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Overview

e Source paper: NTU AY2024,/2025 Semester 2 MH1201 Linear Algebra II Final Examination.

e Solution style: the simplest direct computational solution is kept as Method 1; structural
and theorem-heavy solutions are added as Method 2 onward.

e Each method is written as a standalone solution and is separated according to the original
subparts, labelled (a), (b), etc.

e Page breaks are inserted before every solution, before Method 2 onward, and before every
marking scheme.

e Main themes: nilpotent operators on polynomial spaces, diagonalisation by eigenbasis de-
composition, matrix-induced inner products, Gram—Schmidt, Fourier coefficients, Frobenius
isometries, and symmetric/skew-symmetric orthogonal decompositions.
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Question 1 (20 Marks)

Problem

Let D denote the derivative linear transformation from Py(R) to itself. Let I denote the identity
linear transformation from Py(R) to itself.

(a) Compute the standard matrix representation of D? + D + I.
Note: Recall that the standard ordered basis for Py(R) is (1, X, X?).

(b) Using your response to Part (a), explain why D? + D + I is invertible on Py(R).

Note: Do not perform any hard computations for this part.

(c) Using your response to Part (a), derive an explicit formula for (D* + D + I)~1.

Note: Your formula must be expressed in terms of polynomials in its final form.

(d) Therefore, determine all P € P5(R) such that

P'+P +P=-2+3X—-5X2
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Solution

Method 1: Direct Standard-Matrix and Coefficient Computation

(a) Let the standard ordered basis be

o= (1,X,X?).
We compute the action of D, D?, and I on the basis vectors. Since

D(1) =0, D(X) =1, D(X?) = 2X,

010
DIZ= 10 0 2
0 00
Also
D*(1) =0, D*(X) =0, D*(X?) =2,
SO
0 0 2
[D}2=10 0 0
0 00
Therefore ~ ~
1 1 2
[D*+D+172=10 1 2
_0 1_
Hence
1 1 2]
D+ D+17=10 1 2
_0 1_

The standard matrix representation obtained in Part (a) is

A=[D*+D+1]] =

O O =
=N N

1
1
0
This matrix is upper triangular with nonzero diagonal entries 1,1, 1. Therefore
det(A)=1-1-1=1#0.
Equivalently, A has full rank:
rank(A) = 3 = dim Py(R).

Hence the standard matrix representation is invertible. Therefore the linear map D?+D+1
is invertible on Py(R).

‘DQ + D -+ I is invertible. ‘
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(c)

Let
Q(X) = a+bX +cX? € Py(R).

We seek

P(X)=a+ X +vX?
such that

(D*+ D+ I)(P) = Q.
Since

P'(X)=08+27X, P"(X) =27,

we get

(D*+D+ ) (P)=(a+B+27)+ (B+27)X +7X°
Equating this with a + bX + cX? gives
y=¢  B+2y=0b,  a+pf+2y=a

Hence
v =c, B =0b-2c, a=a—>h

Therefore the inverse is

(D*+D+1)" a+bX +cX?) = (a—0b)+ (b—2c)X + cX>.

Equivalently, if @) € Py(R), then this is the same as
(D*+D+1)7H Q) =Q-Q"

We need to solve
(D*+D+1I)(P)=—-2+3X —5X°

In the formula from Part (c), take

Then
(D2 + D+ 1) (—2+3X —5X?%) = (—2—-3)+ (3 —2(=5))X + (—5) X~

Hence

P(X)=-5+13X —5X>.
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Method 2: One-Round Polynomial-Coefficient Map Computation

(a)

Let
f(X)=a+bX +cX?
Then
f(X) =b+2cX, 1(X) = 2c.
Hence

(D*+D+D(f)=f"+F+f=(a+b+2c)+ (b+20)X +cX?
Therefore, relative to the standard ordered basis o = (1, X, X?),

a a+b+2c 1 1 2| |a
bl — b+ 2¢ =10 1 2
c c 0 01
Thus
11 2
[D*+D+12=10 1 2
0 01
The matrix
11 2
01 2
0 0 1

is upper triangular with nonzero diagonal entries. Hence its determinant is the product of
its diagonal entries:
1-1-1=1#0.

Therefore it has full rank and is invertible. Hence D? + D + [ is invertible.

