorem (a+b)" = "7 (:’) a™~"b' works only when n is a non-negative
integer (the sum is finite). What if n is a fraction like § (for square roots) or a negative integer like —1
(for reciprocals)? The binomial series answers this: it extends the expansion to any real exponent k, at the

price of becoming an infinite series that converges only for |z| < 1.
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Definition 6.3: Generalised binomial coefficient

For any real £ and non-negative integer n > 1,

(k) k(k—1)(k—2)---(k—n+1)

n n!
By convention ('S) = 1. When £k is a positive integer, this reduces to the usual ﬁ
Why this definition? The standard binomial coefficient (’Z‘) =5 (:ii)! only makes sense when n is a non-

negative integer (because of the factorials). The “falling factorial” form k=) (k=ntd) 1hakes sense for any

real k, because it only involves n factors in the numerator. When £k is a positi(tfe integer and n > k, one of

. . k . . . .
the factors in the numerator is zero, so (7)) = 0 and the series terminates (recovering the classical theorem).
For non-integer k, none of these factors is ever zero, so the series is genuinely infinite.

Theorem 6.6: The binomial series

If k is any real number and |z| < 1, then

(1+2)f = Z (i)x"

The radius of convergence is R = 1 (when k is not a non-negative integer).

Why R=17 Let a, = (:) ™. The ratio test gives

B |k — n|
on+41

an+1
ap,

[1—k/n|

|z =

So the series converges when |z| < 1 and diverges when || > 1, giving R = 1. Convergence at z = =+1
depends on the specific value of k.

Worked Example: binomial series for 1/y/4 — 2 (Lecture Ex. 6.18)

Rewrite: ] ] ys
- = (1 _ f) )
VI 4
Apply the binomial series with k& = — and substitute z — —%:
1 1& (~1/2\ / o\»
S “5Y g <4
Vi—x2 2 nZ:O < n > ( 4) |

Using (_2/2) = (_1)n'1'3'5"'(2"_1), the series simplifies to

27 nl
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Worked Example: cube root (Tutorial 12, Q5)

Find the Maclaurin series for f(z) = v/8 + x and its radius of convergence.
Rewrite: (8 + z)'/% =2(1+ %)1/3. Apply binomial series with k& = £ and u = £:

wa=2y (W) (E) wi<s

Explicitly:
r 2’ 513
I8 —94 2 _ 2 4 7" ...
e + 12 288 * 20736 *

The radius is R = 8 (the substitution u = x/8 requires |u| < 1, i.e. |z] < 8).

Common Mistake: wrong form for binomial series

The binomial series applies to (1 + x)*, not (a + x)* directly. You must first factor out the constant:

(a+ z)* = a* <1+§>k,

then apply the series with u = 2/a. The convergence condition becomes |z/a| < 1, i.e. |z| < |a].

Exam Focus: when to use the binomial series

Use the binomial series when you see:

e Square roots: /1 +z = (1+ x)'/2, ﬁ =(1+z)" V2

e Cube roots: ¥/1+x = (14 z)'/3.

e Negative integer powers: m =(1+x)"2

Always rewrite into the form (1 + w)* first, then state |u| < 1.

6.5 Finding limits using power series (§6.5)

Why use power series for limits? Some limits of the form lim,_, % are 0/0 indeterminate forms
that would require multiple rounds of L’Hopital’s rule. Power series provide a faster alternative: expand
numerator and denominator, cancel the leading power of z, and read off the limit directly. This is especially

efficient when the Maclaurin series are already known.
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Key Formula: series limit technique

To evaluate lim, o % (a 0/0 form):

1. Replace f(x) and g(x) by their Maclaurin series (keep enough terms).
2. Cancel the lowest common power of z from numerator and denominator.
3. Set x = 0 in what remains.

The number of terms you need equals the number of cancellations plus one.

