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Overview of This Tutorial Problem Set

This sheet focuses on linear dependence/basis extraction, commutants, polynomial sub-
spaces, and dimension arguments:

Equivalent characterisations of linear dependence and bases in finite dimensions.
Extracting a linearly independent subset with the same span (basis inside a spanning set).
Computing dim{B : AB = BA} for a fixed matrix A.

Polynomial subspaces defined by evaluation constraints and constructing direct-sum com-
plements.

Proving linear independence after translation by a vector outside a span.
Dimension formula applications to show nontrivial intersections of subspaces.

Viewing R as a Q-vector space and computing dimensions depending on rationality /irrationality.

For academic reference only. This document is provided for educational purposes and does not constitute an official question

paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1 (Linear dependence iff one vector is in the

span of others)

Problem

Let (i) V be a vector space over a field F, and (ii) S be a set of V-vectors (not necessarily

finite). Show that the following two statements are equivalent (i.e. imply each other):

(a) S is linearly dependent.

(b) There exist a non-negative integer n and n + 1 distinct vectors v, wy, ..., w, € S such

that
v € span({wi, ..., w,}).

Remark. If n =0, then {wy,...,w,} = &, in which case span(&) = {0y }.

Solution

Method 1: Solve a dependence relation for one vector

(=). Assume S is linearly dependent. By definition, there exist distinct vectors sg, s1, - . -

S and scalars ag, aq, ..., q,, € F, not all zero, such that
apSp + o181 + -+ + Sy, = 0.
Choose an index k € {0,1,...,m} such that oy # 0. Then
m
ApSg = — Z QS
i=0
i#k

and multiplying both sides by ;' (which exists since F is a field) gives

5= > (25 s e span(fsn s ).

i=0 Xk
ik
Now define
V= Sy, {wy,...;w,} ={s0,- -, Sm} \ {sk}
Then v, wy, ..., w, are distinct, n = m, and v € span({wy, ..., w,}), as required.
(<). Assume there exist distinct v, wy,...,w, € S such that

v € span({wi, ..., w,}).
Then there exist scalars 51,..., 3, € F such that

U251w1+"'+/8nwn'

ySm €
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Rearrange:
v— fwy — - — Bruw, = 0.
This is a linear combination of distinct vectors from S equalling 0, with the coefficient of v

equal to 1 # 0. Hence the coefficients are not all zero, so S is linearly dependent.
Therefore,

(a) = (b).

Method 2: Minimal dependent subset argument (covers the n = 0 remark
cleanly)

(=). Assume S is linearly dependent. Then there exists at least one finite dependent subset
T C S. Among all finite dependent subsets of .S, choose one with minimal cardinality, say

T:{uo,ul,...,um} QS,

where all u; are distinct and m > 0.
Because T is dependent, there exist scalars ay, ..., a,, not all zero such that

oo + -+ + apty, = 0.
Claim: every «; # 0. If oy = 0 for some k, then
Z o;u; = O
=0
i#k

is a nontrivial dependence among the smaller set 7"\ {uy}, contradicting minimality of 7.
So «; # 0 for all 3.

In particular, ag # 0, so we can solve for u:

m
a.
Uy = — ; &—;ui € span({uy, ..., un}).
Set v = uy and wy = uy, ..., W, = Uy, (so n =m). This gives statement (b). If m = 0, then

T = {up} is dependent, which forces ug = Oy; then v = 0y € span(@) = {0y }, matching the
remark.
(<). Same as Method 1: if v € span({wy,...,w,}), then

=1

is a nontrivial dependence relation.
Thus again,

(a) = (b).
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Method 3: Use the characterization
S linearly dependent <= Jv € S: v € span(S \ {v}). (%)
(=). Assume S is linearly dependent. By (x),
JveS: vespan(S\ {v}).
Thus 3n > 0, 3 distinet wy,...,w, € S\ {v}, If1,...,0, € F s.t.
v = iﬁiwi = v € span({wy,...,w,}),
i=1

i.e. (b) (and n = 0= v = 0y € span(Q)).

