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e Q1-Q2: Core proof skills and logic: number theory (parity, divisibility), basic irrational-
ity, and logical equivalence / truth-value questions, plus short T/F justifications and set
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e Q3: Induction and strong induction: linear combinations with fixed coefficients and a
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e Q4: Set-theoretic arguments: Cartesian products, power sets, and a classical irrationality
trick with nested square-roots.

e Q5-Q6: Functions and relations: precise definitions of injective/surjective, complements
of relations, Fuclidean algorithm, nth roots of complex numbers, and preimage identities.

e Q7: Equivalence relations via congruence modulo 8, and a characterisation of equivalence
relations using the “round” property.
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Question 1

(a) Prove that there do not exist positive integers a,b such that a® + a + 1 = b%.
(b) Let ¢ be an integer. Prove that c is divisible by 3 if and only if ¢? is divisible by 3.
(c) Are the following pair of statements logically equivalent?

p—(qgVvr) and —qg— (-pVr).

Justify your answer.

Solution
(a) Suppose there are positive integers a, b such that
a*+a+1="0"

Then
P=ad’4+a+1>a> = b>a

since a, b > 0.

Method 1: completing the square.

V=ad>+a+1
=(a+1)?—-a.

So
a=(a+1)?—-b"=(a+1+b)(a+1-0b).

Since b > a, we havea+1—-b<0and a+14+b >0, so
(a+1+b)(a+1-0)<0.

Thus a < 0, contradicting a > 0.

Method 2: bounding the factors.

R=d+a+1=>0V—-ac>=a+1
= (b+a)(b—a)=a+1

Since b > a > 0, we have b+ a > 2a and b — a > 0, hence
(b+a)(b—a) > 2a.
But (b+a)(b—a)=a+1, so
a+1>2a = 1>a,
contradicting a > 1.

Therefore, no such positive integers a, b exist.
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(b) Let ¢ be an integer.
(=) Suppose 3 | ¢. Then ¢ = 3k for some k € Z, and

¢ = 9k* = 3(3k?),

so 3| 2

(<) Suppose 3 | ¢®. By the quotient-remainder theorem,

c=3k, 3k+1, 3k+2 for some k € Z.

Assume for contradiction that 3 1 ¢. Then either ¢ = 3k + 1 or ¢ = 3k + 2.
Case 1: ¢ =3k + 1.

= (3k+1)* = 9k* + 6k + 1 = 3(3k* + 2k) + 1,

so ¢ =1 (mod 3), hence 3 1 ¢?, a contradiction.
Case 2: ¢ =3k + 2.

= (3k+2)?=9k"+12k +4=33K* + 4k + 1) +1,

so again ¢ =1 (mod 3), a contradiction.

Thus the assumption 3 1 ¢ is impossible, and we must have 3 | c.

(c) We show that the two statement forms are logically equivalent:

p—(qVr)=-pV(gVr) (implication law)
=(-pVq Vr (associativity)
=(qV-pVr (commutativity)
=qV(-pVr) (associativity)
= (——q)V (-pVr) (double negation)
=-q— (—pVr) (implication law).

Hence p — (¢ V r) and =¢ — (—p V r) are logically equivalent. (A correct full truth
table also earns full marks.)

Mark Scheme
(a) 8 marks.

— Correctly sets up a? + a + 1 = b* with a,b € Z+ and observes b > a. [1]

— Performs a correct algebraic manipulation (e.g. b* = (a +1)> —a or (b+a)(b—a) =
a+1). [3]

— Uses sign/size arguments to derive a contradiction (e.g. a = (a+1+b)(a+1—-0) <0
ora+1>2a). [3]
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— Concludes that no such positive integers a, b exist. [1]
(b) 6 marks.

— Proves 3 | ¢ = 3| ¢ by writing ¢ = 3k. [2]
— Correctly sets up the three residue classes ¢ = 3k, 3k + 1,3k + 2 and assumes 3 1 c.

2]
— Computes ¢ in the non-divisible cases and shows ¢ = 1 (mod 3), contradicting
3| 2]
(c) 4 marks.

— States that the two formulas are logically equivalent. [1]
— Applies the implication law to rewrite p — (¢ V r) and/or =¢ — (—p V r). [1]

— Uses standard laws (associativity, commutativity, double negation) to transform one
formula into the other. [1]

— Clearly states the final equivalence or gives a correct complete truth table. [1]
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Question 2

(a) Determine whether the following statement is true or false, and justify your answer:
There are positive real numbers z,y such that \/z +y = /z + \/y.

