
Q
RS
@
NT
U
—
qr
sn
tu
.o
rg

M
H

13
00

,
F
in

al
s

(2
4/

25
,
S
em

1)
by

Q
R

S
@

N
T

U
Q

ue
st

io
n

1
(a

)
P
ro

ve
th

at
fo

r
ev

er
y

in
te

ge
r
n
,
if
n
4
−
1

is
no

t
di

vi
si
bl

e
by

5
th

en
n

is
di

vi
si
bl

e
by

5.
(b

)
L
et
a
,
b
,
d

be
in

te
ge

rs
w

it
h
d
>
1
.

P
ro

ve
th

at
if
a
≡
b

(m
o
d
d
)

th
en
a
2
≡
b
2
(m
o
d
d
).

(c
)

A
re

th
e

fo
llo

w
in

g
pa

ir
of

st
at

em
en

ts
lo

gi
ca

lly
eq

ui
va

le
nt

?
(p
→
q
)
→
(p
∧
r)

an
d
p
∧
(q
→
r)

.
Ju

st
ify

yo
ur

an
sw

er
.

S
ol

ut
io

n
(a

)
P
ro

of
by

C
as

es
:

L
et
n

be
an

in
te

ge
r.

S
up

po
se

th
at
n

is
no

t
di

vi
si
bl

e
by
5
.

T
he

re
is

an
in

te
ge

r
q

su
ch

th
at

n
=
5
q
,
5
q
+
1
,
5
q
+
2
,
5
q
+
3
,

or
5
q
+
4
.
S
in

ce
n

is
no

t
di

vi
si
bl

e
by
5
,
th

e
fir

st
ca

se
is

no
t

po
ss

ib
le

.
W

e
lo

ok
at
n
4
−
1
=
(n
2
+
1
)(
n
2
−
1
)
=
(n
2
+
1
)(
n
+

1
)(
n
−
1
).

C
as

e
1
n
=
5
q
+
1
:n
4
−
1
=
(n
2
+
1
)(
n
+
1
)(
5
q
+
1
−
1
)
=

5
q
(n
2
+
1
)(
n
+
1
).

C
as

e
2
n
=
5
q
+
2
:
n
4
−
1
=
((
5
q
+
2
)2
+
1
)(
n
+

1
)(
n
−
1
)
=
(2
5
q
2
+
2
0
q
+
4
+
1
)(
n
+
1
)(
n
−
1
)
=

5
(5
q
2
+
4
q
+
1
)(
n
+
1
)(
n
−
1
).

C
as

e
3
n
=
5
q
+
3
:
n
4
−
1
=
((
5
q
+
3
)2
+
1
)(
n
+

1
)(
n
−
1
)
=
(2
5
q
2
+
3
0
q
+
9
+
1
)(
n
+
1
)(
n
−
1
)
=

5
(5
q
2
+
6
q
+
2
)(
n
+
1
)(
n
−
1
).

C
as

e
4
n
=
5
q
+
4
:
.
n
4
−
1
=
(n
2
+
1
)(
5
q
+
4
+
1
)(
n
−

1
)
=
5
(q
+
1
)(
n
2
+
1
)(
n
−
1
).

In
al

lc
as

es
,
n
4
−
1

is
di

vi
si
bl

e
by
5
.

□
(b

)
L
et
a
,b
,
d
>
1

be
in

te
ge

rs
.

S
up

po
se

th
at
a
≡
b

(m
o
d
d
).

T
he

n
d
|
(b
−
a
).

S
o

th
er

e
is

so
m

e
in

te
-

ge
r
k

su
ch

th
at
K
·d
=
b
−
a
.

T
he

n
K
d
(b
+
a
)
=
(b
−
a
)(
b
+
a
)
=
b
2
−
a
2

T
he

re
fo

re
,
d
|(
b
2
−
a
2
).

