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Overview

This tutorial emphasizes:

Gram—Schmidt in abstract inner product spaces and stability on orthogonal inputs;

producing orthonormal bases that preserve a T-invariant flag, hence preserving upper-
triangularity;

orthogonal polynomials on [—1, 1] and Fourier coefficients in an orthonormal basis;

inner products defined by Hermitian positive definite matrices and complex Gram—Schmidt;
orthogonal complements: W C W+t always, and W = W= in finite dimensions;
explicit orthogonal decomposition z = a 4+ b with a € V, b € V* in R?;

Frobenius inner product on R™" and describing D+ for diagonal D.
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Problem 1 (Gram—Schmidt on an orthogonal basis)

Problem

Let (V,(-,-)) be a finite-dimensional inner product space, with dim(V) = n > 1. Let
B = (b1,...,b,) be an orthogonal ordered basis for (V,(-,-)). Show that applying Gram—
Schmidt to [ with respect to (V (-,-)) yields  back.

Solution
Method 1: Projections vanish because of orthogonality

Recall the (non-normalized) Gram—Schmidt construction:

k-1
b s
uy = by, uy = by — Zprojuj(bk), proj,, (br) = Muj, 2<k<n.

We prove by induction that u;, = by for all k.
For k =1, uy = by is immediate.
Assume u; = b; for all j < k. Since 8 is orthogonal, for each j < k,
<bk,u]'> = <bk,bj> = 0.

Hence each projection term is 0, so

k—1
uk:bk—ZOZbk.
j=1

Thus Gram—Schmidt returns the same ordered orthogonal basis .

’ If g is already orthogonal, Gram—Schmidt outputs § unchanged.

Method 2: Uniqueness from nested spans

In Gram—Schmidt, the output vectors satisty:

uy € span(by, ..., bg),
span(uy, ..., ux) = span(by, ..., by),
(uk,uj) =0 (j <k).
Because 3 is orthogonal, the vectors in span(by, . .., b) that are orthogonal to span(b, . .., bx_1)

are precisely the scalar multiples of by. Gram—Schmidt subtracts only a vector from the pre-
ceding span, so the bi-component remains 1. Hence uy = by.
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Method 3: Orthogonal projection onto the previous flag
For each k, define the previous flag subspace

Fk,1 = Sp&ﬂ(bl, c. ,bkfl), FO = {O}
The Gram—Schmidt step may be written as

up = by, — projp,_, (br),

where projp,  (bx) denotes the orthogonal projection of by onto Fy_i. Since (by,...,b,) is
orthogonal, for each j < k,
(bj, bx) = 0.

Therefore by, is orthogonal to every vector in Fj_1, so
proij_l(bk) =0.

Hence

Thus every Gram—Schmidt step leaves the input vector unchanged.

up = by for every k=1,...,n.

Convention note. This conclusion is for the non-normalized Gram—Schmidt algorithm.
If one’s definition of Gram—Schmidt includes normalization at every step, then the output is

instead
()
[N —

Thus the precise statement depends on whether “Gram—Schmidt” means orthogonalisation
or orthonormalisation.
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Problem 2 (Preserving upper-triangularity)

Problem

Let
g =((1,0,0),(1,1,1),(1,1,2)),

which is an ordered basis for R? (with the standard inner product -). Let T € L£L(R3), and
suppose that [T]g € R33 is upper triangular. Derive an orthonormal ordered basis v for
(R?,-) for which [T]2 € R*? is upper triangular.

Solution
Method 1: Gram—Schmidt preserves the flag; hence upper triangular
Write 5 = (b1, by, b3) with

by =(1,0,0), by=(1,1,1), b3=(1,1,2).

Since [T]g is upper triangular, we have the equivalent T-invariance of the coordinate flag:

T(span(bl)) C span(by),
T(span(bl, bg)) C span(by, by),
T(Span(b17 b27 b3)) g Span(bla b27 b3) = R3'

Apply Gram—Schmidt to 8 in the standard inner product.
Step 1: Compute v by Gram—Schmidt. Let

uy = by, Ug = by — proju1<b2)7 ug = bz — projm(bg) - proju2(bg).

Compute:
) by - u 1
prOJul(b2> = u21 - ullul = Ibl = bl, = Uy =by—b = (0, 1, 1)
Similarly,
. bs - uy .
proj,, (bs) = up = by, = bz —proj,, (bs) = (0,1,2).
Uy - Uy
Now (0,1,2) - (0,1,1) 3
i (b)) = proj, ((0,1,2)) = 222222700 1,1) = =(0,1, 1).
prOJu2< 3) prOJug(( » )) (O7 71) . <O, 71)( ? ) ) 2( ) )
Thus 5 L
= 1,2) —=(0,1,1) = —. = .
us (07 ; ) 2(07 ; ) (07 272>
Normalize:
1
lusll =1, Juell = V2, us| = 5
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Hence an orthonormal basis is

v = (91,92, 93) = ((170’0)’ (0’%’ Lz) ’ (O’ _%’%D .