(b) Determine whether the following statement is true or false, and justify your answer:
For every rational number p > 0 there is an irrational number z such that p > 2z > 0.

(c¢) Determine whether the following statement is true or false, and justify your answer: If
A, B and C are sets then (A\ B)N(A\C)=A\ (BNC).

Solution

(a) The statement is false. We show there are no positive real numbers x,y such that
VIF+y=+Vz+ /Y.

Suppose there are such z,y > 0.

Vity= Vet
(Vz+y) =z +y)’
T4y=1x+y+2/TY
2y/zy =10
Vay =0
zy = 0.
Thus z = 0 or y = 0, contradicting =,y > 0.

(b) The statement is true. Fix any rational number p > 0.

1
Take z = i. Since 0 < — < 1, we have

V2 V2

0<Z:i<p.

V2

a
We now show z is irrational. Suppose for contradiction that z is rational. Write p = 7

and z = 2 for some integers a, b, ¢,d with b # 0, d # 0 and ¢ # 0 (since z > 0). Then

c_l ad

p c P a
Pt w2 .
V2 T V2 z b ¢ b

Since be # 0, this would make /2 rational, a contradiction. Hence z is irrational and
satisfies 0 < z < p.
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(c) The statement is false. We provide a counterexample.

Let
A=140,2,3}, B=1{0,1}, C=1{2,3}.
Then
A\ B=1{2,3}, A\C={0},
" (A\B)N(A\C)={2,3}n{0} = @.
Also
BnC={0,1}n{2,3} = 2,
” A\ (BNC)=A\o=A=/{0,2,3}.
Thus

(A\B)N(A\C) = @ # {0,2,3} = A\ (BN C),
so the asserted equality does not hold for all A, B, C.

Mark Scheme
(a) 4 marks.

— Correctly states that the assertion is false. [1]

— Squares both sides and simplifies to obtain x +y = = + y + 2,/zy, hence 2,/xy =
and zy = 0. [2]

— Uses z,y > 0 to deduce xy > 0, giving a contradiction. [1]

(b) 6 marks.

— Chooses a suitable candidate such as z = = with 0 < z < p. 2]

V2
— Assumes z rational, expresses p and z as fractions, and deduces v/2 is rational. 3]

— Concludes that z is irrational and 0 < z < p. [1]
(c) 4 marks.

— States that the asserted equality is false. [1]

— Provides explicit sets A, B, C as a counterexample. [1]

— Correctly computes (A\ B)N (A\ C). [1]

— Correctly computes A\ (BN C) and observes that it differs from the LHS. [1]
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Question 3

(a) Use mathematical induction or strong mathematical induction to prove that for every
integer n > 12, there are non-negative integers ¢ and d such that

n="7Tc+ 3d.

(b) Prove that for every non-negative integer n,

(2n +2)!

Solution
(a) Let P(n) be the property: “There are non-negative integers ¢, d such that n = 7c+3d.”

We use strong induction with base interval n = 12,13, 14.

Base cases.
e n=12: take c =0, d =4, then 7c 4 3d = 12.
e n=13 takec=1,d =2, then 7¢c+3d =7+ 6 = 13.
e n = 14: take c = 2, d =0, then 7c 4 3d = 14.

So P(12), P(13) and P(14) are true.

Inductive step. Let K > 14 and assume that P(i) holds for all integers i with
12 < i < K (strong induction hypothesis).

We must show P(K + 1) holds. Note that
K+1-3=K-22>12.
By the induction hypothesis, P(K — 2) is true, so there exist ¢,d > 0 such that
K —2="7c+ 3d.

Then
K4+1=(K-2)+3=7c+3d+3=Tc+3(d+1),
and d+ 1> 0. Thus P(K + 1) also holds.

By strong induction, P(n) is true for all integers n > 12.
(b) Let P(n) be the statement

(2n +2)!

for n > 0.