Worked Example: series limit (Lecture Ex. 6.20)

er—1—=x

Evaluate lim
z—0 x2

Expand: e$:1+x+“§—i+§—?+~-'. Then

2 3
@ =l=m G-y T
2 2 2 6 =0 2

Worked Example: series limit with In (Tutorial 12, Q4(a))

Evaluate lim Ay — oL )
z—0 2

Use In(1 +u) = u — “72 + % + O(u*) with u = 2a:

In(1 + 2z) = 2z — 22° + $2° + O(a*).

Then
2¢ — In(1 + 2z) = 22° — §2° + O(a*),

2z — In(1 + 2z)
1-2

=2-%2+4+0@%) — 2

Worked Example: binomial series limit (Tutorial 12, Q4(b))

Vitz—1-1
Evaluate lim T 2:6.

z—0 x2
Use (14 )2 =1+ 1o — t2®> + O(z®). Then
Vidz—1-1x=—22+ O(z%),

so the limit is —%.
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Worked Example: lim,_,, -2 (Lecture Ex. 6.21)

1+z—e®
Expand:
z2 zt
1— — 7 4.
cosx 5 24+ g
I zz2 8
1 —et =1 (1 T =
+x—e +x —|—93+2+6+ ) 5 6
Divide: ,
l—cosz % +0(z*)  §+0(2?) 1/2 ]
l+z—e —240%) -L1+0(@) =0 -1/2° *

Summing numerical series by recognising a power series. A common exam question gives you a
numerical series and asks you to find its sum. The technique: identify the series as a known power series

evaluated at a specific x.

Worked Example: summing via standard series (Tutorial 12, Q6)

€9 71.2n—|—1
(a) Find ;(—1) m

This is Zfzo(—l)"% with z = 7/4, which equals sin(7/4) = \%
1 1 1
b) Find = =
(b) Find 775 ~ 373 T 5 5
Write it as 3°° (=1)" 22 — tan—1(1/2).

2n+1

Worked Example: Y n(n —1)/2" via generating function (Tutorial 11, Q6(b))

= n(n— 1
Find %
n=2

Step 1. From =, = 3", differentiate twice: =25 = >0, n(n — 1)z
. 2 o) n
Step 2. Multiply by z2: (12_$)3 => >, n(n—1)z"

Step 3. Substitute z = 1: % = % =4.

Exam Focus: series limits vs L’Hopital

e Use series when you know the Maclaurin expansions and the limit involves x — 0. For x — a # 0,
substitute h = x — a and expand in h.

e Use L’Hopital when the function does not have a convenient series expansion.

e Both methods can verify each other; in exams, series is usually faster.
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Extension (Beyond Syllabus: Fibonacci generating function — Tutorial 12, Q8)

Syllabus link: Chapter 6 — §6.2 Representing Functions by Power Series.

The function f(z) = —%— has Maclaurin series > -, f,2", where f,, is the nth Fibonacci number

l-z—x
(fl == f2 = ]-7 fn - fn—l + fn—2)-
Proof. Assume f(z) =>." a,a™. From (1 —z —z?)f(z) = z, equate coefficients: a; =1, a —a; =0
(so az = 1), and for n > 3: a,, — a,_1 — a,_» = 0. This is exactly the Fibonacci recurrence.

Binet formula. Factor 1 —z — 22 = —(z — a)(z — ) where a = #5, B = %‘F’ Partial fractions
give f(z) = \/Lg(l_w}a_l - 1_90} B—l)‘ Expanding as geometric series and comparing yields the Binet
formula: Y VB

1, 145 1-/5

2 2

V5

Extension (Beyond Syllabus: coefficient-ratio formula for R — Tutorial 11, Q2)

Syllabus link: Chapter 6 — §6.1 Power Series (Radius of Convergence).
Theorem. Suppose > - c,(z — a)” satisfies ¢, # 0 for all n, and L = lim,,_, P
R=1L.