T
hu

s,
a
2
≡
b
2
(m
o
d
d
).
□

(c
)

T
he

y
ar

e
lo

gi
ca

lly
eq

ui
va

le
nt

.
(p
→
q
)
→
(p
∧
r)

≡
¬(
p
→
q
)
∨
(p
∧
r)

(c
on

di
ti
on

al
ru

le
)

≡
¬(
¬p
∨
q
)
∨
(p
∧
r)

(c
on

di
ti
on

al
ru

le
)

≡
(¬
¬p
∧
¬q
)
∨
(p
∧
r)

(D
e

M
or

ga
n’

s
La

w
)

≡
(p
∧
¬q
)
∨
(p
∧
r)

(D
ou

bl
e

N
eg

at
io

n)
≡
p
∧
(¬
q
∨
r)

(D
is
tr

ib
ut

iv
e

La
w

)
≡
p
∧
(q
→
r)

(c
on

di
ti
on

al
ru

le
)

Q
ue

st
io

n
2

(a
)

D
et

er
m

in
e

if
th

e
fo

llo
w

in
g

is
tr

ue
or

fa
ls
e.

Ju
st

ify
yo

ur
an

sw
er

.
T

he
re

ar
e

di
st

in
ct

po
si
ti
ve

in
te

ge
rs
n
a
n
d
m

su
ch

th
at

1 m
+
1 n

is
an

in
te

ge
r.

(b
)

D
et

er
m

in
e

if
th

e
fo

llo
w

in
g

is
tr

ue
or

fa
ls
e.

Ju
st

ify
yo

ur
an

sw
er

.
L
et
a
>
1

be
an

in
te

ge
r.

If
a
is

a
pe

rf
ec

t
sq

ua
re

,
th

en
3√
a

is
irr

at
io

na
l.

(c
)

D
et

er
m

in
e

if
th

e
fo

llo
w

in
g

is
tr

ue
or

fa
ls
e.

Ju
st

ify
yo

ur
an

sw
er

.
If
D

an
d
E

ar
e

fin
it
e

se
ts

su
ch

th
at
E

ha
s

at
le

as
t

on
e

m
or

e
el

em
en

t
th

an
D

,
th

en
P
(E
)

ha
s

at
le

as
t

tw
o

m
or

e
el

em
en

ts
th

an
P
(D
).

H
er

e,
P
(X
)i
s

th
e

po
w
er

se
t

of
X

.
S
ol

ut
io

n
(a

)
L
et
n
,m

be
di

st
in

ct
po

si
ti
ve

in
te

ge
rs

.
T

he
n
n
≥
1

an
d

m
>
1
.

C
as

e
1:
n
=
1
.

T
he

n
si
nc

e
n
≠
m

,
w
e

ha
ve
m
≥
2
.

T
hu

s
1 n
+

1 m
=

1 1
+

1 m
≤
1
+

1 2
=

3 2
.

A
nd

si
nc

e
1 m
>
0
,

w
e

al
so

ha
ve

1 n
+

1 m
=
1
+

1 m
>
1
.

T
hu

s
1
<

1 n
+

1 m
<

3 2
,
he

nc
e
1 n
+

1 m
is

no
t

an
in

te
ge

r.
C

as
e

2:
m
=
1
:
T

he
n

w
e

ar
gu

e
ex

ac
tl
y

sa
m

e
as

C
as

e
1.

C
as

e
3:
n
=
2
:
If
m
=
1

th
en

w
e

ap
pl

y
C

as
e

2.
S
in

ce
n
̸=
m

,
w
e

ha
ve
m
̸=
2
.

S
o

w
e

as
su

m
e
m
≥
3
.

T
he

n
1 n
+
1 m
=
1 2
+
1 m
≤

1 2
+
1 3
=
5 6
.

So
0
<

1 n
+
1 m
≤

5 6
,

he
nc

e
1 n
+

1 m
is

no
t

an
in

te
ge

r.
C

as
e

4:
m
=
2
:
W

e
ar

gu
e

si
m

ila
r

to
C

as
e

3.
C

as
e

5:
n
̸=
1

&
n
̸=
2

&
m
̸=
1

&
m
̸=
2
:

T
he

n
n
≥

3
an

d
m
≥
3
.

T
hu

s
1 n
+

1 m
≤

1 3
+

1 3
=

2 3
.

S
in

ce
0
<

1 n
+

1 m
≤

2 3
,
he

nc
e
1 n
+

1 m
is

no
t

an
in

te
ge

r.
In

al
lc

as
es

,
1 n
+

1 m
is

no
t

an
in

te
ge

r.
(b

)
T

hi
s

is
fa

ls
e.

T
ak

e
an

y
nu

m
be

r
w

hi
ch

is
bo

th
a

pe
rf

ec
t

sq
ua

re
an

d
a

pe
rf

ec
t

cu
be

la
rg

er
th

an
1.