= ((1,0,0), (0%%) (0—%%)) is orthonormal.

Step 2: Show [T]ZY is upper triangular. A key Gram—Schmidt property is

gk € span(by, ..., by) (k=1,2,3).

Therefore
Span(glu"'7gk) :Spa’n(b17"‘7bk) (k: 17273)

Since T'(span(by, ..., b)) C span(by, ..., b;), we get

T(Spa‘n<917 cee agk)) - Span(gla s 7gk) (k = ]-7 27 3)

This is exactly the condition that the matrix of 7" in the ordered basis ~ is upper triangular.

[T]7 is upper triangular.

Method 2: Upper-triangular similarity via an upper-triangular change-of-basis
matrix

Let B = [T]g (upper triangular). Let P be the change-of-basis matrix from ~-coordinates to
[-coordinates:

— [i 17
P = [id]}.

Because Gram-Schmidt produces g; € span(by,...,by), the coordinate vector [gx|s has no

components in by 1, ..., bs, so P is upper triangular with nonzero diagonal (hence invertible).

Then
[T = P7H[T]; P = P~'BP.

~

A product (and inverse) of upper-triangular invertible matrices is upper triangular, hence
[T]7 is upper triangular.

Method 3: Flag-slice construction without full Gram—Schmidt
Define the flag associated with the original ordered basis:

Fy = span(by, ..., by), k=1,2,3.
Because [T’ ]g is upper triangular, the flag is T-invariant:
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Instead of carrying out Gram-Schmidt mechanically, construct the orthonormal basis by
taking the new unit direction in each orthogonal slice:

gp€FNF-,  all=1,  F={0}.
For this problem,
Fl = Span{(L 07 0)}7
SO
g1 = (]., O, 0)

Next,
Py = span{(1,0,0), (1,1, 1)} = {(a,b,) : a,b € R},

The vector in F; perpendicular to g; must have first coordinate 0, hence is proportional to
(0,1,1). Therefore

- Lo
92_\/577 .

Finally, since Iy = R3, the last direction is the unit vector perpendicular to Fy. A vector
perpendicular to both (1,0,0) and (0, 1, 1) is proportional to (0, —1,1), so we may take

Lo, -10)
g3 = \/5 ) ) .
Thus
_ ((1 0,0), (0,1, 1), (0, -1 1))
’V— D 7\/5 ] 7\/5 9 9 .
Moreover,

span(gy, ..., gx) = Fy (k=1,2,3).

Since each Fj, is T-invariant, the ordered basis 7 also gives an invariant flag. Hence

[T]7 is upper triangular.

This method is usually faster than computing all projection coefficients.

Method 4: QR-factorisation and triangular similarity

Let

11
C = [bl bg bg] == 11
1 2

O O =

Applying Gram—Schmidt to the columns of C' gives a QR factorisation
C =QR,

where the columns of ) form the orthonormal basis v and R is invertible upper triangular.
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Let
B = [T]}.

By hypothesis, B is upper triangular. Since R is an upper-triangular change-of-coordinates
matrix between the two flag-adapted bases, the matrix of T in the orthonormal basis is

[T) = RBR™.

The inverse of an invertible upper-triangular matrix is upper triangular, and products of
upper-triangular matrices are upper triangular. Therefore

T'|7 is upper triangular.
] g

This method packages the whole argument into the fact that Gram—Schmidt is exactly QR
factorisation.
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Problem 3 (Orthogonal polynomials on [—1, 1])

Problem
Define a function (-,-) : P3(R) x P3(R) — R as follows:
1
VPQEPR):  (PQ) = [ P)QL)ds
-1
(a) Show that (-,-) is an inner product on P3(R).
(b) Apply Gram—Schmidt to (1, X, X2, X3) with respect to (P3(R), (-, -)).
(¢) Normalize your answer to Part (b) to obtain an orthonormal basis ( for (P3(R), (-, )).
(d) Compute the S-Fourier coefficients of 1 — X + X2 — X3 with respect to (P3(R), (-, -)).

Solution
Method 1: Direct axiom verification + explicit Gram—Schmidt computations

(a) Inner product axioms. Bilinearity follows from linearity of the integral:

(aP +bP, Q) = a(P1,Q) +b(P,Q), (P,aQq +0Q2) = a(P, Q1) +b(P,Q2) .

Symmetry holds because P(z)Q(x) = Q(z)P(x):

1 1
P = PQ = P = P).
wa-[ ra- [ er-@.r)
Positive definiteness: for P # 0,
1
P P)= P(x)*d 0.
(P.P)= [ Plafds >

Indeed, P(x)* > 0 and is continuous; if the integral were 0, then P(z)? = 0 for all
x € [—1,1], so P vanishes on an interval, hence P is the zero polynomial, contradiction.
Therefore (-,-) is an inner product.

(-,-) is an inner product on P3(R).

