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Overview of the 2022/2023 Semester 1 Paper

This typeset document is based on the official handwritten solutions for the AY22/23 Sem 1
MH1300 final, with light editing by QRS for clarity, notation consistency, and layout. Where
helpful for learning, we have:

e expanded some arguments into more explicit step-by-step derivations;
e added proof-structure hints (e.g. “prove the contrapositive”, “use strong induction”);

e highlighted standard techniques used often in MH1300 (truth tables, modular arithmetic,
Euclidean algorithm, induction on recurrences, etc.).

Structure of the paper.

e Q1: Propositional logic and predicates: validity via rules of inference, tautology classifi-
cation, and quantifiers over R.

e Q2: Short T/F justifications in number theory and set theory, and a counterexample for
non-commutativity of relation composition.

e Q3: Induction and strong induction: a factorial sum identity and bounding a recursively
defined sequence.

e Q4: Floor function identities and a characterisation of when a subset S C R has the
Archimedean property.

e (Q5: Finite set cardinalities and an injective-but-not-surjective function built from integer
division.

e Q6: Divisibility via contrapositive, 5th roots of a complex number, and the Euclidean
algorithm for ged.

Marks are distributed across conceptual understanding, correct use of definitions, and clarity
of reasoning. The mark schemes below indicate one reasonable breakdown of partial credit
for each part; small variations in official marking are possible.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1 (18 marks)
(a) Show that the following argument form is valid. State all rules of inference used.
pVygq
(—q) Vs
r— (—s)
—p
T
(6 marks)
Solution
We use a proof by contradiction.
1l.pVgq Premise
2. qVs Premise
3.r— s Premise
4. —p Premise
5. q From 1,4 (Disjunctive Syllogism)
6. s From 2,5 (Disjunctive Syllogism)
7. Assume r  Assumption for Indirect Proof
8. s From 3,7 (Modus Ponens)
9. s\ s From 6,8 (Contradiction)
10. = From 7-9 (Indirect Proof)
‘The argument form is valid. ‘
(b) Is the following statement a tautology, a contradiction, or neither?
(pA=q) V ((-pAg) V (-pVa)).
Justify your answer. (6 marks)

Solution

We rewrite as
(pA=q) V (=pAq) V (—pVq).

Method 1: Truth table.
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plallpA—-q|(=pAqg) | (=pVaq) | (pPA=g)V (=pAg)V(=pVq)
TIT| F F T T
T F| T F F T
FlT| F T T T
FIF| F F T T

Every row outputs 7, so it is a tautology.

Method 2: Logical equivalence

(PA=)V ((mp A Q) V (=P V q))
=(pA-q)V(—pAq)V(-pVq) (associativity)
=(pA-q)V(—pVaq) (absorption)

=T (universal bound law).

Thus,

it is a tautology.‘

Let P(x,y) be the predicate 22 + y < 0, where the domain for z,y is the set of real
numbers. Determine if each of the following sentences is true or false and justify your
answers:

(i) Yy 3z P(z,y)
(i) JyVa P(z,y)

(6 marks)

Solution

(i) Vy3z P(x,y).

We ask whether, for every real y, there exists some real x such that
2
" +y <0.
Take y = 1. Then, for any real x,
2 4+1>1>0,

so P(z,1) is false for all x € R. Thus for this particular y = 1 there is no suitable .
Hence Vy3z P(z,y) is false.

Vydz P(z,y) is false.

(il) JyVz P(x,y).
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We ask whether there is some y € R such that

2> +y <0 forevery z € R.

Suppose such a y exists. Then in particular, for z = 0,
0°4+y<0 = y<0.
Now choose x large enough so that 22 > —y (possible since y < 0). Then
v* +y >0,

contradicting the requirement that 22 +y < 0 for all z.

Hence no such y exists and JyVz P(z,y) is false.

JyVx P(x,y) is false.

Mark Scheme
(a) 6 marks.
— Correct use of disjunctive syllogism to derive ¢. [2]

— Correct derivation of s from (—g V s) and ¢. [1]

— Correct indirect proof structure: assume 7, obtain s A —s, conclude —r. [3]
(b) 6 marks.

— Correct truth table (or equivalent reasoning showing all rows are true). [3]
— Logical equivalence chain or clear argument that the formula simplifies to 7. [2]

— Correct classification as a tautology. [1]
(c) 6 marks.