Proof sketch. Fix z # a and set u,, = |¢,| |z — a|™ > 0. Then

exists. Then

|z — al

L

Up+1 _ |Crta] |m—a| _
U, |en]

By the ratio test:

o if [x —a| < L, then @ < 1, 80 Y u, converges and thus )" ¢,(z — a)™ converges absolutely;

lz—al

o if [t —al > L, then *Z* > 1, so }_ u, diverges and thus }_ c¢,(z — a)" diverges.

Therefore the radius of convergence is R = L.

Cn

has a clean

Why this matters (exam-safe). This gives a one-line radius computation when |-

n+1

limit, avoiding repeated ratio/root test algebra.
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Extension (Beyond Syllabus: Cauchy—Hadamard radius formula)

Syllabus link: Chapter 6 — §6.1 Power Series (Radius of Convergence).
Theorem (Cauchy—-Hadamard). For >~ ¢, (z — zo)", define

A :=limsup {/|c,| € [0, c0].

Then the radius of convergence is

1

R= =1 (with 1/0 = oo, 1/0c0 =0).

Proof (full working). Fix = and set r = |x — z¢|. Consider a,, = |c,|r"” > 0. Then

lim sup {/a,, = limsup({/|c,|r) = r - limsup {/|c,| = rA.
n—0o0

n—oo n—oo

By the root test:
o ifrA< 1, ie r< %, then > a, converges, hence the power series converges absolutely;
o ifrA>1,ie r> %, then > a, diverges, hence the power series diverges.

Thus the radius is R = 1/A.

Why this matters (exam-safe). It packages the radius computation into a single lim sup, and it
explains why ratio/root tests lead to the same R.

Extension (Beyond Syllabus: uniqueness of power series coefficients)

Syllabus link: Chapter 6 — §6.3 Taylor & Maclaurin Series (Power series representation).
Proposition. Suppose Y.~ c,(x — a)" converges for |x — a| < R with R > 0, and

ch(:v —a)"=0 forall|z—al<R.

n=0

Then ¢, = 0 for all n > 0.

Proof (inductive). Setting = a gives ¢, = 0. Subtracting ¢y and dividing by (z —a): >~ ¢, (x —
a)" ' =0 for 0 < |z — a] < R. By continuity of power series the sum is also 0 at x = a, giving ¢; = 0.
Repeating yields ¢, = 0 for all n.

Why this matters. It guarantees that the Taylor series of f at a is the only power series representation
of f near a. If you find any power series equal to f, its coefficients must be % This is why the

substitution method (e.g. reducing Inz to In(1 4 u)) and the direct derivative method must give the
same answer.
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Extension (Beyond Syllabus: radius under z — 2> — Tutorial 11, Q3)

Syllabus link: Chapter 6 — §6.1 Power Series (Radius of Convergence).
Proposition. If 3 ¢,z" has radius R, then 3 ¢,22" has radius v/R.
Proof. Let y = 22. Then Y. ¢,2?" = 3 ¢,y", which converges iff |y| < R, i.e. |2?| < R, i.e. |z| < VR.
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A  Formula & Key Results Reference

Chl: Definite integrals, FTC, substitution, improper integrals
FTC / Leibniz / MVT (use: evaluate or differentiate integrals)

FTC T (use: differentiate / Y feClal, Flz) = / Cfydt = F'(2) = f(a).

b
FTC II (use: evaluate definite integrals): f € Cla,b], 3F s.t. F' = f = / f(z)dx = F(b) — F(a).

d h(z) d h(z)

Leibniz, variable limits (use: o y: feC, ghelC — f@)dt = f(h(z)h'(z) — f(g(2))g (x).
L Jg(a) L Jg(z)

Leibniz, integrand depends on x (use: parameter inside integrand): F,d,F cont, g,h € C*,

h(z) h(x)
d% Fa,t)dt = Fa, h(z))W (@) — F(z, g(2)g'(x) + | 0, F (1) dt.