(«<). Assume Fdistinct v, wy, ..., w, € Swithv € span({wy,...,w,}). Then 35, ..., 5, €

F s.t. .
v = Z Biw;.
i=1

Since {wy,...,w,} € S and w; # v for all i, we have {wy,...,w,} € 5\ {v}. Hence any
linear combination of wy, ..., w, is a linear combination of elements of S\ {v}, so

v € span({wy,...,w,}) = v €span(S\ {v}).

Therefore v € S: v € span(S \ {v}), and by (x), S is linearly dependent.

(a) = (b).



https://qrsntu.org

MH1201 Linear Algebra II QRSQNTU

Question 2 (Basis iff independent with correct size)

Problem

Let (i) V be a finite-dimensional vector space, and (ii) S be a set of V-vectors. Show that
the following two statements are equivalent:

(a) S is a basis.

(b) S is linearly independent and has exactly dim(V') elements.
Hint: Use the Basis Extension Theorem to show that (b) implies (a).

Solution
Method 1: Basis extension theorem (as hinted)

(=). Assume S is a basis of V. By definition of basis, S is linearly independent and spans
V. In a finite-dimensional vector space, the cardinality of any basis equals dim(V"). Hence
S is linearly independent and has exactly dim(V') elements.

(«<). Assume S is linearly independent and |S| = dim(V). By the Basis Extension
Theorem, any linearly independent set in a finite-dimensional vector space can be extended
to a basis. So there exists a basis B with

S CB.
Taking cardinalities,
|S| < |B| =dim(V).

But |S| = dim(V), so |S| = |B] and the inclusion S C B forces S = B. Therefore S itself is
a basis.
Hence,

(a) = (b).

Method 2: Linear map / rank-nullity argument

Assume S = {s1,...,s,} is linearly independent and has n = dim(V') elements. Define the
linear map

T:F"—V, T(o, ..., o) ::iaisi.
i=1
Because {si,...,s,} is linearly independent, the only solution to
T(ag,...,a,) =0
is a3 = -+ = a, = 0. Hence ker(T') = {0}, so T is injective and

dim(Im(7)) = dim(F") — dim(ker(T)) =n —0=n
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by rank-nullity. But Im(7") is a subspace of V' of dimension n = dim(V'), so it must be all of
V:
Im(7T) =V.

Thus S spans V. Since S is also linearly independent, it is a basis.

The reverse direction (basis = independent and size dim(V)) is immediate from defini-
tions and the meaning of dim(V).

Therefore,

(a) = (b).
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Question 3 (Basis extraction from a set; basis contained
in a spanning set)

Problem

Let (i) V' be a finite-dimensional vector space, and (ii) S be a set of V-vectors. Establish
the following two statements:

(a) S has a linearly independent subset B such that span(B) = span(5).
(b) If span(S) =V, then S contains a basis for V' as a subset.

Solution
Method 1: Constructive “deletion” algorithm via a finite spanning subcollection

Since V' is finite-dimensional, the subspace span(S) < V is also finite-dimensional. Let
d = dim(span(S)), so d < oo.
Step 1: Reduce to a finite subset. Choose a basis {by,...,bs} of span(S). Each
b; € span(S) is a finite linear combination of elements of S, so there exists a finite subset
S; € S with b; € span(S;). Let
S(] 3251U"'U5d,

a finite subset of S. Then span(.Sy) contains each b;, hence
span(S) = span({bi,...,ba}) C span(So) C span(S),

so span(Sy) = span(S).

Step 2: Delete dependent vectors until independent. Write Sy = {u, ..., un}.
If {uy,...,uy} is linearly independent, set B = Sy and we are done.

Otherwise, {ug,...,u,} is dependent, so by Question 1 there exists an index k such that

u € span({ug, ..., un} \ {ur}).

Then removing u; does not change the span:

span({uy, ..., un}) = span({uy, ..., um} \ {ug}).