— Correctly show (i) is false via a specific y (e.g. y = 1) for which no x works. [3]

— Correctly show (ii) is false via contradiction (using x = 0 and large x) and conclude
that no such y exists. [3]
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Question 2 (12 marks)

Determine if each statement is true or false. Justify your answers.

(a) For any integer n, 4 does not divide n* + 1.

Solution

Let n € Z. There are two cases:

Case 1: n is even. Then n = 2k for some k € Z. So

n*+1=4k"+1=1 (mod 4).

Case 2: nis odd. Then n = 2k + 1 for some k € Z. So
n*+1=2k+1)?+1=4k*+4k+2=2 (mod 4).

In both cases, n> +1 #Z 0 (mod 4), so 41 (n? + 1) for any integer n.

True: 41 (n* + 1) for all integers n.

(b) For sets A, B,C', determine whether
Ax(BNC)=(AxB)nC.

Solution

This statement is false. As a counterexample, let
A={1}, B={1,2}, C={1}.
Then
BNnC={1}, Ax(BnC)={1} x{1} ={(1,1)}.
On the other hand,
Ax B={(1,1),(1,2)}, (AxB)nC={(1,1),(1,2)}n{1} =2,

since no ordered pair equals the element 1.

Thus
Ax (BNC)# (Ax B)nC,

so the statement is false.

\The statement is false.\

(c¢) If S and R are relations on a set X, then So R = Ro S.

5

(4 marks)

(4 marks)

(4 marks)
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Solution
This statement is false. Let X = {0, 1}, and define
S={0,1}, R=A{(10)}
Compute:
SoR={(z,2) e X xX:JyeX, (x,y) €R, (y,2) €S}
Since R = {(1,0)} and S = {(0,1)}, the only composition is
(1,0) followed by (0, 1),

” SoR={(1,1)}.

Similarly,
RoS={(z,2) e X xX:JyeX, (v,y) €S, (y,2) € R}.
Now we compose (0,1) then (1,0), so
Ro S =1{(0,0)}.

Since

SoR={(1,1)}#{(0,0)} = Ro S,

the statement is false.

‘The statement is false. ‘

Mark Scheme
(a) 4 marks.

— Correct even case and congruence modulo 4. [2]

— Correct odd case and congruence modulo 4. [2]
(b) 4 marks.

— Suitable counterexample (choice of A, B, C). [2]

— Correct computation of both sides and clear conclusion that they differ. [2]
(c) 4 marks.

— Suitable choice of X, S, R showing non-commutativity. [2]

— Correct computation of S o R and R oS and observation they are unequal. [2]


https://qrsntu.org

MH1300 Foundations of Mathematics Finals (22/23, Sem 1) QRSQNTU

Question 3 (18 marks)

Use Mathematical Induction to prove the following.
(a) For every positive integer n,
-142-243-34+---4+nl-n=mn+1)! - 1L
(9 marks)
(b) Define the sequence {a,}>°, by the following: ap =1, a; = 2, as = 3 and
Qp = Ap_1 + 3a,_3+ 1 for all n > 3.

Prove that a, < 2" for all n > 0. (9 marks)

Solution

(a) Let P(n) be the statement

n

D ili=(n+1) -1

i=1

Base case: n = 1.
1
doilvi=1-1=1,  (1+1)-1=2-1=1
=1

So P(1) is true.
Inductive step: Assume P(k) is true for some k > 1, that is,

k

doilvi=(k+1)—1.

=1

Then

Thus P(k + 1) holds.
By Mathematical Induction, P(n) is true for all n > 1. Hence

-142-24---+nl-n=(n+1)! —1 for all positive integers n.

7
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(b) We use strong induction. Define P(n) to be the statement a, < 2".
Base cases:
P0O): a=1<2"=1,
P(1): a=2<2'=2,
P(2): ay=3<2*=4.
So P(0), P(1) and P(2) are true.
Inductive step (strong form): Assume P(0), P(1),...,P(k — 1) all hold for some
k > 3; that is, '
a; <2 forj=0,1,...,k—1.