‘DQ + D + I is invertible. ‘

Let the input polynomial be
q¢(X) =a+bX +cX?
From Part (a), if

(D*+ D+ I)(a+ BX +vX?) =a +bX + cX?,

then
v =c, B =b-2c a=a—b.
Therefore
(D*+D+1)" a+bX +cX?) = (a—0b)+ (b—20)X + cX>.
Substituting a = —2, b = 3, and ¢ = —5 into the inverse formula gives
P(X)=(-2-3)+(3—2(=5))X —5X*>.
Therefore

P(X)=—5+13X —5X>.
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Method 3: Nilpotent Geometric-Series Theorem

(a) In the standard basis o = (1, X, X?), the derivative operator satisfies

1
0
0

S NN O

Thus
11 2
[D*+D+17=I1+[D]5+[D*)7=||0 1 2
001

(b) Let

A=D*+D+1=1+D+ D%
Since D? = 0, we have
(I+D+D>»(I-D)=1-D+D-D*+D*-D*=1.
Similarly,
(I-D)(I+ D+ D?*=1.

Therefore
At=71-D.

Hence A = D? + D + [ is invertible.

‘DQ + D + I is invertible.

(c) Let
Q(X)=a+bX +cX*

From Part (b),
(D*+D+1)'=1-D.

Hence
(D*+D+1)7HQ)=Q - Q.
Since
Q'(X) =b+ 2cX,
we obtain

QX)—-Q'(X)=(a+bX +cX?) — (b+2cX)=(a—b)+ (b—2c)X + cX>.

Therefore

(D> 4+ D+ 1) a+bX +cX?) = (a—0b)+(b—2c)X +cX?
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(d) Let
Q(X)=-2+3X — 5X°2.
Then
P=(I-D)Q=Q-Q.
Since
Q’(X) =3— 10X,
we obtain
P(X)=-2+3X-5X?>—-(3—-10X) = -5+ 13X — 5X~.
Hence

P(X)=-5+13X —5X>.



https://qrsntu.org

MH1201 Linear Algebra II — Final AY24-25 QRSQNTU

Method 4: Upper-Triangular Recursion Theorem

(a)

For
P(X)=a+bX +cX?,

we compute
P'(X)=b+ 2cX, P"(X) = 2c.

Therefore
P'+P +P=(a+b+2)+ (b+2c)X +cX>

Relative to o = (1, X, X?), the coordinate vector [P, = (a,b,c)T is sent to

a+b+2c 1 1 2| |a
b+ 2c =10 1 2| |b
c 0 0 1 c

Hence

e}

11 2
[D*+ D+ 1] = 1 2].

The coordinate formula is triangular:
(a,b,¢) = (a+b+2¢,b+2¢c,c).

The last output coordinate is exactly ¢, the second output coordinate determines b once ¢
is known, and the first output coordinate determines a once b, ¢ are known. Equivalently,
the standard matrix is upper triangular with all diagonal entries nonzero, hence has full
rank. Thus the map is invertible.

‘D2 + D + I is invertible.

Given
Q(X)=a+bX +cX?

solve
(@+B+27)+(B+29)X +7X? =a+bX + cX?

Equating coefficients from highest degree to lowest degree gives

v =c, B =0b-—2c, a=a—b.

Therefore
(D> +D+1)" a+bX +cX?) = (a—0b)+ (b—2c)X + cX?
For
—2 43X —5X?,
we have a = —2, b = 3, and ¢ = —5. Hence
v = -9, f=3—-2(=5)=13, a=—-2—-3=-5.
Therefore

P(X)=-5+13X —5X>.
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Marking Scheme

Part (a), 5 marks: correct matrices for D and D?, and correct final matrix for D* + D + I.

Part (b), 4 marks: identifies upper-triangular form or nonzero determinant, and concludes
invertibility.

Part (c), 6 marks: derives the inverse formula either by coefficient comparison or by D? = 0;
final formula must be polynomial-valued.

Part (d), 5 marks: applies the inverse to the given polynomial and obtains —5 + 13X — 5X?2.

10


https://qrsntu.org

MH1201 Linear Algebra II — Final AY24-25 QRSQNTU

Question 2 (30 Marks)
Problem
Define a linear transformation 7' € L(Py(R)) as follows:

VP € Py(R) : T(P) = P(0) + P(1)(X + X?).

(a) Compute the standard matrix representation of 7.
Note: Recall that the standard ordered basis for Py(R) is (1, X, X?).