(b) Gram—Schmidt on (1, X, X% X3). Let vg = 1, v = X, vy = X?, v3 = X?. Define

Up = Vo, Uy =V — pfOJuo(M),
2

Uy = Vg — projuo (UQ) - proju1 (U2)7 Uz = V3 — Z projuj (U?))‘
=0

10
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Compute required inner products using parity:

1 1 1
/ xdxr =0, / 23 dr =0, / z°dr = 0.
-1 -1 -1
1 1 9 1 9 1 9
/ ldx = 2, / ?dr = =, / etde = =2, / 28dr = Z.
1 1 3 _1 D _1 7

Step 1: ug = 1.

Also

Step 2: uy. Since (X, 1) = f_ll xdr =0, we get

Uy = X.

Step 3: up. Compute

proj,, (X?) =

Wl

Also (X2, X) = [! 2% dz = 0, so proj,, (X?) = 0. Hence

1
U2:X2—§.

Step 4: u3. We have (X3,1) = f_ll 2 dr =0, and

1 4 2
. <X37X> f—lx dI 5
proj, (X?) = X = X=3X=Z2X.
K= X" a0

<X3uz>=/1:c3 xz—l da::/l :1:5—1.753 dr =0
) . 3 . 3 )

80 proj,, (X?*) = 0. Therefore

Finally,

U3:X3—§X.
)

Thus Gram—Schmidt yields the orthogonal list

(1, X, X2 -1, X% 3X).

(¢c) Normalize to an orthonormal basis . Compute norms:

up = 1: Jupl]? = [*, 1da = 2, 50 ||uo|| = V2.

w = X [ = [ a2 de = 2, 50 [Jur]| = /2.

11
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So ||uz|| = ,/1%.

Define the orthonormal basis 5 = (5o, 81, B2, 83) by B; = u;/||u;]:

1 3 45 1 175 3
50237 512\/;)(7 Ba = g()@—g), B3 = ?<X3—5X)-

1 3 145 1 /175 3
b= <%, \/;X, 3 (X2 — 5) '\ 5 (X3 — 5X)> is orthonormal.

S-Fourier coefficients of f(X) =1 — X + X% — X3, Since 3 is orthonormal, the
Fourier coefficient of f along f3; is

Cj:<f76j>-
Co-
N I 1 2 8
Coz<fa\/%>zﬁ/_1(1—x+x2—:c3)d:czﬁ<2+§>:3_\/5.
[l
1
:\/g/ (x— 2%+ 2% — 2% do
-1
_\/§ 2 2\ 16 /3
~Vi(5-3) -5
oY

12
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Expanding and using parity (odd terms integrate to 0) gives

! 1 8
/_1(1—x+x2—x3) (xQ—g) dxzﬁ.

45 8 45
Co = _—— = —
V8 15 15

03=<f7 %($3—§$)> Z\/%/l(l—anxg—x?’) (x?’—ga:) dz.
-1

Keeping only even powers after expansion yields

/1(1—x—|—x2—x3) T .
1 5 175

o I (L8 AT
5 175

Thus

Hence

8 T 35V2

Therefore the S-Fourier coefficients are

( ) 8 16\/§ 45 47
€0,C1,C2,€C3) = | = 7= —7=\/ 5> y :
00T T2 TS 3v2 15V 2 152 352

13
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Method 2: Legendre-polynomial shortcut

(a) Inner product axioms.

For a,b € R and Py, P, Q € P3(R),

(aPy + 0Py, Q) = / (aPy(x) + bPs(x))Q(x) dx = a (P, Q) + b(P,, Q) .

1

Similarly, by linearity in the second argument,
(P,aQ1 +bQ2) = a (P, Q1) +b(P, Q).
Also,
1 1
P.Q)= [ P@we@dr= [ QuP@)dr=@.P).
—1 -1

Finally,
1
(P, P) :/ P(x)*dx > 0.

1

If (P, P) =0, then
1
/ P(z)*dxr = 0.

1

Since P(x)? > 0 is continuous on [—1, 1], this implies
P(x)*=0  Vrel-1,1].

Hence P(z) = 0 for all € [—1,1]. Since a nonzero polynomial cannot vanish on an
interval, we must have P = 0. Therefore

(P,P)=0 < P=0.

So (-, -) is an inner product on P3(R).

(-,-) is an inner product on P3(R).

(b) Apply Gram—Schmidt using Legendre polynomials.

The standard Legendre polynomials are
1 1
Lo(z) =1, Li(z) =z, Ly(z) = 5(31’2 - 1), Ls(z) = 5(5x3 — 3z).

They satisfy the orthogonality relation

Therefore
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is an orthogonal list in P3(R).

We now connect this with Gram—Schmidt applied to
(1, X, X% X3).

QRS@NTU

Gram—Schmidt produces an orthogonal polynomial of degree 0, then degree 1, then
degree 2, then degree 3. Since L, is also an orthogonal polynomial of degree n, the
Gram—Schmidt output must agree with the Legendre polynomial L, up to a nonzero

scalar multiple.