Indeed, the right-hand side is contained in the left-hand side trivially, and the only missing
vector uy, is already in the right-hand side, so the spans are equal.

Now replace the set by the smaller set and repeat. Because the set is finite and decreases
in size each time, the process must terminate after finitely many steps, yielding a finite subset
B C Sy C S that is linearly independent. At every deletion step the span stayed the same,
so in the end

span(B) = span(.Sy) = span(.S).

This proves (a).
For (b). If span(S) = V, then by (a) there exists a linearly independent subset B C S
with span(B) = V. Therefore B is a basis of V, and it is contained in S.

9
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Thus the final conclusions are

(a) 3B C S linearly independent with span(B) = span(5),
(b) If span(S) =V, then S contains a basis of V.

Method 2: Maximal linearly independent subset of S

(a). Consider the collection
Z:={1C S |Iis linearly independent }.

Since @ € Z, the collection is nonempty. Because V is finite-dimensional, every linearly
independent subset has cardinality at most dim(V'), so there exists an element of Z with
maximal cardinality. Choose such a maximal independent subset and call it B C S.

Claim: span(B) = span(S). Suppose not. Then there exists s € S with s ¢ span(B).
But then B U {s} is linearly independent (if s were a linear combination of vectors in B, it
would lie in span(B)). This contradicts maximality of B. Hence every s € S lies in span(B),
so span(S) C span(B). The reverse inclusion span(B) C span(S) holds because B C S.
Therefore span(B) = span(S), proving (a).

(b). If span(S) = V, then the B C S from (a) satisfies span(B) = V. So B is a basis
and is contained in S.

Thus again,

(a) 3B C S linearly independent with span(B) = span(5),
(b) If span(S) =V, then S contains a basis of V.

10
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Question 4 (Dimension of a commutant in R??)

Problem
Let

1 2
A::(O 1), Vi={BeR* | AB = BA}.

Determine dim(V').

Solution

Method 1: Direct computation with entries

Let
[z
\z t)°
Compute
(1 2\ [z vy +2z y+2t
- \0 1 z t ’
and

=060

Impose AB = BA by equating entries:

T 2x+vy
z 2z4+t)°

r+2z=x = 2z2=0,
y+2=2z+y = 2U=2r=t=uz,
z =z (automatic),
t=2z4+t = 0=2z (automatic when z = 0).

So the commuting matrices are exactly

5-(5 1) ==(5 1) (0 o)

Hence V is spanned by two linearly independent matrices, so

dim(V) = 2.

11
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Method 2: Use A =1+ 2N with a nilpotent NV

Write
(1 2\ _ (01 5
A—(O 1>—I+2N, N._(O 0), N*“=0.

Then AB = BA is equivalent to (I +2N)B = B(I + 2N), i.e.
IB+2NB =BI+2BN <= NB=DN.
SoV ={B:NB=BN}.

_ (T Y
Let B = <z t)‘ Compute

=) C)-Go) (D006

Equating NB = BN gives z = 0 and t = z, with y free. Thus again

_ (T Y _
B—<O x)—xf—i—yN,

so V =span{/, N} and

dim(V) = 2.

12
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Question 5 (Polynomial subspace P(2) = P(5), basis ex-
tension, and direct sum)

Problem
Define a vector subspace V of P4(R) by
V={PePyR)| P2 =P(5)}
(a) Find a basis for V.

(b) Extend the basis for V' from part (a) to a basis for Py(R).
(c) Find a vector subspace W of P4(R) such that Py(R) =V & W.

Solution

Method 1: Division by (t — 2)(t — 5) (remainder decomposition)
Let q(t) = (t — 2)(t — 5) (degree 2). For any R, (¢R)(2) =0 = (¢R)(5), hence ¢R € V.
(a) For any P € P4(R), by the division algorithm (by ¢), 3! @, L with

P(t) = q)Q() + L(t),  degL <2,
so L(t) = at + 8 and deg Q < 2. Tmpose P(2) = P(5):
L(2) = L(5) <= 2a+f=5a+f8 < a=0.
Thus L is constant and
V={qt)Qt)+c: Qe g2, ceF}=span{l, ¢, tq, t?q}.