(b) Using your response to Part (a), compute all the eigenvalues of 7'
(
(d

(e) Therefore, compute T1°(1 + 2X + 4X?).

)

c¢) Using your response to Part (b), determine all the eigenspaces of T'.
) Using your response to Part (b) or Part (c), explain why 7" is diagonalizable.
)

11
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Solution

Method 1: Direct Matrix, Eigenvalue, and Eigenvector Computation
(a) Let
P(X)=a+bX +cX*.

Then
P(0) = a, P(l)=a+b+ec.

Therefore

T(P)=PO)+P1)(X+X)=a+(a+b+ec)X + (a+b+c) X2

Thus, relative to the standard ordered basis o = (1, X, X?),
a a 1 0 0f |a
bl — la+b+c| =1 1 1| (b
c a+b+c 1 11
Hence
1 00
72 =1[1 1 1
1 11
(b) Let
1 0 0]
A== |11 1
111
Then
1—A 0 0
A— )N = 1 1—A 1
1 1 1—=A
Expanding along the first row gives
1—=A 1
det(A—)\[)—(l—)\)det[ 1 1_)\].

Hence
det(A— X)) = (1= ((1=X)?=1)= (1 =X\ -2).

Therefore the eigenvalues are
0,1,2.

(c) We solve for each eigenvalue.
For A = 0, solve A(a,b,c)" = 0:

a =0, a+b+c=0.
Therefore a = 0 and ¢ = —b, so
Ey = span{X — X?}.
For A = 1, solve (A — I)(a,b,c)" = 0. This gives

a+c=0, a+b=0.

12
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Hence b = —a and ¢ = —a, so

E; =span{l — X — X?}.

For A\ = 2, solve (A — 2I)(a,b,c)T = 0. This gives

Hence
E, = span{X + X?*}.

Therefore

Ey =span{X — X?}, FE; =span{l — X — X?}, FE, =span{X + X°}.

Since T" has three distinct eigenvalues on the 3-dimensional vector space P2(R), it has
three linearly independent eigenvectors. Therefore T' is diagonalizable.

‘T is diagonalizable. ‘

Decompose
1+2X +4X? =a(l — X — X?) + B(X — X?) +y(X + X?).

Comparing coefficients gives

a=1, —a+p+v=2, —a—[F+y=4.
Thus
SO
6:_17 ’7:4
Hence

142X 44X2=(1-X - X)) — (X - X?) 4+ 4(X + X?).
Applying T gives

™1 -X-XH=1"1-X-X)=1-X - X?

(X — X?) =0"(X - X?) =0,

and
TYOX + X?) = 2"(X + X?) = 1024(X + X?).
Therefore
T 4+2X +4XH) =1—- X — X? +4-1024(X + X?).
Hence

T(1 +2X +4X?%) =14 4095X + 4095X>.

13
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Method 2: Range-Kernel Decomposition Theorem
(a) Let
v=X+ X2
Then
T(P)=P(0)+ P(1)v.

Applying this to 1, X, X? gives
T(l)=14w, T(X)=wv, T(X?) =w.

Therefore
1 00
T2 =1 1 1
1 11
(b) The range of T is contained in
U := span{l,v}.

On U, with ordered basis (1,v), we have
T)=1+v, T)=T(X+X?) =2uv.
Thus
Tl = |1 o)
Hence T'|y has eigenvalues 1 and 2. Also
null(T) = {P € P(R) : P(0) =0, and P(1) = 0}.
A nonzero polynomial in this nullspace is
X — X2

so 0 is also an eigenvalue. Therefore the eigenvalues of T" are

(c) The 0-eigenspace is the nullspace:
Ey = null(T) = span{X — X?}.
For the eigenvalue 1, solve inside U = span{1,v}:
T(a+ ) =a+ (a+ 27)v.

If this equals a + yv, then
a+2y =7,

so v = —«a. Hence
B, = span{l — v} = span{l — X — X?}.

For the eigenvalue 2, we need
a+ (a+2y)v = 2a + 2yv.

Hence a = 0, and so
E, = span{v} = span{X + X?}.
Therefore

Eo =span{X — X?}, FE;, =span{l — X — X?}, FE, =span{X + X?}.

14
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(d) The three eigenspaces contain nonzero eigenvectors belonging to three distinct eigenvalues.
Therefore those eigenvectors are linearly independent. Since dim Py(R) = 3, they form a
basis. Hence T is diagonalizable.