g(z) g(z)

b
MVT for integrals (use: average value / existence): f € Cla,b] = Jc € (a,b): / f(x)dx = f(e)(b— a),
I '
favg = b—a/ f(l') dl‘, ElC : f(C) = favg-

u-substitution (use: “inner” + missing derivative)

u=g@) (), du=g@drs [ flg@)g @) dz= [ flu)du

b g(b)
Definite form (use: change bounds): g€ C'[a,b], f cont on range(g), / flg(x)g (x)de = f(u) du.

g(a)

Improper integrals (use: oo bounds or vertical asymptote)

[e*S) t b b
Type I (infinite interval): / f:=lim / 7, / f:= lim f
a t—o0 a o t——o00 t
b b
Type II (blow-up at endpoint): / f= lim+/ f (f » oo at a™), similarly at b~ ;
a t—a t
b c b
if singular at ¢ € (a,b) : / f= / f +/ f (both limits).
a a - (& L
p-tests (use: compare to powers): / x Pdx conv< p > 1; / " Pdx conv < p < 1.
1 0

Comparison (use: positive integrands): 0< f <g, /g conv = /f conv; 0<g<f, /g div = /f div.
f

Limit comparison (use: asymptotic match): f,g >0, lim = =c € (0,00) = /f, /g same conv/div (a = 0o,
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Ch2: Applications of integration (setup templates)
Area (use: region in zy-plane)
wart. z: A= / (Yrop(2) — Ynot(z)) dz (split at intersections).
d
w.or.t. y: A= / (:Eright(y) - $1eft(y)) dy.
y=c

Volumes (use: solids; choose washers vs shells)

Slicing: V:/A(x) dx or V:/A(y) dy

Washers/disks about y =k (L axis): V = 7T/b (Rout(az)2 — Rin(x)z) dx,
R = I — kl, P = I — Kl a

Washers/disks about © =k (L axis): V= /d (Rout(y)2 - Rin(y)2> dy,
Row = ’xright — k|, Rin = |Z1ere — K. C

b
Shells about z =k (|| axis): V = 271/ r(z)h(z)dz, r=|r—kl, h=Yiop — Ybot-

d
Shells about y =k (|| axis): V = 271/ r(y)h(y)dy, r=y—k|, h=Tugnt — Tiett-

Arc length / surface area (use: curve length / area of revolution)

Arc length y = f(z): f' cont on [a,b], L = /b 1+ (f(x))?de.
Arc length x = g(y): ¢ cont on [c,d], / /1 y))?dy.
Surface area about y =k, y = f(z): S = 27r/ |f(z) —E|\/1+ (f'(x))?dx.

Surface area about x =k, z = g(y) = 27?/ lg(y +(9'(y))? dy.

Work / fluids (use: slice = density x area x distance)

b
Work (1D force): W :/ F(z)dx
’ b
Spring (Hooke): F =kzx = W:/ kx dz.
Pumping (vertical slices at height y): dW = pgA(y) D(y)dy, W = /dT/V.

Hydrostatic force (vertical plate): p(y) = pgh(y), dF = p(y) w(y) dy, F = /dF.
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Ch3: Techniques & numerical integration

Integration by parts (use: product; reduce algebraic degree)

Indef: /udv = uv — /v du.

b b
Def: / udv = [uv]i—/ v du.

Trig integrals / trig substitution (decision rules)

/Sinm zcos"xdr: nodd = u=sinz; m odd = u=cosz; both even = (see formula sheet).
/tanmxsecnxdx : neven = u=tanz; m odd = u = secz.

Trig-sub mapping (use: radicals): Va? —2? =z =asinf; Va®+ 22> =z = atanf; Va? —a? = z = asech.

Partial fractions (use: rational P/Q); do long division if deg P > deg Q)

S P(x) Ai
Distinct linear: L (aiz + b)) - Z a;x+b;
R t d l_ ( + b)7 r Ak
epeated linear (ax : (ar - b)F
p —~ (ax +b)*
T A B
Irreducible quadratic (az® + bz +¢)" : ; (az? kj;;t -I-kc)k'

Fast split for quadratic: Az + B = A\(2az +b) + u = Xln(az® + bz + ¢) + (arctan term; see formula sheet).