These four are linearly independent (distinct degrees 0,2,3,4 with nonzero leading
coefficients). Hence

By ={1, (t —2)(t—5), t(t —2)(t —5), t*(t — 2)(t — 5) } is a basis of V.

(b) Since dimP4(R) =5 and dimV =4, add any py ¢ V; e.g. t(2) # t(5), so t ¢ V. Then

Bp,®) = By U {t} is a basis of P4(R).

(c) Take W = span{t}. If at € V, then 20 = 5o = a = 0, s0 VNW = {0}. Also
dim(V) +dim(W) =4+ 1 =5 = dim(P4(R)), hence V + W = P4(R). Therefore

W =span{t} and P,(R) =V & W.

13
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Method 2: Linear functional (kernel) 4+ rank—nullity + explicit kernel basis
Define L : P4(R) — F by L(P) := P(2) — P(5). Then L is linear and

V =ker L.
(a) Since L(t) =2 —-5%#0, L #0. As dim(F) = 1, rank(L) = 1. Rank-nullity gives
dimV =dimker L =5—-1=4.

Let q(t) = (t—2)(t—>5). Then 1, ¢, tq, t*q € ker L and are linearly independent (degrees
0,2,3,4). Thus, by dimV = 4,

By ={1, q, tq, t?q} is a basis of V.

(b) Choose py € P4(R) with L(pg) # 0, e.g. po = t. Then py ¢ V', hence

Bp,r) = By U {t} is a basis of P4(R).

(c) Let W = span{t}. Then VNW = {0} since at € ker L = 0 = L(at) = aL(t) = a = 0.
For any P € P4(R), set o := L(P)/L(t) and Q := P —at. Then L(Q) =0=Q €V
and P=Q+at € V+W. So P,(R) =V & W. Hence

W =span{t}, Ps(R) =V & W.

Method 3 : One-shot theorem for nonzero linear functional

Theorem (). If U is finite-dimensional, f : U — F is nonzero linear, and uy € U satisfies

f(up) # 0, then
U=kerf @& span{ug}.

Let L: Py(R) = F, L(P) = P(2) — P(5),s0 V = ker L.

(a) As L(t) # 0, L # 0 so dimV = 4 (rank-nullity, or dim(U/ker L) = 1). Using
q(t) = (t = 2)(t = 9),

1, q, tq, t’q €V, LI = | By = {1, q,tq,t*q} basis of V.

(b) Since t ¢ V', the extension is immediate:

Br,r) = {1,q,tq,t°q, t} basis of P4(R).

(c¢) Apply (%) with U = P4(R), f =L, ug = t:

Pi(R) =V @span{t} | = | W =span{t} works.

14
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Method 4 : First isomorphism theorem / quotient-space view
Let L : Py(R) = F, L(P) = P(2) — P(5), so V = ker L.

(a) Since L(t) # 0, ImL = F (1D codomain), hence dim(Im L) = 1. By rank-nullity (or
by the first isomorphism theorem),

PiR)/ker L=ImL=F = dimV =dimkerL =5—-1=4.
Again q = (t — 2)(t — 5) gives 1, q,tq,t>q € V, LI by degrees, so

By = {1,q,tq,t*q} basis of V.

(b) Add any py with L(po) # 0, e.g. t:

{1,q,tq,t*q, t} basis of P4(R).

(c) The quotient P4(R)/V is 1-dimensional, generated by the coset t + V' since L(t) # 0.
Thus Py(R) = V + span{t}. Also V Nspan{t} = {0} (same computation as before),
hence

Py(R) = V @ span{t}, W = span{t}.