‘ T is diagonalizable. ‘

(e) Using the eigenbasis found in Part (c), write
T4+2X +4X2=(1-X - X?) — (X = XH) +4(X + X?).
Therefore
TY1 +2X +4X%) =11 - X — X?) - 010(X — X?) +4- 210X + X?).

Since 10 > 0, the 0'° term is 0. Hence

T(1 +2X +4X?%) =1+ 4095X + 4095X>.

15
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Method 3: Spectral Projector Theorem
(a) As before, from

T(1) =1+ X+ X2, T(X)=X+X? T(X?) =X+ X2

we obtain

(b) The characteristic polynomial is
det([T] = A) = (1 = M)A(A —2).

Hence the eigenvalues are

(c) Since the eigenvalues are distinct, the spectral projectors are

(r-nr-2) 1
o= "G —a = 3~ DT 2D,

A2}
I, = m —T(T — 21,

™nr-1) 1
2-0)(2—-1) 2
The ranges of these projectors are the corresponding eigenspaces. Applying the direct
computations from the projectors gives

I, = T(T - I).

range(Ily) = span{X — X?},

range(Il;) = span{l — X — X?},
range(Ily) = span{X + X°}.

Hence

Ey =span{X — X?}, FE; =span{l — X — X?}, FE, =span{X + X?}.

(d) Because the characteristic polynomial splits into three distinct linear factors, the minimal
polynomial also has no repeated root. Therefore 7" is diagonalizable.

T is diagonalizable.

(e) Let
P=1+2X+4X2

The spectral decomposition is
P =1I,P+ 1P + 1L, P.
We compute

MP=1-X-X2 ILP=4X+X?, IhP=—(X-X?).

16
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Therefore
TP = 0TI, P + 1'°T1, P + 2'°TL, P.

Since 10 > 0, this becomes
TP =1-X — X*+1024 - 4(X + X?).

Hence

T +2X +4X?%) = 1+4095X + 4095X°.

17
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Marking Scheme

Part (a), 5 marks: correctly evaluates T on 1, X, X? and forms the matrix.

Part (b), 6 marks: computes the characteristic polynomial and identifies eigenvalues 0, 1, 2.
9 marks: solves each eigenspace accurately.

e Part (d

(b),
e Part (c),

(d), 4 marks: explains diagonalizability using distinct eigenvalues or an eigenbasis.

(e),

e Part (e), 6 marks: decomposes the polynomial into eigenvectors and applies T'° correctly.

18
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Question 3 (30 Marks)

Problem

Define a function (-,-) : R®! x R¥ — R as follows:

1
Vo,y € R : (z,y) =2z [0
1

S NN O

Let o denote the standard ordered basis for R3!.

(a) Verify that (-, -) satisfies the axioms for an inner product on R3!.
(b) Apply Gram-Schmidt to ¢ to obtain an orthonormal basis 3 for (R*!, (-, -)).

(c) Determine the g-Fourier coefficients of

with respect to (R>!, (- -)).

19
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Solution
Let
1 0 1
H=1[0 20
1 0 2
Thus
(z,y) = a" Hy.

Method 1: Direct Axiom Check and Gram—Schmidt Computation

(a) We verify the inner product axioms.

Linearity in each variable. For a,b € R and z;, 29,y € R3!,
(azy + bxo,y) = (azy + bay) "Hy = ax] Hy + bag Hy = a (x1,y) + b (s, 7).

Similarly,
(z,ay1 + bya) = a (z,y1) + b(z,y2) .

Symmetry. Since H' = H, we have
(z,y) =2 "Hy = («"Hy)" =y "H & =y He = (y,z).
Positive definiteness. For z = (7,79, 73)T,
(z,2) = " Hr = 27 + 23123 + 275 + 273,
Completing the square gives
(x,7) = (z1 + 23)° + 225 + 73.
This is nonnegative. If it equals 0, then
1 +x3 =0, To =0, x3 =0,
which implies 1 = x5 = 3 = 0. Hence
(x,z) >0 forall x #0.

Therefore

(-,-) is an inner product on R*',

(b) Let

1 0 0
€1 = 0 ) €2 = 1 ’ €3 = 0
0 0 1

Since (e;, e;) = H;;, we have
<61761> - 17 <61762> - 07 <617€3> = 1,

<62, €2> = 2, <€2, €3> = 0, <€3, €3> = 2.

Gram—Schmidt gives
u;y = €.