Now rewrite Ly and L3 in monic-like form:

Ly(X) = %(3){2 —1) = g (X2 = %) ,
SO
X2 - % = 2 Ly(X)
Similarly,
L3y(X) = -(56X% - 3X) = g (X3 - gx> :
SO 3 9
X3 — gX = ng(X)

Hence the Gram—Schmidt orthogonal list obtained from
(1,X, X* X%

18

1
1,X,X2——,X3—§X .
3 5

Normalize the orthogonal list.

The Legendre norm formula is

Hence the normalized Legendre polynomial is

6 = | P L (),

bo(X) = -

27
¢1(X) - \/gXJ
15

For n = 0,1, 2, 3, this gives
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we may write

and

Therefore an orthonormal basis is

62(%, \/gx,\/%@@—%), %(X?’—%X)).

Compute the 3-Fourier coefficients of f(X)=1—- X + X? — X3.

Since the basis in Part (c) is the normalized Legendre basis, it is convenient to first
express f in the unnormalized Legendre basis.

We use
Lo(X>:1, Ll(X):X7
and from )
Ly(X) = 5(3X* — 1),
we get
3X? — 1 =2Ly(X),
SO 19
X2 = -+ ZLy(X
3+ 3(X)
Also, from
1
we get
5X° —3X =2L3(X),
i 3. 2 3 2

16
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Now substitute these into

f(X)=1-X+X* - X3

Then
FX) = £a(X) = 1100 + (32000 + 52230 ) = (311000 + 224030
= SLo(X) = SL(X) + 2 La(X) — 2 L(X).

The normalized Legendre basis is

2n+1
Therefore
La(X) = |52 60(X)
So if

f(X) = CL()LO(X) + CL1L1(X) + a2L2<X) + CL3L3(X),

then the Fourier coefficient of f along ¢, is

2
Cr, = Qp )
2n+1
Here,
4 8 2 2
ap = — a = —— Ay = — as = ——.
0 37 1 57 2 37 3 5
Thus
:_\/__
8\/5 \/’
cl = ——+4/—
1 5 3 )
2\/5
Cy = —{/ =
>~ 3V5 15\/'
and

C__z\ﬁ__4_ﬁ
ST o5V T 3502

Therefore the -Fourier coefficients are

( ) 8 16 \/§ 45 4T
Co,C1,C2,C3) = o = qE a) y T .
OIS A2 15V 2T 15v27 35v2

17
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Method 3: Even—odd parity block shortcut

The inner product

(P.Q) = / P(2)Q(x) da

1

has an important symmetry: odd functions integrate to zero over [—1,1]. Therefore even
polynomials are orthogonal to odd polynomials. Hence Gram—Schmidt separates into two
independent blocks:

span{l, X?} and span{X, X®}.

For the even block,

U/:]_ u2:X2—<1’X2>1:X2—1
0T (1,1) 3
For the odd block,
X, X3) 3
=X :X3—< X =X -2 X,
Uy ) us (X, X) 5

This recovers

2 3
(17 X7 X _%7X _%X>

with much less computation. The method works whenever the interval and weight function
are symmetric, so that even—odd orthogonality is available.

18
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Problem 4 (Complex inner product via a Hermitian pos-
itive definite matrix)

Problem

Define a function (-, -) : C3! x C*! — C as follows:

2 142 0
Vu,v € C* (w,v) =u' |1 —i 3 2|,
0 2 4

where T denotes conjugate transposition.

(a) Show that (-,-) is an inner product on C*!.
(b) Apply Gram—Schmidt to the standard ordered basis for C*! with respect to (C*!, (-, -)).
(c) Normalize your answer to Part (b) to obtain an orthonormal basis § for (C*!, (-, -)).

1
(d) Compute the S-Fourier coefficients of |0| with respect to (C>1, (-, -)).
)

Solution
Let
2 144 0
H=|1-¢ 3 2|, (u,v) = u' Ho.
0 2 4

We use the standard convention: conjugate-linear in the first argument and linear in the
second.

Method 1: Hermitian positive definite = inner product; then compute Gram—
Schmidt explicitly

(a) Axiom 1: sesquilinearity. For a,b € C and uy, uy,v € C31,

(auy + bus, v) = (auy 4 bus) Hv = aul Ho + bul Hv = @ (uy, v) + b (ug, v)
and similarly (u, avy 4+ bvg) = a (u,v1) + b (u, vy).

Axiom 2: conjugate symmetry. Since H' = H (check immediately from entries),

we have
(v,u) = v Hu = v H'v = u'Hv = (u,v).

Axiom 3: positive definiteness. Because H is Hermitian, (u,u) = u'Hu € R. We
show u"Hu > 0 for u # 0 using Sylvester’s criterion (leading principal minors):

2 1+

det([2]) =2 >0, det [1 i 3

}:6—(1+i)(1—i):6—2:4>0,

19
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and
3 2 . 1—12 2 . .
det(H) = 2det {2 4] —(1+4) det { 0 4] = 2(12—4)—(141)-4(1—i) = 16—4-2 =8 > 0.