E
g,
a
=
6
4
.

T
he

n
a

is
a

pe
rf

ec
t

sq
ua

re
(a
=
8
2
)

bu
t

3√
a
=
4

is
ra

ti
on

al
.

(c
)

T
hi

s
is

fa
ls
e.

L
et
D
=
φ
,
an

d
E
=
{0
}

ar
e

bo
th

fin
it
e

se
ts

,
an

d
E

ha
s

on
e

m
or

e
el

em
en

t
th

an
D

.
H

ow
ev

er
,

P
(D
)
=
{φ
}

an
d
P
(E
)
=
{φ
,{
0
}}

,
an

d
P
(E
)

ha
s

on
ly

on
e

m
or

e
el

em
en

t
th

an
P
(D
).

Q
ue

st
io

n
3

(a
)

U
se

m
at

he
m

at
ic

al
in

du
ct

io
n

to
pr

ov
e

th
at

fo
r

ev
er

y
in

te
-

ge
r
n
≥
1
,

∑
3
n
j=
1
j(
j
−
1
)
=
n
(9
n
2
−
1
).

(b
)

U
se

m
at

he
m

at
ic

al
in

du
ct

io
n

to
pr

ov
e

th
at

fo
r

ev
er

y
in

-
te

ge
r
n
≥
1
,

an
d

ev
er

y
se

qu
en

ce
of

no
n-

ne
ga

ti
ve

re
al

nu
m

be
rs
x
1
,x
2
,.
..
,
x n

,
if
x
1
+
x
2
+
··
·+
x n
=
0
,
th

en
x
1
=
x
2
=
··
·=
x n
=
0
.

S
ol

ut
io

n
(a

)
Le

t
P
(n
)
:
∑
3
n
j=
1
j(
j
−
1
)
=
n
( 9
n
2
−
1
) .

B
as

e
C

as
e

:
P
(1
)

LH
S
=

∑
3 j=
1
j(
j
−
1
)
=
1
·0
+
2
·1
+
3
·2
=
0
+
2
+
6
=
8
.

R
H

S
=
1
·(
9
·1
2
−
1
)
=
8
.

S
o
P
(1
)

is
tr

ue
.

N
ow

as
su

m
e
P
(k
)

is
tr

ue
,
i.e

.
∑
3
k
j=
1
j(
j
−
1
)
=
k
( 9
k
2
−

1
) .

C
he

ck
P
(k
+
1
)

:
3
(k
+
1
)

∑ j=
1

j(
j
−
1
)
=

3
k
+
3

∑ j=
1

j(
j
−
1
)

=

3
k

∑ j=
1

j(
j
−
1
)
+
(3
k
+
1
)(
3
k
)

+
(3
k
+
2
)(
3
k
+
1
)
+
(3
k
+
3
)(
3
k
+
2
)

=
k
(9
k
2
−
1
)
+
(3
k
+
1
)(
3
k
)
+
(3
k
+
2
)[
3
k
+
1
+
3
k
+
3
]

=
k
(3
k
+
1
)(
3
k
−
1
)
+
(3
k
+
1
)(
3
k
)
+
(3
k
+
2
)(
6
k
+
4
)

=
k
(3
k
+
1
)[
3
k
−
1
+
3
] +
2
(3
k
+
2
)2

=
k
(3
k
+
1
)(
3
k
+
2
)
+
2
(3
k
+
2
)2

=
(3
k
+
2
)[
k
(3
k
+
1
)
+
2
(3
k
+
2
)]

=
(3
k
+
2
)[
3
k
2
+
k
+
6
k
+
4
]

=
(3
k
+
2
)[
3
k
2
+
7
k
+
4
]

=
(3
k
+
2
)(
k
+
1
)(
3
k
+
4
)

=
(k
+
1
)[
(3
k
+
3
+
1
)(
3
k
+
3
−
1
)]

=
(k
+
1
)[
(3
k
+
3
)2
−
1
]

=
(k
+
1
)[
9
(k
+
1
)2
−
1
]
=

R
H

S
.

S
o
P
(k
+
1
)

is
tr

ue
.