Method 5 : Constraint as a single linear equation in coordinates
Use the standard basis 1,¢, 2,3, t*. Write
P(t) = ag + ait + ast® + ast® + ayt®.
Then P(2) = P(5) becomes one linear equation in (ao, . .., a4):
a1(2 = 5) 4 ap(2% — 5%) + a3(2® — 5°) + as(2* — 5*) =0,

i.e.
—3a; — 2lag — 117a3 — 609a, =0 <= a1 = —Tay — 39a3 — 203a4.

(a) Parameterize by free variables ag, ag, as, as:
P(t) = ag + ax(t* — 7t) + az(t* — 39t) + aa(t* — 203t).

Hence a basis is

\ By = {1, 2 —7t, £* — 39¢, t4—203t}.‘

(Each satisfies P(2) = P(5) by construction; LI is clear since these have distinct top
degrees 0,2,3,4.)

(b) Add any polynomial not in V', e.g. t:

{1, * —7t, 3 —39¢, t* — 203t, t} basis of Py(R).

(c) Let W = span{t}. Then VNW = {0} since at € V = 2a = 5a = a = 0. Also
dim V' = 4 (one independent linear constraint) and dim W =1, so V@& W = P4(R):

W =span{t}, Ps(R) =V @ W.

15
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Method 6 : “Vanishing at two points” 4+ decomposition P = c+ (t — 2)(t — 5)Q
Let q(t) = (t — 2)(t — 5). Note that P(2) = P(5) iff P(t) — P(2) vanishes at ¢t = 2,5, i.e.

P(t) — P(2) has roots 2,5 <= ¢q(t) | (P(t) — P(2)).

Thus 4Q € , with
P(t) = P(2) +q(t)Q(t).
(a) Write Q(t) = by + byt + bat®. Then

P(t) = c+ bog(t) + bi tq(t) + by t2q(t),

SO

By ={1, q, tq, t°q} basis of V.

(b) Add t ¢ V:

{1,q,tq,t%q, t} basis of P4(R).

(c) Let W =span{t}. Then VN = {0} as before, and dim V' + dim W = 5, hence

PyR) =V oW, W =span{t}.

16
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Question 6 (Translation by an “outside” vector pre-
serves independence)

Problem
Let

(a) V be a vector space,
(b) v1,. .., v95 be distinct V-vectors such that {vy, ..., ve25} is linearly independent, and

(¢) w be a V-vector such that w ¢ span({vy, ..., veg25}).
Show that {v; + w, ..., veges + w} is linearly independent.

Solution
Method 1: Coeflicient-sum trick (direct algebra)

Let scalars oy, ..., aggs € I satisfy

ay(v1 +w) + - -+ + 025 (V2025 +w) = 0.

2025 2025
(Z aivi) + (Z ozi) w = 0.
i=1 i=1

Let s == 3.7°% q;. Then the equation is

Expand and group terms:

2025

Zaivi +sw=0.
=1

If s # 0, then we can solve for w:

1 2025
w = —g Z ;U5 - span({vl, e ,’02025}),
i=1

contradicting the assumption that w ¢ span({vy, ..., vo05}). Therefore we must have s = 0.

Substituting s = 0 back gives
2025

Z ;0 = 0.
i=1
Since {vy, ..., V9025 } is linearly independent, it follows that
ap =+ = s = 0.

Hence {v; + w, ..., va095 + w} is linearly independent.
So the final answer is

{v1 +w, ..., v25 + w} is linearly independent.

17
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Method 2: Use an explicit invertible linear operator

First note that w ¢ span({vy, ..., va05}) implies the set

{U1> .-+, U2025, w}

is linearly independent: if 232215 a;vi+Pw = 0and B # 0, then w € span({v;}), contradiction;

hence § = 0 and then all o; = 0.
Let

U = span({v1, ..., Vo5, w}),

so dim(U) = 2026, and B := (vy, ..., V025, w) is a basis of U.
Define T': U — U on the basis B by

T(v) =vi+w (i=1,...,2025), T(w)=w,

and extend T linearly to all of U. This is well-defined and linear because values are prescribed
on a basis.
Define another linear map S : U — U by