20
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Since (eq,e9) =0,

U9y = €9.
For the third vector,
Uz = €3 — <UI763> 1 — <U2763> U9 =— €3 — €71.
<U17 U1> <U2, U2>
Thus
-1
Uz = 0
1
The norms are
Jusl] =1, Juz|| = V2, Jus|| = 1.
Hence an orthonormal basis is
1 1 0 -1
ﬁ = 0 y T = 1 ) 0
0 V2 0 1
(c) Let
1
v= |2
3

Since 5 = (1, B2, B3) is orthonormal, the Fourier coefficients are

G = <6Za U> .
First compute
1 0 1|1 4
Hv=1(0 2 0| |2]| = |4
1 0 2113 7
Therefore
c1 =e Hu =4,
1\ 4
Co (E62> Hv = E = 2\/5,
and
cs=(es—e)) Hv=T7—4=3.
Hence

(c1,c9,03) = (4,2\/§7 3).

21
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Method 2: Sylvester Criterion and Gram-Matrix Theorem

(a) The theorem used is: if H is symmetric positive definite, then (x,y) = 2T Hy defines an

inner product on R".

The matrix H is symmetric because

Its leading principal minors are

and

1 01 11
As=det |0 2 0 :2det[ }: > 0.
1 0 2

By Sylvester’s criterion, H is positive definite. Therefore 27 Hy defines an inner product.

(-,+) is an inner product.

The Gram matrix of the standard basis under this inner product is H itself, because

(ei,e;) = Hij.
Therefore
(e1,e1) =1, (e1,e3) =0, (e1,e3) =1,
(€9,€9) =2, (e9,e3) =0, (e3,e3) = 2.
Hence Gram—Schmidt gives
up = ey, Uy = €3, Uz = e3 — €.

Normalising gives

For
1
v= (2|,
3
the Gram-matrix method gives
4
Hv= (4
7
Hence
(e1,v) =4, <62/\/§, U> = 2V/2, (€3 — e1,v) = 3.
Therefore

(c1,ca,03) = (4,2V/2,3).

22
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Method 3: Cholesky Whitening Theorem
(a) Observe that

1 0
H =R'R, R=10 2
0 0

=

Therefore
(z,y) =2 Hy =2"R"Ry = (Rz) - (Ry).

Thus the given inner product is the ordinary Euclidean dot product after the invertible
change of variables
x — Rzx.

Since R is invertible, Rx = 0 implies x = 0. Hence
(x,2) = (Rz) - (Rw) = || Rz|)3 > 0,

with equality if and only if = 0. Bilinearity and symmetry follow from bilinearity and
symmetry of the Euclidean dot product. Therefore

(-,+) is an inner product.

(b) The whitening identity
(z,y) = (Rz) - (Ry)

means that applying Gram—Schmidt to {eq, ez, ez} under (-, ) is equivalent to applying
ordinary Euclidean Gram—Schmidt to

Relv R627 ReS?

then pulling the result back by R~

First compute

1 0 1
R61 =10 y R€2 = \/§ y Reg = |0
0 0 1
Let
wy, = Rel, Wy = R€2, W3 = Reg.

We now apply ordinary Euclidean Gram—Schmidt to (wy, ws, ws).

For the first vector,

1
51=w1= 0 y ||§1H2:1=
0
SO
. 1
1
L AT
q1 2 0

For the second vector,
g2 = wy — (w2 : Q1)Q1-

Since
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we get
0
52 = Wy = \/§
0
Hence
g 0
- 2
||QQ||2 = \/57 === |1
@l |,

For the third vector,
ZJV?, = W3 — (w3 : Q1)Q1 - (w3 : Q2)CI2-

Now o
1 1
wy-q = |0] -0 =1,
_1— _0_
and -
1 0
Ws * G = 0] - |1 =0.
_1_ - =
Therefore
1 1 0 0
g3= |0 =10 =011 =10
1 0 0 1
Since
gl =1,
we have
a 0
3
@=7=—=10
[l ~ |5

Thus ordinary Euclidean Gram—-Schmidt gives

1 0 0
(Q1>Q2>CI3) = 0 s 1 s 0
0 0 1

Now pull this Euclidean orthonormal basis back to the original space. Since

1 0 -1
- 1
R1=10 5 01,
0 0 1
we get
10 —-1] |1
R*'q= |0 \% 0 0] = ey,
0 0 1 0
10 —=1] 10 .
- 1 2
R 1q2 =10 75 0 1] = ﬁ’
0 0 1 0
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and
1 0 =11 10
R 'g; = |0 \% 0 0| = —e; +es.
0 0 1 1
Hence

/8 = (617%763 _61> .