[M
H

13
00

no
te

:
th

e
offi

ci
al

M
I
pr

oo
f
co

nc
lu

de
s

he
re

.]
∴

P
(1
)
∧

( P
(k
)
⇒
P
(k
+
1
))
⇒

P
(n
)
∀n
∈

N
(b

y
M

I)
□

(b
)

L
et
P
(n
)
:

fo
r

ev
er

y
se

qu
en

ce
X
1
,X
2
,.
..
,X
n

of
no

n
ne

ga
ti
ve

re
al

nu
m

be
rs

,
if
X
1
+
X
2
+
··
·+
X
n
=
0

th
en

X
1
=
X
2
=
··
·=
X
n
=
0
.

B
as

e
ca

se
:
P
(1
).

W
e

ne
ed

to
ch

ec
k

ev
er

y
no

n
ne

ga
ti
ve

re
al

nu
m

be
r
X
1
.

If
X
1
=
0

th
en
X
1
=
0

is
tr

ue
.

A
ss

um
e
P
(k
)

is
tr

ue
,

i.e
.

fo
r

ev
er

y
se

qu
en

ce
X
1
,X
2
,.
..
,X
k

of
no

n
ne

ga
ti
ve

re
al

nu
m

be
rs

,
if
X
1
+

X
2
+
··
·+
X
k
=
0

th
en
X
1
=
X
2
=
··
·=
X
k
=
0
.

N
ot

e
th

at
P
(k
)

is
a

co
nd

it
io

na
ls

ta
te

m
en

t!
N

ow
ve

ri
fy

P
(k
+
1
).

F
ix

a
se

qu
en

ce
X
1
,X
2
,.
..
,X
k
,X
k
+
1

of
no

n
ne

ga
ti
ve

re
al

nu
m

-
be

rs
,
an

d
as

su
m

e
th

at
X
1
+
X
2
+
··
·+
X
k
+
X
k
+
1
=
0
.

T
he

n
X
1
+
X
2
+
··
·+
X
k
=
−
X
k
+
1
.

S
in

ce
X
k
+
1
≥
0
,
he

nc
e

R
H

S
≤
0
.

S
in

ce
X
1
≥
0
,X
2
≥
0
,.
.
.,
X
k
≥
0
,
he

nc
e

LH
S
≥
0
.

B
ut

LH
S

=
R

H
S
,
th

er
ef

or
e

bo
th

si
de

s
m

us
t

be
0.

S
o,
X
1
+
X
2
+
··
·+
X
k
=
−
X
k
+
1
=
0
.

(∗
)

F
ro

m
P
(k
),

w
e

kn
ow

/a
ss

um
ed
X
1
+
X
2
+
··
·+
X
k
=

0
⇒
X
1
=
X
2
=
··
·=
X
k
=
0
.

W
e

al
so

kn
ow
X
1
+
X
2
+
··
·+
X
k
=
0

fr
om
(∗
).

S
o

th
er

ef
or

e,
w
e

co
nc

lu
de
X
1
=
X
2
=
··
·=
X
k
=
0
.

Fr
om
(∗
)

w
e

al
so

kn
ow
−
X
k
+
1
=
0
,
so
X
k
+
1
=
0
.

T
he

re
fo

re
,
X
1
=
X
2
=
··
·=
X
k
=
X
k
+
1
=
0
.

W
e

ha
ve

sh
ow

n
th

at
st

ar
ti
ng

fr
om
X
1
+
X
2
+
··
·+
X
k
+

X
k
+
1
=
0

w
e

de
riv

ed
X
1
=
X
2
=
··
·=
X
k
=
X
k
+
1
=
0
.

S
o,
P
(k
+
1
)

is
tr

ue
.

[M
H

13
00

no
te

:
th

e
offi

ci
al

M
I
pr

oo
f
co

nc
lu

de
s

he
re

.]
∴

P
(1
)
∧

( P
(k
)
⇒
P
(k
+
1
))
⇒

P
(n
)
∀n
∈

N
(b

y
M

I)
□

Q
ue

st
io

n
4

(a
)

If
X
,Y

ar
e

se
ts

,
pr

ov
e

th
at
P
(X
−
Y
)
−
{∅
}
=
P
(X
)
−

P
(Y
).