Hence H is Hermitian positive definite, so uTHu > 0 for all u # 0. Therefore (-, ) is
an inner product.

(-,+) is an inner product on C*',

(b) Gram—Schmidt on the standard basis. Let e;, e, €3 be the standard basis of C*!.

Define
up =e;,  up=ey—proj, (es),  ug=es—proj, (es) — proj,, (es),
where proj, (v) = éu, Ui u.
u,u

Compute the needed inner products using (e;, e;) = H;;:

(ur,uy) = (e1,e1) = 2, (u,e2) = (ey1,€9) =1 +1, (uy,e3) = (e, e3) = 0.

Hence ,
1+
Ug = €2 — 9 €1.
Next,
<U2, ’LL2> < 27 <U2, €3> - 27
SO proj,,(es) = Uz = Uz and proj,,, (es) = 0. Thus
141
Uz = €3 — Uy = €3 — €9 + €.
So Gram—Schmidt yields the orthogonal ordered basis
141 1+
(ur,uz,uz) = ( €1, eg — o Ty e +es|.

(c) Normalize to an orthonormal basis . We already computed (u;,u;) = 2 and
<UQ,U2> = 2. AISO,

(uz, ug) =2
(one direct check is Huz = (0,0,2)T, hence ugHug = 2). Therefore |juy|| = V2 for
k=1,2,3.
Define
_ (e us
8= (Br, o, ) : (ﬁ ot ﬁ)

Explicitly,

1 1 1 _% 1 %

B=|—-%10|, —=| 1 |, —=|-1|] is orthonormal in (C*', (-,-)).
2 0 2 0 \/§ 1
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1
(d) B-Fourier coefficients of v = [0|. Since f is orthonormal, coefficients are
7

C — (ﬁk,v) (/{3 = 1,2,3)

First compute

2 1+7 O 1 2
Hv=|1—4 3 2| |0 =|1+1
0 2 4] | 44
Now:
i = (5 )TH (2= v2
c1 = {f1,v) = —=e V= — =2.
1 1 \/51 5
Let o« == %, SO Uy = €5 — ey and & = % Then
(o, v) = = (12, v) = —= ub(H) = —= (=) -2+ 1+ (141)) = —=(2) = V2i
Co = (B9, v) = — (U9, v) = —uy(Hv) = — ((—a) - . 1)) = —(2i) = 1.
Similarly, u3 = ae; — es + e3, S0
(B3, v) = == uh(H) = —= (@2 — (1+1) +4i) = —=(2) = V2i
3 = ) = —us(Hv) = — (a- 2 — 1 1) = —(2¢) = 1.

Therefore the Fourier coefficients are

(€1,¢9,c3) = (\/5, \/52', \/52) }
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Method 2: Matrix/Gram-matrix formulation

The theorems and definitions used in this method are the following.

e Hermitian positive definite matrix theorem. If H € C™" is Hermitian positive
definite, then

(u,v) == u' Hv

defines an inner product on C™! under the convention that the first slot is conjugate-linear
and the second slot is linear.

e Gram matrix definition. Given a basis (ey, ..., e,) of an inner product space, its Gram
matrix is G = ({e;,e;))ij. For the standard basis and the inner product (u,v) = u'Huv,
this Gram matrix is exactly H.

(a)

Since
H' = H,

the matrix H is Hermitian. Its leading principal minors are
A =2>0,

2 1+

]:6—(1+i)(1—i):6—2:4>0,
and
Az =det(H) =8> 0.

By Sylvester’s criterion for Hermitian matrices, H is positive definite. Hence, by the
Hermitian positive definite matrix theorem, u' Hv defines an inner product.

(-,-) is an inner product on C*'.

Let eq, eo, e3 be the standard basis. Because the Gram matrix is H, we can read off
<€i, €j> = Hz]

Thus
<€17 €1> == 27 <€17 62> == 1 + 7:7 <€17 €3> = O

Using the projection formula

we get
<U1, 62> 1 —f- Z
Uy = e, Ug = €2 — Uy = €2 — €1
<U1, U1> 2

Next, since
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we obtain
Uy, € Ug, € 141
U3:€3—<1 3>U1—<2 3>U2:€3—UQ: 61—62+€3.
(uy,u1) (ug, ug)
Therefore
141 1414
(w1, ug,u3) = | €1, ex — 5 €1, 5 ep—exte3|.

(c) The same Gram-matrix calculations give
(ur, ur) = (ug, ug) = (uz, uz) = 2.

Hence

is orthonormal, namely

<~

1
= —=10|. —=
S EL A

(d) For v = (1,0,4)7, first compute
Hv= 1471
4i
Since [ is orthonormal, the Fourier coefficients are
ck = (B, v) = 5,1Hv.
Substituting the three vectors gives
01:\/5, 02:\/§@', c3:\/§i.