Finally, this basis is orthonormal with respect to (-, -) because

and hence
(B, Bi) = (RBi) - (RB;) = qi - g5 = 04
Let
1
v= |2
3
Since

RB, = qi, Rpy = qo, RB33 = g3,

the g-Fourier coefficients of v under (-, -) equal the ordinary Euclidean Fourier coefficients
of Rv under the orthonormal basis (¢1, g2, q3)-

Compute
1 0 1] |1 4
Ru= 10 v2 0f [2| = [2v2].
0O 0 113 3

Since (q1, ¢2, q3) is the standard Euclidean orthonormal basis, the coefficients are directly
the entries of Ru:
C1 = 4, Co = 2\/5, C3 = 3.

Equivalently,
¢i = (Bi,v) = (RB;) - (Rv) = ¢; - (Rv).
Thus

(c1,c9,c3) = (4,2\/5, 3).
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Marking Scheme

e Part (a), 10 marks: verifies bilinearity, symmetry, and positive definiteness; positive definite-
ness may be shown by completing the square or Sylvester’s criterion.

e Part (b), 12 marks: applies Gram—Schmidt correctly and normalises the basis vectors.

e Part (c), 8 marks: computes Fourier coefficients using ¢; = (3, v) and gives (4,2v/2, 3).
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Question 4 (20 Marks)
Problem
Let n be a natural number. Recall that the Frobenius inner product (-, -) » on R™" is defined as
follows:
VA, B e R"": (A, B) . = trace(A" B).
(a) Show that if M € R™" satisfies the property that MM = I,,, then
VA, BER™:  (MA MB), = (A B),.
(b) Define vector subspaces V and W of R™" as follows:
Vi={AecR"™:AT=A}, W:={BecR":B"=-B}.

Show that W = V+ with respect to (R™", (-, ) ).

Solution

Method 1: Direct Trace Computation and Dimension Counting

()

Let A, B € R™". Then
(MA, MB),, = trace((MA)T(MB)).

Since
(MA)T =ATMT,

we get
(MA, MB),, = trace(ATM " MB).

Because MM = I,,,
(MA, MB), = trace(A"B) = (A, B) ..

Therefore

First show that

Let S €V and K € W. Thus

Then
(S, K), = trace(STK) = trace(SK).

Since trace is invariant under transpose,

trace(SK) = trace((SK)") = trace(K'ST) = trace((—K)S) = — trace(K S).

Using trace(K S) = trace(SK), we obtain

trace(SK) = —trace(SK),

27
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and hence
trace(SK) = 0.
Therefore
<Sa K>F =0,
so K € V+. Hence
W CVvt

Next, compute dimensions. A symmetric matrix has n free diagonal entries and n(n—1)/2
free off-diagonal pairs, so
n(n+1
dimV = %

Since dim R™" = n?,

dimV+t =n? —dimV =n® — n(n; D = n(nz— 1).

A skew-symmetric matrix has zero diagonal and n(n — 1)/2 free off-diagonal pairs, so

n(n—l).

di =
mW 5

Thus
WCVvt and dimW =dimV* .

Therefore
W=Vt
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Method 2: Direct Orthogonal-Complement Characterisation
(a) Let A, B € R™". Then

(MA, MB), = trace((MA)T(MB)) = trace(ATMTMB).
Since M TM = I,,, this becomes
(MA, MB), = trace(A"B) = (A, B) ..

Hence

(MA,MB), = (A, B),.

(b) We prove V1 = W directly from the definition of orthogonal complement.
First, let K € W,s0 KT = —K. Forany S € V,so ST = S, we have

(S,K), = trace(STK) = trace(SK).
Using invariance of trace under transpose and cyclicity of trace,
trace(SK) = trace((SK)") = trace(K'ST) = trace((—K)S) = — trace(K S) = — trace(SK).
Therefore trace(SK) = 0, so
(S,K)p=0  forall SeV.

Hence
W CV*t

Conversely, let C = (¢;;) € V. We show that C must be skew-symmetric. Since every
diagonal matrix unit F;; is symmetric and lies in V,

0= (E;,C)p = trace(EC) = cy.