G
iv

e
a

co
un

te
re

xa
m

pl
e

to
sh

ow
th

at
P
(X
−
Y
)
−
{∅
}
=

P
(X
)
−
P
(Y
)i
s

fa
ls
e

fo
r

so
m

e
X

an
d
Y

.
(b

)
Le

tA
,B

an
d
C

be
se

ts
.P

ro
ve

th
at

(A
∩
(A
−
B
))
∪
(A
c
∪
B
)c
=
A
−
B

.
(c

)
P
ro

ve
or

di
sp

ro
ve

th
e

fo
llo

w
in

g
st

at
em

en
ts

:
(i
)F

or
ev

er
y

re
al

nu
m

be
r
x
,⌊
−
x
⌋=
−
⌈x
⌉.

(i
i)
Fo

r
ev

er
y

re
al

nu
m

be
r
x
,⌊
−
x
⌋=
−
⌊x
⌋.

S
ol

ut
io

n
(a

)
L
et
X

an
d
Y

be
se

ts
.

L
et
A
∈
P
(X
−
Y
)
−
{∅
}.

T
hu

s,
A
∈
P
(X
−
Y
)

an
d
A
/∈
{∅
}.

B
y

de
fin

it
io

n
of

po
w
er

se
t,

th
is

m
ea

ns
A
⊆
X
−
Y

.
A

is
no

t
an

el
em

en
t

of
se

t
{∅
}.

S
o
A
̸=
∅.

S
in

ce
A
⊆
X
−
Y

an
d
X
−
Y
⊆
X

T
hu

s
A
⊆
X

,
an

d
so
A
∈
P
(X
).

S
in

ce
A
̸=
∅,
A

ha
s

so
m

e
el

em
en

t
a
∈
A

.
S
in

ce
A
⊆
X
−
Y

,
it

m
ea

ns
a
∈
X

,
an

d
a
/∈
Y

.
S
o,
A
⊈
Y

,
so
A
/∈
P
(Y
).

W
e

co
nc

lu
de

A
∈
P
(X
)
−
P
(Y
)
=

R
H

S
.

C
ou

nt
er

ex
am

pl
e

to
P
(X
−
Y
)
−
{∅
}
=
P
(X
)
−
P
(Y
).

Y
=
{0
},
X
=
{0
,1
}.

T
he

n
X
−
Y
=
{1
}.

LH
S
=
{∅
,{
1
}}
−
{∅
}
=
{{
1
}}
.

R
H

S
=
{∅
,{
0
},
{1
},
{0
,1
}}
−
{∅
}
=
{{
1
},
{0
}}
.

no
t

eq
ua

l.
(b

)
U

si
ng

se
t

id
en

ti
ti
es

,
(A
∩
(A
−
B
))
∪
(A
c
∪
B
)c

=
(A
∩
(A
∩
B
c
))
∪
(A
c
∪
B
)c

[S
et

di
ff
er

en
ce

La
w

]
=
(A
∩
(A
∩
B
c
))
∪
((
A
c
)c
∩
B
c
)

[D
e

M
or

ga
n’

s
La

w
]

=
(A
∩
(A
∩
B
c
))
∪
(A
∩
B
c
)

[D
ou

bl
e

co
m

pl
em

en
t

La
w

,
C

om
m

ut
at

iv
e

La
w

]
=
(A
∩
B
c
)
∪
((
A
∩
B
c
)
∩
A
)

[C
om

m
ut

at
iv

e
La

w
]

=
A
∩
B
c

[A
bs

or
pt

io
n

La
w

]
=
A
−
B

[S
et

di
ff
er

en
ce

La
w

]
(c

)
B

y
tr

yi
ng

ou
t

a
fe

w
va

lu
es

of
x
,
it
’s

ea
sy

to
se

e
th

at
(i
)

is
tr

ue
,
(i
i)

is
fa

ls
e.

(i
)

B
y

de
fin

it
io

n
of
⌊−
x
⌋,

w
e

ha
ve
⌊−
x
⌋
≤
−
x
<

⌊−
x
⌋+
1
.

B
y

de
fin

it
io

n
of
⌈x
⌉,

w
e

ha
ve
⌈x
⌉−
1
<
x
≤
⌈x
⌉.

A
dd

in
g

th
e

in
eq

ua
lit

ie
s

gi
ve

s
⌊−
x
⌋
+
⌈x
⌉
−
1
<
0
<

⌊−
x
⌋+
⌈x
⌉+
1
.