Therefore

(c1,¢9,c3) = (\/5,\/52,\/5@) )

This method is efficient because it avoids recomputing each inner product from scratch:
the entries of H already encode all pairwise inner products of the standard basis vectors.
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Method 3: Complete-square / Cholesky factorisation
Let u = (z,y,2)". A direct expansion gives
u Hu = 2|z|? + (1 + )Ty + (1 — 4)gx + 3|y|* + 20z + 22y + 4|2

This can be written as a sum of squares:

141

2
uw' Hu =2 |z + Y T 2ly + z|* + 2|2)*.

The right-hand side is nonnegative. It is zero only if

14
z =0, y+z2=0, T+ hall

y=0.

These equations imply z = 0, then y = 0, then z = 0. Hence
u'Hu > 0 (u#0).

Since H' = H, the matrix H is Hermitian positive definite. Therefore

(u,v) = u'Hov
defines an inner product.
Equivalently, define
1 o0
2
R=1{0 1 1
0 0 1
Then
H =2R'R.
Thus

(u,v) = 2(Ru)' (Rv),

so the given inner product is just a positive scalar multiple of the standard inner product
after the invertible coordinate transformation u — Ru.
For Gram—-Schmidt, use the already computed orthogonal basis

1+ +1+i
e Uz = €3 — €
9 1 3 3 2 9

The complete-square factorisation also shows efficiently that

u; = €, Ug = €2 — €1.

lua|* = flua||* = JJus|)* = 2.

Hence the orthonormal basis is

ﬁ . ( Uy Uz U3 )
For v = (1,0,4)T, the Fourier coefficients are again

(c1,¢0,¢3) = (V2,V/2i,V/20).
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Method 4: One-line Gram—Schmidt from the Gram matrix

Because the standard-basis Gram matrix is H, we have

<€i, 6j> = Hz]

Thus every needed inner product can be read directly from the entries of H.

Seek

uy = €1, Ug = €9 — ae€q.

The condition us 1 uy gives

0 = <U1,U2> = <€1, €y — CL€1> = ng — aHH.

Therefore ,
ng 1 +1
aqg = — =
HH 2 ’
SO
1414
Uy = €9 — 9 €1.
Now seek

uz = ez — buy — cus.

The projection coefficients are

po Swes) g e 2
<U1, U1> <U27 Uz) 2
Hence )
1+

U3 = €3 — Uy = €3 — €9 + el.

2

This produces the same answer as Method 1 while minimizing computation:

142 142
(w1, ug,u3) = | €1, ex — 5 €1, €3 — ez + 5 e .

25

QRS@NTU


https://qrsntu.org

MH1201 Linear Algebra II QRSQNTU

Problem 5 (Double orthogonal complements)

Problem

Let (i) (V. (-,-)) be an inner product space, and (ii) W be a vector subspace of V.
(a) Show that W C WL,

(b) Show that if V' is finite-dimensional, then W = W=+,

(c) Show that if V' is infinite-dimensional, then it is not necessarily true that W = W=+,

Solution
Method 1: Direct definition 4+ dimension counting (finite-dimensional case)

(a) Let w € W. To show w € W+ we must show (w,u) =0 for all u € W+. But u € W+
means precisely that (u,w’) = 0 for all w' € W; in particular (u,w) = 0. Using
conjugate symmetry (or symmetry in the real case), (w,u) = 0. Hence w € W+, So
W C Wt

(b) Assume dim(V) < oo. A standard theorem gives
dim(W) 4 dim(W+) = dim(V/).

Apply this to W+:
dim(W+) + dim(W++) = dim(V).

Subtracting yields dim(W++) = dim(W). Together with (a) and finite-dimensionality,
W CW and dim(W) = dim(W+) = W =W+

dim(V) < oo = W =W+

(c) In infinite dimensions, equality can fail. Let V' = £2 be the space of square-summable
real sequences (with the standard inner product (z,y) = > 7, Txyx), and let

W = cyo = {z € (*: z has finite support}.

Then W is a subspace of V and is infinite-dimensional (but not all of ¢?).

We claim Wt = {0}. Indeed, if z € W+, then for each standard basis vector e; € cgo
we have

0= <Z7ek> = Zk,
so all coordinates of z are 0, hence z = 0. Therefore W+ = {0} and hence W+t =V,

But W #V (e.g. (1,1/2,1/3,...) € 2 but not finitely supported). Thus W = WL

In infinite dimensions, W # W+ can occur (e.g. W = ¢go C £2).
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Method 2: Orthogonal decomposition (finite-dimensional case) + “closure” in-
tuition

(a) Same as Method 1.

(b) If dim(V') < oo, choose an orthonormal basis of W and extend it to an orthonormal
basis of V' by Gram—Schmidt:

(ONB of W) U (ONB of W) = ONB of V.

Then every v € V has a unique decomposition v = w + u with w € W, v € W+,
Now if v € WL, then (v,u) = 0 for all u € W+. In particular, taking u from the
decomposition v = w + u gives

0= (v,u) = (w+u,u) = (w,u) + (u,u) = 0+ [Jull?,
so u = 0 and hence v = w € W. Thus WL C W, and with (a) we get equality.