We show P(k) is true.
From the recurrence,

ar = Qp—1 + 36Lk_3 + 1.
By the inductive hypothesis applied to £k — 1 and k£ — 3,

ap < 2814 3.2 4 1.
Now

3. 2k73 — 2]@‘72 + 2k73
SO

ap <2571 4 2R ok 4
Since k > 3, we have 1 < 2873 hence
ap <2871 42 g ok g ok ok 34 10 114 1) =23 .8 = 2",

Thus P(k) holds.
By strong Mathematical Induction, P(n) is true for all n > 0. Therefore

‘an§2" for alanO.‘

Mark Scheme
(a) 9 marks.

— Correctly states P(n) and verifies the base case n = 1. [2]

— Uses the inductive hypothesis to replace S5, ili by (k+1)! — 1. [2]
— Adds the (kK + 1)!(k + 1) term and simplifies to (k + 2)! — 1. [3]

— Gives a clear concluding statement that P(n) holds for all n > 1. [2]

(b) 9 marks.

— Correct verification of base cases n =0,1,2. [3]
— Correct strong induction hypothesis and setup of ay, = ay_1 + 3ax_3 + 1. [2]

— Proper use of bounds a;_; < 27!, a;_3 < 2¥73 and inequality manipulation to reach
ar S 2k [3]

— Clear conclusion that a,, < 2™ for all n > 0. [1]
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Question 4 (14 marks)

(a) Given any real number z, what are the possible value(s) of |z] + |—z|? Justify your
answer. (6 marks)

(b) A set S C R is said to have the Archimedean property if for every a,b € S there
is a positive integer n such that na > b. Find a condition which is both sufficient
and necessary for a set S to have the Archimedean property. Justify your answer. (8
marks)

Solution

(a) By the definition of the floor function, for any € R we have
lz] <z <|xz]+1

and

Adding these inequalities gives
lz] + |—z| <0< |x] + |—2] + 2.

Rewriting,
° 0<—(lz]+|—=]) <2

Since —(|z] + [—]) is an integer, it must be 0 or 1. Hence
—(lz] 4+ [~=z]) =0o0r1,

|lz] +|—2]=0o0r —1.

Thus

The only possible values of |z] + |—x]| are 0 and — 1.

(b) A suitable condition is

S C (0,00), i.e. every element of S is positive.

Sufficiency. Suppose S C (0,00). Let a,b € S with 0 < a < b. Consider
b
- >0.
a

Let k = |b/a], so k is an integer and

b
E<-<k+1.
a
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Since b/a > 1, we have k > 1. Multiplying the strict inequality on the right by a > 0 gives
b<a(k+1).

Let n = k 4 1, a positive integer. Then na = a(k + 1) > b. Thus for any a,b € S with
0 < a < b there exists a positive integer n such that na > b, so S has the Archimedean
property.

Necessity. Now suppose S has the Archimedean property. We show that S cannot
contain a non-positive element. Assume, for a contradiction, that there exists ¢ € S with
c <0.

Take a = ¢ and b = ¢. By the Archimedean property, there exists a positive integer n
such that

na>b = nc>c.

But since n > 1 and ¢ < 0, we also have nc < ¢. Hence
c < nc<ec,

which is impossible. This contradiction shows that no such ¢ can exist, so every element of
S must be positive. Therefore S C (0, 00).
Combining both directions, we conclude that

S has the Archimedean property <= S C (0,00).

Mark Scheme
(a) 6 marks.
— Correct use of floor inequalities for x and —z. [3]

— Correct deduction that an integer strictly between 0 and 2 must be 0 or 1. [2]

— Clear statement that the only possible values are 0 and —1. [1]

(b) 8 marks.

— Correct statement of the condition S C (0, 00). [1]

— Clear proof that this condition is sufficient (including the use of k = [b/a] and
obtaining na > b). [3]

— Correct necessity argument via contradiction using an element ¢ < 0. [3]

— Final boxed equivalence statement. [1]

10
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Question 5 (12 marks)

(a) Prove that for any finite sets A and B, the average of the size of A and the size of B
cannot exceed the size of AU B. (6 marks)

(b) Let f:Z" — Z be defined by
f(z) = 2*div 3.

Is f injective? Is f surjective? Justify your answers. Here, Z™ is the set of all positive
integers. (6 marks)

Solution

(a) Let A, B be finite sets. We want to show

Al+ |B
A+IBL 140 B,
2
Since A C AU B, we have
|A| < |AU B
Similarly, since B C AU B, we have
|B| < |AU Bj.