H
en

ce
⌊−
x
⌋+
⌈x
⌉
<
1

an
d
⌊−
x
⌋+
⌈x
⌉
≤
0

si
nc

e
it
’s

an
in

te
ge

r;
an

d
⌊−
x
⌋+
⌈x
⌉>
−
1

an
d
⌊−
x
⌋+
⌈x
⌉≥
0

si
nc

e
it
’s

an
in

te
ge

r.
W

e
co

nc
lu

de
⌊−
x
⌋+
⌈x
⌉=
0
.

T
hu

s
⌊−
x
⌋=
−
⌈x
⌉.

(i
i)

T
ak

e
x
=

1 2
,
⌊−
x
⌋
=

⌊ −
1 2

⌋
=
−
1
,

an
d
−
⌊x
⌋
=

−
⌊
1 2

⌋
=
0
,
no

t
eq

ua
l.

Q
ue

st
io

n
5

(a
)

L
et
x

an
d
y

be
tw

o
re

al
nu

m
be

rs
su

ch
th

at
0
<
x
<
y
.

P
ro

ve
th

at
th

er
e

ar
e

in
te

ge
rs
n

an
d
m

su
ch

th
at
n
x
≤

m
≤
n
y
.

(b
)

P
ro

ve
th

at
if
a

is
an

od
d

in
te

ge
r
th

en
a
3
−
a

is
a

m
ul

ti
pl

e
of

8.
(c

)
U

se
th

e
E
uc

lid
ea

n
al

go
rit

hm
to

fin
d
g
c
d
(6
3
0
,9
6
).

S
ol

ut
io

n

(a
)

L
et
0
<
x
<
y
.

L
et
n
=

⌈
1
y
−
x

⌉
an

d
m
=
⌊n
y
⌋.

T
he

n

n
,m

ar
e

in
te

ge
rs

.
B

y
de

fin
it
io

n
of

⌈
1
y
−
x

⌉ ,
1
y
−
x
≤
n
.

So

1
≤
n
(y
−
x
)
(i
ne

qu
al

ity
do

es
no

t
fli

p
as
y
−
x
>
0
).

T
hu

s
n
x
+
1
≤
n
y
.

B
y

de
fin

it
io

n
of
⌊n
y
⌋,
m
≤
n
y
<
m
+
1
.

T
hu

s
n
x
≤
n
y
−
1
<
m

,
an

d
so
n
x
<
m
≤
n
y

an
d

n
x
≤
m
≤
n
y
.

(b
)

L
et
a

be
an

od
d

in
te

ge
r,
a
=
2
k
+
1
.

T
he

n
a
3
−
a
=

a
(a
2
−
1
)
=
(2
k
+
1
)(
(2
k
+
1
)2
−
1
)
=
(2
k
+
1
)(
4
k
2
+
4
k
)

=
8
k
3
+
1
2
k
2
+
4
k
=
4
k
(2
k
2
+
3
k
+
1
)
=
4
k
(2
k
+
1
)(
k
+

1
).

S
in

ce
k
(k
+
1
)

is
ev

en
,

le
t
k
(k
+
1
)
=
2
ℓ.

T
he

n
a
3
−
a
=
8
ℓ(
2
k
+
1
),

di
vi

si
bl

e
by
8
.

A
lt
er

na
ti
ve

ly
,
le

t
a

be
an

od
d

in
te

ge
r.

T
he

n
a
=
4
k
+
1

or
a
=
4
k
+
3
.

C
as

e
1:
a
=
4
k
+
1
.
a
3
−
a
=
(4
k
+
1
)(
1
6
k
2
+
8
k
)
=

8
(4
k
+
1
)(
2
k
2
+
k
).

C
as

e
2:
a
=
4
k
+
3
.
a
3
−
a
=
(4
k
+
3
)(
1
6
k
2
+
2
4
k
+
8
)
=

8
(4
k
+
3
)(
2
k
2
+
3
k
+
1
).

In
ei

th
er

ca
se

,
a
3
−
a

is
di

vi
si
bl

e
by

8.
(c

)
6
3
0
=
9
6
×
6
+
5
4

9
6
=
5
4
×
1
+
4
2

5
4
=
4
2
×
1
+
1
2

4
2
=
1
2
×
3
+

6
→
g
c
d
(6
3
0
,9
6
)
=
6

1
2
=
6
×
2
+
0
.