(c) In general (especially in infinite dimensions), W<+ corresponds to the “closed span”
of W in the norm topology, so if W is not closed, strict inclusion may occur. The ¢2
example above realizes this phenomenon concretely.

Method 3: Projection theorem proof in finite dimensions

The key finite-dimensional theorem is the orthogonal decomposition theorem:
V=WaoWw

Thus every v € V' has a unique decomposition

v =w + u, we W, we W
We already know from Part (a) that

W Wt

To prove the reverse inclusion in finite dimensions, let v € W++. Write

v =w + u, we W, we W
Since v € W+, it is orthogonal to every vector in W+, in particular to u. Therefore

0= (v,u) = (w+u,u) = (w,u) + (u,u) .
But w € W and u € W+, so (w,u) = 0. Hence
lull®> =0,

so « = 0. Therefore
v=weW.
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Thus
WJ_J_ g w.

Together with W C W=+, this gives

W =W if dimV < co.

This proof is often more conceptual than dimension counting because it explicitly uses the
perpendicular component of v.
Method 4: Closure theorem in Hilbert spaces

In a Hilbert space, the stronger theorem is

Wt =Ww.

Here W is the closure of W under the norm induced by the inner product.
This theorem explains both the finite-dimensional and infinite-dimensional cases at once.
In finite dimensions, every subspace is closed, so

W =W,

and hence
W =w.

In infinite dimensions, a subspace need not be closed. If W is dense but not equal to V', then

W=V,
SO
Wt =v £ W.
For the example in Method 1,
W =cgy C /2.

The subspace ¢y of finitely supported sequences is dense in £2, so
Coo — 0=,

Therefore
11 2

This is the advanced conceptual reason why Part (c¢) is possible.
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Problem 6 (Orthogonal complement and orthogonal de-
composition in R?)

Problem

Let
Vi={(w,z,y,2) e R |w—y+ 2z =0},

which is a vector subspace of R* (standard inner product -).

(a) Derive a basis for V+.
(b) Derive an orthonormal basis for (V,-).

(c) Compute the unique @ € V and b € V+ such that (1,2,3,4) = a + b.

Solution
Method 1: Solve linear constraints for VV*; then Gram—Schmidt inside V

(a) Parameterize V by free variables z,y, 2:
w = y_Z’ (w7 $7y7 Z) = (y_Z, ZB? y? Z) N :I:(07 17 O? O>+y(17 O’ 17 0) +Z(_17 07 07 1)'

Let u = (a,b,c,d) € R*. Then v € V* iff u-v =0 for all v € V. It suffices to impose
orthogonality to the spanning vectors:

u-(0,1,0,0) =b=0, u-(1,0,1,0) =a+c=0, u-(=1,0,0,1) = —a+d=0.
Thus b=0, ¢c= —a, d = a, so

V+ = span{(1,0,—1,1)}.

V+ =span{(1,0,—1,1)} |.

(b) A convenient basis of V' from the parameterization is
v1 =(0,1,0,0), vy, =1(1,0,1,0), w3 =(—1,0,0,1).
Apply Gram—Schmidt:

Step 1: e; = vy (already unit), so e; = (0,1,0,0).
Step 2: vy - e = 0, so us = v9 and
(%) 1

6= 22— ~_(1,0,1,0).
2= o] ~ B0

N

Step 3: Orthogonalize vs against uy = vs:

U3 s =(=1)-140-040-1+1-0=—1, vy vg=2.
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So
2 2 27772
Equivalently, 2us = (—1,0,1,2), and ||(—1,0,1,2)||* = 6. Hence

. —1 1 1 1
U3 = v3 — Proj,, (v3) = vz — vy = V3 + -V = (—— 0, = 1> )

e3 = —(—1,0,1,2).

-
V6

Thus an orthonormal basis for V is

<(0,1,0,0), %(1,0,1,0), %(-1,0,1,2)).

Let p = (1,2,3,4). Since V+ = span{u} with u = (1,0, -1, 1), we have

. p-u
b = pro = —u.
projy.(p) = ~—
Compute

pru=1-142-0+3-(—-1)+4-1=2, w-u=14+0+1+1=3.

2 2 2 2
b=3(1,0,-1,1) = (- 0, )

So

37 3’3

b 1 2 5 3+2 4 2 1 9 11 10
a = — = — = — — — g — —_ N .
p 37 Y 37 3 37 ) 37 3

Check a € V:

Then

R B & B (U
A T
Therefore
1 11 10 2 2 2
=52 5 5 =(2,0,—%, % L(1,2,3,4) = :
a (37 ) 37 3)€V7 b (3707 373)€V ) (7 737 ) a+b

Method 2: Matrix viewpoint (constraint normal vector)

The subspace V = {z € R* : n-x =0} where n = (1,0, —1,1) (since w —y + z = 0). Hence
V+ = span{n} immediately. The orthogonal decomposition of p is

matching the a, b above.
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Method 3: Kernel-row-space theorem

Write the defining equation of V' as a matrix equation:

w—y+z2=0 <= [1 0 —1 1}

N e 8 8

Hence
V=Null(4), A=][10 -1 1].