S(v) =v;—w (1=1,...,2025), S(w) = w,
and extend linearly. Then for each basis vector,
(SoT)(vi) = Svi+w)=(vi+w)—w=v;,  (SoT)(w)=>5w)=uw,

so S oT =1Idy. Similarly, T'o S = Idy. Therefore T is invertible (hence injective).
Now the set {v1,...,v9095} is linearly independent in U. Since T is injective, its image
set

{T(Ul), . O ,T(’Ugogg))} = {Ul + W, . ..,0V2025 + w}

must also be linearly independent: if Y «;T(v;) = 0, then T'(> ayv;) = 0, hence Y a;v; = 0,
hence all «o; = 0.
Thus,

{v1 +w, ..., v095 + w} is linearly independent.

18


https://qrsntu.org

MH1201 Linear Algebra II QRSQNTU

Question 7 (Two 5D subspaces of R’ must intersect non-
trivially)

Problem
Let both U and V' be 5-dimensional vector subspaces of R?. Show that U NV # {0}.

Solution
Method 1: Dimension formula for sums and intersections

We use the Grassmann dimension identity: for subspaces U,V of a finite-dimensional vector
space,
dim(U +V) = dim(U) + dim(V) — dim(U N'V).

Since U +V C R?, we have
dim(U +V) <9.

Substituting dim(U) = dim(V') = 5 gives
dim(U+V) =10 —dim(UNV) <9.

Hence
10-dim(UNV)<9 = dim(UNnV)>1

Therefore U NV contains a nonzero vector, so

Unv #{0}.

Method 2: Contradiction via direct sum dimension

Assume for contradiction that

Unv ={0}.
Then the sum U + V is direct:

U+V=UagV.
By the dimension formula for direct sums,
dim(U ¢ V) = dim(U) + dim(V) =5+ 5 = 10.

But U +V CR? so
dim(U + V) <9,

a contradiction.
Hence

UNV #{0}.
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Method 3: Rank—Nullity using the linear map 7T'(u,v) = u+v

Define a linear map
T:UxV =R T(u,v) = u+v.

This map is linear because addition in R? is linear.
The image of T is
Im(T)=U+V.

The kernel is
kerT' = {(u,v) e U xV :u+v =0}

If u+v =0, then v = —u, so

ueUNV.
Hence
kerT = {(z,—z) :x € UNV}.
Thus
dim(ker T") = dim(U N'V).
Since

dim(U x V) = dim(U) + dim (V') = 10,
the Rank-Nullity Theorem gives

10 = dim(ker T") + dim(Im T').

But
dim(Im7T) = dim(U + V) <9,
SO
10 < dim(UNV)+09.
Therefore
dim(UNV) >1,
and hence

Unv +{0}.
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Method 4: Quotient-space argument

Consider the quotient space
R?/U.

Since dim(U) = 5, we have

dim(R?/U) =9 — 5 = 4.

Let
7:R = R/U
be the quotient map, and restrict it to V:
mly : V = R/U.

Since dim (V') = 5 while dim(R?/U) = 4, this linear map cannot be injective.
Thus there exists v € V', v # 0, such that

m(v) =0.
But 7(v) = 0 precisely when v € U. Hence
velUnV.
Therefore
Unv #£{0}.

Method 5: Injection / dimension monotonicity argument

Recall the theorem: if 7" : X — Y is an injective linear map between finite-dimensional

vector spaces, then
dim(X) < dim(Y).

Again consider the quotient map 7 : R? — R%/U.
Restrict it to V: T =7y : V — RY/U.
If UNV = {0}, then T would be injective. Indeed,

Tw)=0 < 7(v) =0 < vel,

so if the intersection were trivial, the only vector mapped to 0 would be v = 0.
Thus T would be injective, which would imply

dim(V) < dim(R?/U).