Q
ue

st
io

n
6

(a
)

F
in

d
al

l
co

m
pl

ex
nu

m
be

rs
z

sa
ti
sf

yi
ng

th
e

eq
ua

ti
on

z
3
=
3
(1
+
i)

.
(b

)
L
et
g
:
P
(R
)
→
P
(R
2
)

be
de

fin
ed

by
g
(A
)
=
A
×
A

.
D

et
er

m
in

e
if
g

is
on

e-
to

-o
ne

an
d

if
g

is
on

to
.J

us
ti
fy

yo
ur

an
sw

er
s.

S
ol

ut
io

n
(a

)
z
3
=
3
(1
+
i)
=
3
e
iπ
/
4
.

z
=

3√
1
8
e
i
π
/
4
+
2
k
π

3
,

k
=
0
,1
,2

z
=
1
8
1
/
6
e
i
π 1
2
,
1
8
1
/
6
e
i
9
π
1
2
,
1
8
1
/
6
e
i
1
7
π
1
2
.

(b
)

Le
t
g
:
P
(R
)
→
P
(R
2
),
g
(A
)
=
A
×
A

.
g

is
on

e-
to

-o
ne

:
If
g
(A
)
=
g
(B
),

th
en
A
×
A
=
B
×
B

.
F
or

an
y
x
,
x
∈
A
⇐
⇒
(x
,x
)
∈
A
×
A
⇐
⇒
(x
,x
)
∈

B
×
B
⇐
⇒
x
∈
B

.
T

hu
s
A
=
B

.
g

is
no

t
on

to
:

T
ak

e
C
=
{(
0
,1
)}

.
If
g
(A
)
=
C

,
th

en
A
×
A
=
{(
0
,1
)}

,
so
(0
,1
)
∈
A
×
A

.
T

hu
s
0
∈
A

,
gi

vi
ng

(0
,0
)
∈
A
×
A
=
C

.
C

on
tr

ad
ic

ti
on

.
Q

ue
st

io
n

7
(a

)
S
ta

te
th

e
de

fin
it
io

n
of

ea
ch

of
th

e
fo

llo
w

in
g:

(i
)

A
sy

m
m

et
ric

bi
na

ry
re

la
ti
on
R

on
a

se
t
A

.
(i
i)

A
tr

an
si
ti
ve

bi
na

ry
re

la
ti
on
R

on
a

se
t
A

.
(b

)
T

he
re

la
ti
on
R

on
R2

is
de

fin
ed

by
(a
,b
)R
(x
,y
)

if
an

d
on

ly
if
a
<
x

or
(a
=
x

an
d
b
<
y
).

(i
)

Is
R

re
fle

xi
ve

?
(i
i)

Is
R

sy
m

m
et

ric
?

(i
ii)

Is
R

tr
an

si
ti
ve

?
Ju

st
ify

yo
ur

an
sw

er
s.

(c
)

Le
t
X

=
R2
−
{(
0
,0
)}

an
d

de
fin

e
th

e
re

la
ti
on
T

on
th

e
se

t
X

by
(a
,b
)T
(x
,y
)

iff
th

er
e

is
so

m
e

re
al

nu
m

be
r
c
≠
0

su
ch

th
at
c
a
=
x

an
d
c
b
=
y
.

(i
)

S
ho

w
th

at
T

is
an

eq
ui

va
le

nc
e

re
la

ti
on

on
X

.
(i
i)

D
es

cr
ib

e
th

e
eq

ui
va

le
nc

e
cl

as
s

of
(1
,2
).

S
ol

ut
io

n
(a

)
(i
)

A
sy

m
m

et
ric

bi
na

ry
re

la
ti
on
R

is
a

re
la

ti
on

on
a

se
t
A

su
ch

th
at

fo
r

al
lx
,y
∈
A

,
if
(x
,y
)
∈
R

th
en
(y
,x
)
∈
R

.
(i
i)

A
tr

an
si
ti
ve

bi
na

ry
re

la
ti
on
R

is
a

re
la

ti
on

on
a

se
t

A
su

ch
th

at
fo

r
ev

er
y
x
,y
,z
∈
A

,
if
(x
,y
)
∈
R

an
d

(y
,z
)
∈
R

th
en
(x
,
z
)
∈
R

.
(b

)
N

o
it

is
no

t
re

fle
xi

ve
.

(i
)
0
<
0

is
fa

ls
e,

so
(0
,0
)
R
(0
,0
)

is
fa

ls
e.