Base case n = 0. The LHS is the empty product = 1. The RHS is

2-0+2)! 2

= = 1.
0+ 1)120+1 ~ 1.2

7
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So P(0) holds.
Inductive step. Assume P(K) holds for some K > 0:

(2K +2)!
1.3.5- (2K 1) = —2> 2"
CE+1) = F e
We must show P(K + 1):
(2K + 4)!
1-3-5--- 2K+ 1) 2K +3) = —/————-

Starting from the LHS of P(K + 1) and applying the induction hypothesis:

1-3-5-2K+1)2K+3)=(1-3----(2K + 1)) (2K +3)

_ —(K(Qfl; ;){!H (2K +3).
Now examine the RHS of P(K + 1):
(2K +4)! _ (2K +4)(2K + 3)(2K +2)!
(K + 2)12K+2 (K +2)(K +1)12K+1.2
| |
- (2[((K+j )1()2![2;12)' B ([§2f J! 2@1 (2K +3),

which matches the expression obtained from the LHS of P(K + 1).
Thus P(K + 1) holds, and by induction the identity is true for all n > 0.

Mark Scheme
(a) 10 marks.

— States the property P(n) correctly in terms of non-negative integers c¢,d with n =
Tc+3d. [1]

— Checks the base cases n = 12,13, 14 with explicit valid (c,d). [3]

— States a clear strong induction hypothesis for all ¢ with 12 < i < K. [2]

— Chooses K — 2 (or equivalent) and notes that K —2 > 12 so that P(K — 2) is
applicable. [2]

— Uses K 4+ 1 = (K —2) + 3 to construct ¢,d + 1 and concludes that P(K + 1) holds.
2]
(b) 8 marks.

— States P(n) correctly and verifies the base case n = 0. [2]

— Writes the induction hypothesis clearly for n = K. [1]

8
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— Substitutes the hypothesis into the product up to (2K +1) and multiplies by (2K +3)
to get the LHS of P(K +1). [2]

— Manipulates the factorial expression for (2K +4)! to show it equals the same expres-
sion. [2]

— Concludes that P(K + 1) holds and therefore P(n) holds for all n > 0. [1]
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Question 4

(a) Let A, B,C be sets. If Ax C' = B x C and C # (), prove that A = B. Explain what
happens if C' = 0.

(b) Let D be the set {0,1}. Write down all the elements of D x P(D). Recall that P(D)
is the power set of D.

(¢) Prove that v/2 + /7 is irrational.

Solution

(a) Suppose A x C'= B x C, and C' # @. Since C # &, choose any fixed element = € C.

AC B:Leta € A. Then (a,z) € AxC. Since AxC = BxC, we have (a,z) € BxC,
soa € B.

B C A: Let be B. Then (b,z) € Bx (C =AxC. Hence b € A.
Therefore A = B.
If C' = @, then for any sets A, B,

AXC=Ax0=0=Bxg@=BxC.

So A x C'= B x C holds for all pairs A, B even when A # B. Thus the implication
“Ax(C=BxC=A=DB"is false when C = @.

(b) Let D = {0,1}. The power set is
P(D) ={2,{0},{1},{0,1}}.
Therefore
DxP(D) = {(Oﬁ), (0,{0}), (0,{1}), (0,{0,1}), (1,2), (1,{0}), (1,{1}), (1,{071})},
which has 8 elements.

(c) We prove \/5 + \/7 is irrational.

Suppose, for contradiction, that /2 + /7 is rational. Then there exist integers a, b
with b # 0 such that

VZ+T=2.
Rearrange:
izt va
Square both sides:
2
(-3
- Z—z . 2%\/5 +2.

10
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So

a a? b [a® a’® — 5b?
2—V2=— -5 2=— | —=-5) = .
V2= = V2=g (b2 ) 2ab

Since a # 0 and b # 0, the denominator 2ab # 0 and the right-hand side is rational.
Thus v/2 would be rational, which is impossible.

Hence our assumption was false, and /2 + /7 is irrational.

Mark Scheme
(a) 5 marks.

— Uses C' # @ to choose a fixed element = € C. [1]
— Proves A C B by taking a € A and using (a,z) € A x C = B x C to deduce a € B.
2]
— Proves B C A analogously and concludes A = B. [1]
— Correctly explains why the statement fails when C' = @ and gives or describes an
example with A # B but A x C' = B x C. [1]
(b) 3 marks.

— Writes P(D) = {@, {0}, {1},{0,1}}. [1]

— Lists all eight ordered pairs in D x P(D) with no omissions or repetitions. [2]
(c) 6 marks.