Hence

Next, for ¢ < j, the matrix
Ei; + Ej;

is symmetric and therefore belongs to V. Since C' € V+,

0= <E” + Eji7C>F = Cij + Cjs -

Hence
Cji = —Cij (’l < ])
Combining the diagonal condition ¢;; = 0 with the off-diagonal condition ¢;; = —c¢;; gives
CcT=—-cC.
Therefore C' € W, so
Vicw
Since both inclusions hold,
w=v"
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Method 3: Orthogonal Direct-Sum Decomposition Theorem

(a)

The Frobenius inner product can be interpreted columnwise. Let a; and b; be the j-th
columns of A and B. Then

<A,B>F = ZCLJ‘ . bj.
j=1
Since MTM = I,,, the map « — Mz preserves the Euclidean dot product:
(Mz)- (My)=x"M"My =z -y.

Therefore

n n

(MA,MB)p =Y (Ma)- (Mb;) =) a;-b;=(4,B)p.

J=1 J=1

Hence

(MA,MB), = (A, B),.

Every matrix A € R™" decomposes uniquely as

LA+ AT A-AT

A
2 T2

The first term is symmetric because

A+ AT\NT AT+ A
2 2 )

and the second term is skew-symmetric because

A—A™NT AT—A4  A-AT
2 2 2

Thus
R™ =V + W.

Moreover, if S € V and K € W, then as shown in Method 1,
(S,K)p=0.

Therefore
Rn,n _ V ®L W

In an orthogonal direct sum, the second summand is the orthogonal complement of the

first. Hence
W=Vt
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Method 4: Matrix-Unit Orthogonal Basis Theorem

(a)

Let E;; denote the standard matrix units. Under the Frobenius inner product,
(Eij, Ew) p = 0051

Thus the Frobenius product is the ordinary Euclidean dot product after identifying a
matrix with its list of entries. Left multiplication by M applies the same orthogonal
transformation to each column, because MTM = I,. Hence it preserves the Euclidean
dot product on each column and therefore preserves the total Frobenius inner product:

(MA,MB), = (A, B),.

The symmetric subspace V' has the basis
{Ei :1<i<n}U{E;+E;:1<i<j<n}.
The skew-symmetric subspace W has the basis
{E;; —Ej;:1<i<j<n}.

Fori < jand k < ¢,
(Eij + Eji, By — Ege)p = 0,

because the nonzero entries cancel pairwise. Also
(Eiis Eye — Eg) - = 0.
Hence every basis vector of V' is orthogonal to every basis vector of W so
wcvth

The number of basis elements of W is n(n — 1)/2, while

dimV+t =n? — n(n;— D = n(nz— 1).

Hence
W=V
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Method 5: Self-Adjoint Involution Eigenspace Theorem

()

Define the left multiplication operator
Ly : R™™ — R™", Ly (A) = MA.
With respect to the Frobenius inner product, the adjoint of L, is Lj;t, because
(Lar(A), B), = trace((MA)TB) = trace(A" MTB) = (A, Lyt (B)) .

Hence
LTMLM - LMTLM - LMTM - L[ - I

Therefore Ly, is an orthogonal operator on the Frobenius inner product space. Thus

(MA,MB), = (A, B),.

Define
T RM — R™ T(A)= AT
Then
=1,

so T is an involution. Also 7 is self-adjoint with respect to the Frobenius inner product,
since

(1(A), B) . = trace(ADB)
and
(A, 7(B)) = trace(ATBT) = trace((BA)") = trace(BA) = trace(AB).
Hence

(7(A), B)p = (A, 7(B))p -
The subspace V' is the +1-eigenspace of 7, and W is the —1-eigenspace of 7:

V:E1(7)7 W:E_1<T).

For a self-adjoint operator, eigenspaces belonging to distinct eigenvalues are orthogonal.
Therefore
V1w

Since 72 = I, every matrix decomposes as

LA+ AT A-AT

A
2 T2

where the two terms lie in V' and W respectively. Hence
R*"" =V & W.

Combining orthogonality and direct-sum decomposition gives

wW=v"t
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Marking Scheme
e Part (a), 8 marks: expands (M A, M B),. correctly and uses MM = I,, to reduce to (A, B) ..

e Part (b), 12 marks: shows skew-symmetric matrices are orthogonal to symmetric matrices
and proves equality, either by dimension counting or by orthogonal direct-sum decomposition.
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