Numerical rules + error (use: approximate fab f)

Let Ax = =% 2, =a+ iAx.

n n n T + x;
L,=)Y flxi-)Az, R,=>Y_ f(z)Az, M,=) :f<12> Az,
i=1 i=1 1=1

Az = L,+R,
T, = 5 (Flao) +2)° f@) + flan)) = 2=,
i=1
Az
Su= S (Flao) +4 Y J@)+2 Y fla) + f(2a) (neven).
1<i<n—1 2<i<n—2
i odd i even
Error bounds (need smoothness):
" " K(b — a’)3 K(b — CL)3
< : < —FF < —
fleont, [fY < K: o |Br| < — o5 [Bu| < —5 1
K(b—a)’
4 4 :
f@ cont, |f@| < K (neven): |Es|< T

Over /under-estimate cues:

b
f1 L, g/ f <R, (reverseif f]), f">0:1T,> /, M, §/ (reverse if [ < 0).
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Ch4: Sequences & series (definitions + core tests)

Sequences (use: limit / monotone bounded)

a, > L <= Ve>03IN: n>N =|a, — L| <e, a,, monotone & bounded = a,, converges.

Series basics (use: partial sums + remainder)

ian converges < S, ::iak%SGR, R,:=5-5,= i a,.

n=1 k=1 k=n-+1

Necessary condition: ) a,, convergent = a, — 0 (not sufficient).

Geometric / p-series (high frequency)

> a =1
"= < 1) else di , — & p> 1.
;ar T (|| ) else diverges nz::l — Conv & p

Convergence tests (applicability cues)

Assume a,, > 0 when required.

Comparison (use: 0 <a, <b,): an conv = Zan conv; Zan div = Z b, div.

a”L
Limit comparison (use: asymptotic match): a,,b, > 0, lim 5. = ¢ € (0,0) = Zan, Z b, same.

n

Integral test (use: a, = f(n), fl, f>0): Zan conv @/ f(z)dx conv,
1

n=1
0o

/ <R, < / f (remainder bound).
n+1 n
Alternating (Leibniz; use: (—1)"b,): b, ], b, - 0= Z(—l)”bn conv, |R,| <b,i1.

Absolute vs conditional (use: take abs): Z |a,| conv = Z a, conv (absolute); else may be conditional.

Ratio (use: factorial/exponential): L = limsup o+l

;L<1:>Zanabsconv, L > 1= div.

n

Root (use: n-th powers): L = limsup {/|a,|; L < 1= abs conv, L > 1= div.

Ch5: Taylor / Maclaurin polynomials (approximation)

Definitions (use: local approximation near

2)

"R (g
T.(x) = Z / k'< )

k=0

(x —a)*, Maclaurin: a = 0.

Taylor’s theorem (Lagrange remainder; need f"*!) cont near a):

_ ()

f(z) =T,(z) + R.(x), R,(z) = e (x —a)™! for some & between z, a.
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Error bound (use: |f"*Y| < M on interval between a and x):

M n
|R,(7)] < mm —al"t

Common Maclaurin expansions: (see formula sheet).

Ch6: Power series (radius/interval + termwise ops)

Definitions & radius/interval workflow (use: ratio test)
Z co(x —a)®  (power series about a), converges for |z — a| < R, diverges for |z — a| > R.
n=0

Compute R via ratio test (typical):

)n+1 CnJrl

Cn,

Cnii(x—a

cn(z —a)?

Endpoints = a + R: test separately (often comparison / alternating / integral test).