— Assumes v/2 + /7 rational and writes it as a/b with integers a,b and b # 0. [1]
— Isolates v/7 and squares to obtain an equation involving v/2. [2]
a® — 5b?
.2
2ab 2
— Concludes that this contradicts the known irrationality of v/2. [1]

— Rearranges to express /2 as a rational expression

11
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Question 5

(a) State the definition of each of the following:

(i) A surjective function.

(ii) A one-to-one function.
(b) Suppose that S is a relation on a set B. Define
S={(x.y) € BxB|(xy) ¢S}

For each of the following, state whether the assertion is true or false, and justify your
answer.

(i) If S is symmetric, must S be symmetric?
(ii) If S is reflexive, must S be reflexive?

(iii) If S is transitive, must S be transitive?

(c) Use the Euclidean algorithm to find the greatest common divisor of the pair 12345 and
67890.

Solution

(a) (i) A function f : A — B is surjective if for every b € B there exists some a € A
such that f(a) =b.

(ii) A function g : C'— D is one-to-one (injective) if
Va,b € C, g(a) =g(b) = a =10,

or equivalently,
Va,b e C, a#b= g(a)# g(b).

(b) (i) True. Suppose S is symmetric. Let (z,y) € S, so (z,y) ¢ S. If (y,x) € S,
then by symmetry (z,y) € S, contradicting (z,y) ¢ S. Hence (y,z) ¢ S and
(y,x) € S. So S is symmetric.

(ii) False. Let B =Z and let S be the equality relation:
S={(n,n)|neZ}.

Then S is reflexive. But S contains no pair of the form (n,n) (since (n,n) € 9),
so (n,n) ¢ S for all n. Hence S is not reflexive.

(iii) False. Let B = Z and let S be the divisibility relation:
nSm <= n|m.

Then S is transitive (if a | b and b | ¢, then a | ¢). Consider the complement S.
We have B
255 Dbecause 215,

12
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558 because 518,

but
258 Dbecause 2 | 8.

Thus (2,5) and (5,8) lie in S but (2, 8) does not, so S is not transitive.
(c) We compute ged(12345,67890) via the Euclidean algorithm:
67890 = 12345 x 5 4 6165,

12345 = 6165 x 2 + 15,
6165 = 15 x 411 + 0.

The last non-zero remainder is 15, so

ged (12345, 67890) = 15.

Mark Scheme
(a) 4 marks.

— Gives a correct “for every b € B there exists a € A with f(a) = b” definition of
surjectivity. [2]
— Gives a correct “g(a) = g(b) = a = b" (or equivalent) definition of injectivity. [2]

(b) 6 marks. (2 marks per subpart)

(i) States correctly that the assertion is true and provides a valid argument showing that
the complement of a symmetric relation is symmetric. [2]

(ii) States correctly that the assertion is false and gives a clear counterexample (equality
on Z). [2]
(iii) States correctly that the assertion is false and gives a clear counterexample (divisi-
bility on Z). [2]
(c) 4 marks.
— Applies the Euclidean algorithm steps correctly (including at least two divisions). [3]
— Identifies the last non-zero remainder as 15 and states ged(12345,67890) = 15. [1]

13
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Question 6

(a) Find all complex numbers z satisfying the equation z° + 32 = 0.
(b) Write down three functions fo: Z — Z, f1 : Z — Z and fs : Z — Z such that:

(i) fo is one-to-one but not onto.
(ii) fi1 is onto but not one-to-one.

(iii) fo is neither one-to-one nor onto.
Justify your answers.

(¢) Suppose that g : A — B is a function. Prove that if C C B and D C B, then

g~ (CUD)=g""(C)Ug™ (D).

Solution

(a) We solve 2° + 32 = 0: ‘
2= —32=232",

Using polar form, the fifth roots are
7= 2e/ "M —0,1,2,3, 4.
These are the five distinct solutions.
(b) Examples:

(i) fo(n) = 2n. If fo(n) = fo(m) then 2n = 2m so n = m; thus fy is injective. But
there is no integer n with 2n = 1, so 1 ¢ range(fy) and fy is not surjective.
n

(ii) filn) = |5

m € 7, we have

J. We have f1(0) = 0 and f1(1) =0, so f; is not injective. Given any

fi(2m) = %”J —m,

so every integer occurs as a value; hence f; is surjective.