A standard theorem says
Null(A)* = Row(A).

Therefore
V+ = Row(A) = span{(1,0,—1,1)}.

So

V+ =span{(1,0,—1,1)}.

The orthogonal decomposition of p = (1,2,3,4) then follows by projecting onto the row

vector
n = (1, 0,—-1, 1).

2 2 22
b:un=§(1,o,—1,1)=(— 0, )

Thus

n-n 37 33

1 111
a=p—>b= —,2,—,—0 )
3 33

Method 4: Lagrange multiplier / closest-point method

and

The vector a € V' in the decomposition
p=a-+b, a€V, beV*,
is the closest point in the hyperplane V' to p = (1,2, 3,4). Thus we minimize
lp — al®

subject to the constraint
n-a=70, n=(1,0,—-1,1).

The closest-point condition says that p — a must be normal to the hyperplane, so
p—a=An.

Hence
a=p—An.
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Impose a € V:

Therefore
Ao P2
n-n 3
So
b:p—a:)\nzg(l,o,—l,l),
and

1 11 1
(l:p—b: _727_7_0 .
3 33

This method is especially useful for projection questions involving one linear constraint.

Method 5: Constructing the orthonormal basis by inspection

Since
V =n", n=(1,0,-1,1),

we need three mutually orthogonal unit vectors perpendicular to n. One immediate choice
is

e; = (0,1,0,0),
because its dot product with n is 0. Now look only at the (w,y, z) coordinates satisfying
w—y+2z=0.
Two convenient perpendicular choices are
vy = (1,0,1,0), v = (—1,0,1,2).

Indeed,
vp-n=1—-1=0, vg-n=—-1—-1+2=0,

and
U2'U3:—1+1:0.

Also both are perpendicular to e;. Their norms are
leal =1, floall = V2, lusll = V6.

Thus an orthonormal basis is

((0,1,0,0), %(1,0,1,0), %(—1,0,1,2)).

This gives the same basis as Method 1 but avoids running the full Gram—Schmidt algorithm.
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Problem 7 (Diagonal matrices and Frobenius orthogonal
complement)

Problem

Let n € N, and consider the real inner product space (R™", (-, -) ), where

n n

(A, B) . = trace ATB Z Z a;;bi;.

=1 j5=1

Let
D :={A e R""| A is diagonal}.

Derive a basis for D+.

Solution
Method 1: Characterize D+ by testing against diagonal matrices
Let X = (z;;) € R™". Then X € D+ iff (X, A), = 0 for all diagonal A = diag(dy, ...,d,).

But .
<X A F - Z sz] iy szzdz
=1

=1 j=1

For this to be 0 for all choices of (dy,...,d,) € R, we must have x;; = 0 for every 7. Thus
L:{XeRn’n31‘11:1722:“':%””:0},

i.e. the subspace of matrices with zero diagonal.
Let E;; be the standard matrix units. Then {E;; : ¢ # j} spans precisely the zero-diagonal
matrices and is linearly independent. Therefore

D+ =span{E;; :i #j} and {E;:i# j} is a basis of D*.

Method 2: Orthogonal direct sum decomposition

Every matrix A € R™" decomposes uniquely as

A =diag(air, ..., an) + (A—diag(arn, ..., am)).

J/

-~

eD zero diagonal

Moreover, diagonal matrices are Frobenius-orthogonal to zero-diagonal matrices, since
n
i=1

whenever z;; = 0. Hence R™" = D @® D+ and D+ is exactly the zero-diagonal subspace, with
basis {E;; : 1 # j}.
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Method 3: Matrix-unit orthonormal basis

Let E;; denote the standard matrix unit whose (7, j)-entry is 1 and whose other entries are
0. Under the Frobenius inner product,

(Eij, Bi) p = trace(Ej; Ey) = 0ixdj.

Therefore

is an orthonormal basis of R™". The diagonal subspace is

D = span{EH, E227 ey Enn}

Since the full matrix-unit basis is orthonormal, the orthogonal complement of D is spanned
by all matrix units not appearing in the basis for D:

D+ =span{E;; : i # j}.

This is the fastest method because it identifies D as a coordinate subspace of the Frobenius
matrix space.

Method 4: Orthogonal projection onto the diagonal subspace
Define the diagonal projection
IIp(A) = diag(air, a2, - - -, Anp)-
Then every matrix A € R™" decomposes uniquely as
A=TIp(A) + (A—TIIp(A)).

The first term is diagonal, and the second term has zero diagonal. Moreover, if A =
diag(dy,...,d,) and X has zero diagonal, then

i=1

Hence the decomposition is an orthogonal direct sum:

R™™ = D @ D*.
Therefore
A basis is again
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