Adding these two inequalities gives
|A| +|B| < 2|AU B|.

Dividing both sides by 2,

Al +|B
EEEP

(b) First we show that f is not surjective. Note that
f(1) =12div3 =0, f(2) =22div3 = 1.
For n > 3 we can write n? = 3¢ +r with 0 <7 < 3. Then
f(n) =n*divd = ¢ > 3.

Hence f(n) # 2 for any n € Z*. Thus 2 is not in the range of f, so f is not surjective.

Now we check that f is injective. Let n,m € Z with n # m and suppose f(n) = f(m).
Without loss of generality, assume n < m. By the division algorithm there exist integers
q,7,q,r" with

n>=3q¢+r, m*=3¢+7r, 0<rr <3.

Since f(n) = f(m), we have ¢ = ¢, so

m*—n?=Bq+r)—Bqg+r)=1"—r

11
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Because 0 < r < 3, we have ' —r <1’ < 3, so

m? —n? < 3. ()

On the other hand, since n < m and n,m > 1, we have n + 1 < m, and hence
m?>—n*>(n+1)*—-n*=2n+1>3. (%)

The inequalities (%) and (%) give a contradiction. Therefore our assumption that
n # m with f(n) = f(m) is impossible, and f is injective.

Thus

‘ f is injective but not surjective.

Mark Scheme
(a) 6 marks.

— Notes A, B C AU B and obtains |A| < |AUB|, |B| < |AUB|. [2]

Al + | B

— Adds inequalities and simplifies to < |AUB|. [3]

— Clearly states the final inequality. [1]
(b) 6 marks.

— Shows 2 is not in the range of f (or exhibits another missing integer), concluding f
is not surjective. [3]

— Correctly uses the division algorithm and inequalities to obtain a contradiction from
f(n) = f(m) with n # m. [2]
— Concludes that f is injective. [1]

12
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Question 6 (12 marks)

(a) Let a,b and ¢ be integers. Prove that if a does not divide 0% and a divides ¢ then a
does not divide b* + ¢?. (5 marks)

(b) Find all complex numbers z satisfying z° + i = 0. Leave your answer in terms of re®.
(4 marks)

(c) Use the Euclidean Algorithm to find the greatest common divisor of 1989 and 6435.
(3 marks)

Solution
(a) We prove the contrapositive. Suppose a | (b* + ¢?) and a | c. We show that a | 0.
Since a | ¢, there exists k € Z such that
c = ak.
Since a | (b* + ¢?), there exists £ € Z such that
al =b* + = b + (ak)?.
Hence
b = al — a*k*.

Then
b0 = pip? = b4(a€ — a2k2) = a(b4£ — ab4k32).

Since a, b, k,{ € 7, we have b*/ — ab*k* € Z, so a | bS.

Thus, if a does not divide b and @ divides ¢, then a cannot divide b? + ¢?. That is,

(aft’®anda|c) = af(b*+ ).

(b) We solve 2° +1i =0, i.e.

2> = —i
Write —i in polar form. We have | — i| = 1 and argument 6 = 37”, SO
—i=elT
The fifth roots of —i are
P e k=0,1,2,3,4.

Therefore the solutions are

isl 7:7771' 7:1171' i157r i197r
z € e’10, ¢e710 " 10 " 10 e 10 .

13
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(c) We apply the Euclidean Algorithm to 1989 and 6435:

6435 = 3 - 1989 + 468,
1989 =4 - 468 + 117,
468 =4-117+ 0.

The last non-zero remainder is 117, so

ged (1989, 6435) = 117,

Mark Scheme
(a) 5 marks.
— Sets up ¢ = ak and al = b*> + ¢* correctly. [1]

— Correct algebraic manipulation leading to b* = a(¢ — ak?). [2]
— Raises to b° and factors to show a | 8%, and clearly links this to the contrapositive.
2]
(b) 4 marks.

— Expresses —i in polar form. [1]
— Applies the nth-root formula and obtains z = /37 +4%m)/10 9]

— Lists the five distinct roots and boxes the set of solutions. [1]
(c) 3 marks.

— Correct successive divisions in the Euclidean Algorithm. [2]
— Identifies and boxes ged (1989, 6435) = 117. [1]

14
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