(iii) fo(n) = |n| (alternatively fo(n) = n?). Then fo(—1) = 1 = f5(1), so fo is not
injective. Also —1 is not in the range of fy (since [n| > 0), so f; is not surjective.
(c) Let g: A— Band C,D C B.

g (CuD)Cg i (CYUg (D): Let a € g7 (CUD). Then g(a) € CUD, so g(a) € C
or g(a) € D.

e If g(a) € C, then a € g7 (C)

-
e If g(a) € D, then a € g7 (D) C

g :
g H(C)ug (D).
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Soae g (C)Ug (D).
g H(C)Ug (D) Cg ' (CUD): Let a € g (C)Ug (D). Then a € g7'(C) or a €
g~ 1(D).

e Ifac g !(C), then g(a) e C CCUD,soac g (CUD).

e Ifaec g '(D), then g(a) € DCCUD, soa€cg(CUD).

Thus both inclusions hold and ¢~}(C' U D) = ¢~ *(C) U g '(D).

Mark Scheme
(a) 4 marks.

— Expresses —32 in polar form as 32¢/(7+2km)

or equivalent. [1]
— Applies the nth-root formula correctly to obtain z = 2¢/(™+2km/5 [9]

— States the correct range of k and notes that these are five distinct roots. [1]
(b) 6 marks.

— Provides a correct example of an injective but not surjective function fy : Z — Z and
justifies both properties. [2]

— Provides a correct example of a surjective but not injective function f; : Z — Z and
justifies both properties. [2]

— Provides a correct example of f5 : Z — Z that is neither injective nor surjective and
justifies both failures. [2]

(c) 4 marks.

— Proves g7'(CU D) C g }(C) Ug (D) via an element-wise argument. [2]
— Proves g7 1(CYU g }(D) C ¢g7}(C U D) via an element-wise argument. [2]

15
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Question 7

(a) Let K be the set {8k | k € Z}. Define a relation R on Z by aRb if and only if a—b € K,
for every a,b € Z.
(i) Show that R is an equivalence relation on Z.
(ii) Describe the equivalence classes of R.
(b) Let S be a relation on a non-empty set A. We say that S is round if for every x,y, z € A,

if Sy and ySz then zSx. Prove that S is an equivalence relation if and only if S is
reflexive and round.

Solution

(a) (i) We show that R is an equivalence relation.

Reflexive: For any a € Z,
a—a=0=8-0¢€ K,

so aRa.

Symmetric: Suppose aRb. Then a — b € K, so a — b = 8m for some m € Z. Then
b—a=—-8m=_8(—m) € K,
so bRa and R is symmetric.

Transitive: Suppose aRb and bRc. Then a — b = 8m and b — ¢ = 8p for some m, p € Z.
Hence
a—c=(a—b+(b—c)=8m+8 =8m+p) €K,

so aRRc and R is transitive.
Thus R is an equivalence relation.
(ii) Note that aRb iff a —b € K iff 8 | (a — b), i.e. a = b (mod 8).

There are 8 equivalence classes, namely the congruence classes modulo 8:

[i]={8k+i|keZ}, i=0,1,234506,T.

(b) (=) Suppose S is an equivalence relation on A. Then S is reflexive by definition.
To show S is round, let x,y, z € A with Sy and ySz. Since S is transitive, 2.5z. Since
S is symmetric, zSx. Thus S is round.
(«<=) Now suppose S is reflexive and round. We prove S is an equivalence relation by
showing it is symmetric and transitive.

Symmetric: Let xz,y € A with zSy. By reflexivity, ySy. Using roundness with xSy
and ySy, we obtain ySx. So S is symmetric.

Transitive: Let z,y,z € A with Sy and ySz. By roundness, from xSy and ySz we
have zSz. By symmetry (proved above), xSz. Thus S is transitive.

Since S is reflexive, symmetric, and transitive, it is an equivalence relation.

16
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Mark Scheme
(a) 8 marks.

— Shows R is reflexive by verifying a —a =0 € K for all a € Z. [2]

— Shows R is symmetric by provinga —b€ K =b—a € K. [2]

— Shows R is transitive by proving a —b,b—c€ K = a—c € K. [2]

— Correctly describes the equivalence classes as the congruence classes modulo 8, e.g.
[i)|]={8k+i|keZ}fori=0,...,7. [2]

(b) 6 marks.

— From “S equivalence relation” derives that S is reflexive and proves that S is round
using symmetry and transitivity. [3]

— From “S reflexive and round” proves that S is symmetric. [2]

— From “S reflexive and round” plus symmetry proves that S is transitive and concludes
that S is an equivalence relation. [1]

17
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