But
dim(V) =5 and dim(R?/U) = 4,

which is impossible.
Therefore T' cannot be injective, and hence

kerT =U NV # {0}.
Thus

Unv #£{0}.
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Question 8 (A Q-vector space structure on R and a 2D
subspace)

Problem

We can make R into a rational vector space as follows:
e Vector addition 4+ : R x R — R is the usual real addition.

e Scalar multiplication - : Q x R — R is the restriction of usual real multiplication to Q x R.
Denote this rational vector space by Rg, and let
Vi={a+breR|abeQ}.
(a) Show that V' is a rational vector subspace of Rg.

(b) Show that
1, ifreqQ,

dim(V) = {2 itr ¢ Q.

Solution
Method 1: Direct subspace test and basis computation

(a) We verify that V is a Q-vector subspace of Rg.

First, 0 € V, since
0=0+0-7r

with 0,0 € Q.
Next, let x,y € V. Then there exist aq, as, by, by € Q such that
xr = a;+ by, Y = as + bor.
Hence
r+y= (a1 +az)+ (by + by)r.
Since Q is closed under addition, a; 4+ as € Q and by + by € Q. Therefore x +y € V.
Now let ¢ € Q and z € V. Write

xT=a+br with a,b € Q.

Then
qr = q(a+br) = (qa) + (¢b)r.
Since qa, gb € Q, it follows that qz € V.

Thus V contains 0, is closed under addition, and is closed under scalar multiplication
by elements of Q. Therefore V' is a Q-vector subspace of Rg.
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(b) We compute dim(V') by splitting into cases.
Case 1: r € Q.
For any a,b € Q, we have br € Q, hence

a+breQ.
So V C Q. Conversely, if ¢ € Q, then
gq=q+0-reV.
Thus V' = Q as sets. As a vector space over Q, the set Q has basis {1}. Hence
dim(V) = 1.
Case 2: r ¢ Q.

We claim that {1,7} is a basis of V' over Q.
First, {1,7} spans V: if 2 € V, then by definition

r=a+br=a-1+b-r

for some a,b € Q. Hence
V = spang{l,r}.

Next, {1,7} is linearly independent over Q. Suppose

a-1+p4-r=0 for some a, f € Q.

If 5 # 0, then
o
r=——=cC Q7
5
contrary to the assumption r ¢ Q. Therefore 5 = 0. Then o = 0 follows from
a+ pr=0.

So {1,7} is linearly independent and spans V', hence is a basis of V. Therefore

dim(V) = 2.

Combining the two cases,

, ifreQ,
, ifré¢ Q.
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Method 2: Realize V as spang{1,7}

(a)

We first observe that
V' = spang{l,r}.

Indeed, if x € V, then by definition x = a + br for some a,b € Q, so
r=a-1+0b-r¢cspang{l,r}.

Thus V' C spang{1,7}.

Conversely, let z € spang{l,7}. By the definition of span, there exist a, 3 € Q such
that
r=oa-1+p-1r=a+pr
Hence x € V. Therefore
V = spang{l,r}.

Since the span of any subset of a vector space is a subspace, it follows that V is a
Q-vector subspace of Rg.

Since
V = spang{l,r},
its dimension is the number of vectors in a basis extracted from {1,r}.
Case 1: r € Q.
Then

so r € spang{1}. Hence
spang{l,r} = spang{1}.

Therefore V' has basis {1}, and

dim(V) = 1.
Case 2: 7 ¢ Q.
We show that {1,r} is linearly independent over Q. Suppose

a-1+b-r=0 with a,b € Q.
If b # 0, then
a
= —— €& ,

r 2 Q

a contradiction. Hence b = 0, and then a = 0. So {1,r} is linearly independent.

Since V' = spang{1,r}, the set {1,7} is a basis of V. Therefore

dim(V) = 2.
Thus
1, ifreqQ,
dim(V) = O
2, ifr¢Q.
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Method 3: Use a linear map ¢ : Q* -+ Ry and Rank—Nullity

(a)

Define
¢ Q* — Ry, o(a,b) :=a+ br.