= lim sup “lx —al, L(z)<1= conv.

n— oo

L(z) = limsup

n—oo

Term-by-term differentiation/integration (use: inside radius)

For |x —a|] < R,

d - n __ - n—1 - n _ o Cn n+1
%;cn(l‘ a) —;ncn(x a)" /;cn(x a) d:c—C—i—;On_i_l(x a)™ 1,

with the same radius of convergence R (check endpoints separately after integrating/differentiating).
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B Notation

Symbol Meaning Where / typical use
/ f(z)dx Indefinite integral / antiderivative F'(z) = f(x)  Find families of primitives; IBP, u-sub,
PF
b
/ f(z)dx Definite integral (net area) FTC II evaluation; area/volume/work
a templates
t (dummy var.) Placeholder variable in integrals/series FTC L F(z) = [ f(t)dt
u=g(x) Substitution variable u-sub: match du = g¢'(z)dx; change
bounds in definite form
o0
/ I ffoo f Improper (Type I) as limits of proper integrals Convergence via p-test, comparison,
a limit comparison
b
/ fy f — ocatend- TImproper (Type II) limit at singularity Split at interior singularities; evaluate by
a, limits
point
fave Average value ﬁ fab f MVT for integrals; average-value prob-
lems
A Area Area between curves: A = [(top —
bot) dz or [(right — left) dy
14 Volume Washers/shells/slicing formulas
L Arc length L=[\/1+(f)dzor [/1+(¢)*dy
S Surface area of revolution S = [ 2m(radius) ds
W Work W = [F(z)dz; fluids: dW =
pg A(y)D(y) dy
0, g Density / gravitational accel. Hydrostatic force, pumping work
> an Infinite series Convergence tests; compare to geomet-
ric / p-series
Sp=>r_ ak Partial sums > a, converges iff S, — S
Series sum (if convergent) S = lim, o Sp
R,=5-S, Remainder (tail) Error estimate; alternating: |R,| < by1
—, lim Convergence / limit a, — L, S, =S
> |an] Absolute series Absolute vs conditional convergence
~ Asymptotic equivalence: f~¢g < f/g—1 Limit comparison for integrals/series;
simplify large-n behavior
O(g(z)) Big-O: |f]| < C|g| near point / co Error bounds, asymptotic estimates,
test setup
o(g(z)) Little-o: f/g — 0 Sharper asymptotics; remainder com-
parisons
o0
Z en(z—a)” Power series about a Radius/interval of convergence;
n=0 termwise ops
R Radius of convergence Usually from ratio/root test
10C Interval of convergence (a — R,a + R) plus endpoint checks
T, () Taylor polynomial degree n about a Approximation; series generation
R, (x) Taylor remainder Lagrange form; error bounds
n! Factorial (n-(n—1)---1; 0l =1) Taylor coefficients; ratio test with facto-
rial terms
(Z) Binomial coefficient Wik)' Binomial expansions; series manipula-
tions
= Numerical approximation Taylor / numerical integration approxi-
mations
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C

Exam & Assessment Information

Assessment Breakdown (Course-Specific Summary)

Assignment 1: 5% (released Week 4; due late Week 7).

Wooclap class participation: 5% (full marks typically requires meeting a completion threshold across
in-class activities).

Midterm test: 20% (Week 8).
Assignment 2: 10% (released Week 9; due mid-semester).

Final exam: 60%.

Midterm / Final Notes (Placeholders for Personalisation)

Bring writing instruments, student card, and any permitted materials.
Timing strategy: allocate time per question; reserve a buffer for checks.

Show working clearly; make substitutions and limit steps explicit.

Allowed Reference Sheet Reminder

You are allowed one double-sided A4 reference sheet with handwritten or typed text.

Do not attach sticky notes/post-its to the sheet.

Revision Checklist

I can set up a definite integral correctly (bounds, variable, integrand).

I can choose between substitution vs. integration by parts vs. partial fractions.
I can classify an integral as improper and apply the correct limit definition.

I can distinguish sequence vs. series and use an appropriate convergence test.

I can compute an interval of convergence for a power series and test endpoints.
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