We show that ¢ is Q-linear.
Let (al, b1>, (CLQ,bQ) S @2. Then

¢((ar,b) + (az, b2)) = ¢(ar + as, by + by)
= (a1 + az) + (by + bo)r
= (a1 + b17) + (ag + bar)
= ¢(a1,b1) + ¢(az, ba).

Also, for ¢ € Q,

¢(q(a,b)) = ¢(qa, qb) = qa + (gb)r = q(a+ br) = q¢(a,b).

Hence ¢ is linear.

By definition,
Im(¢) ={a+br:a,becQ} =V

Since the image of a linear map is a subspace, V' is a QQ-vector subspace of Rg.

We apply the Rank—Nullity Theorem to the linear map
¢ : @2 — RQ.
Since Im(¢) =V, we have

dim(V) = dim(Im ¢) = dim(Q?) — dim(ker ¢) = 2 — dim(ker ¢).

We now compute ker ¢.
By definition,

(a,b) €kerp < ¢(a,b) =0 <= a+br =0.
Case 1: r € Q.

Then (—r,1) € Q? and
¢<_T7 1) =-r+r= 07

so ker ¢ # {(0,0)}. In fact, if a + br = 0, then
a= —br,

(a,b) = (—=br,b) =b(—r,1).

Hence
ker ¢ = spang{(—r,1)}.
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Therefore dim(ker ¢) = 1, and so

dim(V)=2-1=1.

Case 2: r ¢ Q.
Suppose (a,b) € ker ¢. Then
a-+br=0.
If b # 0, then "
r=-3 € Q,

contrary to r ¢ Q. Hence b = 0, and then a = 0. Thus
ker ¢ = {(0,0)}.
So dim(ker ¢) = 0, and therefore

dim(V)=2-0=2.

Hence

1, ifreQ,

&mwv:{Q itr ¢ Q.
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Method 4: Basis extraction from a generating set

(a)

By definition,
V={a+0br:abeQ}.

Thus every element of V' is a Q-linear combination of 1 and r, so
V = spang{l,r}.

Since the span of any set is a subspace, V' is a Q-vector subspace of Rg.

We use the theorem that every finite spanning set contains a basis, obtained by remov-
ing linearly dependent vectors.

Since {1, 7} spans V, a basis of V' is obtained from {1, r} by deleting redundant vectors
if necessary.

Case 1: r € Q.

Then r = r-1, sor € spang{1}. Thus {1,7} is linearly dependent, and r is redundant.
Hence {1} is a basis of V, so
dim(V) = 1.

Case 2: r ¢ Q.
We show that neither 1 nor r lies in the span of the other.

Certainly 1 # 0, so 1 ¢ spang(@). Also,

r¢ SpaﬂQ{1}7

for otherwise r = ¢ - 1 = ¢ for some ¢ € Q, contradicting r ¢ Q.

Thus no vector in {1, r} is redundant, so {1,r} itself is a basis of V. Hence

dim(V) = 2.

Therefore

1, ifreQ,

dim(V) = {2 ¢
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Method 5: Contradiction through linear dependence of {1,r}

(a)

For any a,b € Q,
a+br=a-1+0b-r,

so every element of V' is a Q-linear combination of 1 and r. Hence
V = spang{l,r}.
Therefore V' is a Q-vector subspace of Rg.

Since V' = spang{1,r}, its dimension is at most 2. We determine whether it is 1 or 2.
Case 1: r € Q.

Then r is a scalar multiple of 1, so
V = spang{1}.

Hence dim (V') = 1.
Case 2: r ¢ Q.

Assume, for contradiction, that dim(V’) = 1. Then V is spanned by a single nonzero
vector v. Since 1,7 € V, there exist «a, § € Q such that

1= aw, r = pu.
If « =0, then 1 =0, impossible. Hence @ # 0, and so
V=
Substituting into the second equation gives
r=pa"teqQ,

contradicting r ¢ Q.
Therefore dim(V') # 1. Since V' is spanned by two vectors, dim(V') < 2. It follows that

dim(V) = 2.
So
dim(V) = {1, it r € Q,
2, ifré¢Q.
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