(i
i)

N
o

it
is

no
t

sy
m

m
et

ric
.

T
ak

e
(0
,0
)

an
d
(1
,0
).

T
he

n
(0
,0
)
R
(1
,0
)

is
tr

ue
as
0
<
1
,
bu

t
(1
,0
)
R
(0
,0
)

is
fa

ls
e

be
ca

us
e
1
<
0

is
fa

ls
e

an
d
1
=
0

is
fa

ls
e.

(i
ii)

Y
es

it
is

tr
an

si
ti
ve

.
F
ix
(a
,
b
),
(x
,y
),
(u
,v
)

su
ch

th
at
(a
,b
)
R
(x
,y
)

an
d
(x
,y
)
R
(u
,v
).

C
as

e
1:
a
<
x
.

T
he

n
si
nc

e
(x
,y
)
R
(u
,v
),

w
e

ha
ve

x
≤
u
.

T
hi

s
m

ea
ns
a
<
x
≤
u
⇒
a
<
u
.

S
o

(a
,b
)
R
(u
,v
)

is
tr

ue
.

C
as

e
2:
x
<
u
.

T
he

n
si
nc

e
(a
,
b
)
R
(x
,y
),

w
e

ha
ve

a
≤
x
.

So
a
≤
x
<
u
⇒
a
<
u
.

So
ag

ai
n,
(a
,b
)
R
(u
,v
)

is
tr

ue
.

C
as

e
3:
a
=
x

an
d
x
=
u
.

T
he

n
si
nc

e
(a
,b
)
R
(x
,y
),

w
e

ha
ve
b
≤
y
.

S
in

ce
(x
,y
)
R
(u
,v
),

w
e

ha
ve
y
≤
v
.

S
o

w
e

ha
ve
a
=
x
=
u

an
d
b
≤
y
≤
v
.

T
hu

s
(a
,
b
)
R
(u
,v
)

is
tr

ue
.

(c
)
T

is
re

fle
xi

ve
:
1
·a
=
a

an
d
1
·b
=
b
.

S
o
(a
,
b
)
T
(a
,
b
)

tr
ue

.
T

is
sy

m
m

et
ric

.
Su

pp
os

e
(a
,b
)
T
(x
,y
).

Le
t
c
̸=
0

su
ch

th
at
c
a
=
x

an
d
c
b
=
y
.

T
he

n
a
=

1 c
x

an
d
b
=

1 c
y
,

w
he

re
1 c
̸=
0
.

S
o
(x
,
y
)
T
(a
,b
)

tr
ue

.
T

is
tr

an
si
ti
ve

.
S
up

po
se

(a
,
b
)
T
(x
,y
)

an
d

(x
,y
)
T
(u
,v
).

L
et
c
≠
0
,d
̸=
0

su
ch

th
at
c
a
=
x
,

c
b
=
y
,
d
x
=
u
,
d
y
=
v
.

T
he

n
d
c
a
=
d
x
=
u

an
d
d
c
b
=
d
y
=
v

(b
y

ze
ro

pr
od

uc
t

pr
op

er
ty

).
S
o

(a
,b
)
T
(u
,v
).

E
qu

iv
al

en
ce

cl
as

s
of
(1
,2
):
(a
,
b
)
∈
[(
1
,2
)]
⇔
∃c
≠

0
su

ch
th

at
c
·1
=
a

an
d
c
·2
=
b
⇔
(a
,b
)
=

(c
,2
c
)

fo
r

so
m

e
c
̸=
0
.

T
hi

s
is

th
e

lin
e
y
=
2
x

w
it
h
(0
,
0
)

re
m

ov
ed

.

M
H

13
00

,
F
in

al
s

(2
3/

24
,
S
em

1)
by

Q
R

S
@

N
T

U
Q

ue
st

io
n

1
(a

)
P
ro

ve
th

at
th

er
e

do
no

t
ex

is
t

po
si
ti
ve

in
te

ge
rs
a
,
b

su
ch

th
at
a
2
+
a
+
1
=
b
2
.

(b
)

L
et
c

be
an

in
te

ge
r.

P
ro

ve
th

at
3
|c
2

if
an

d
on

ly
if

3
|c

.
(c

)
S
ho

w
th

at
p
→
(q
∨
r)

is
lo

gi
ca

lly
eq

ui
va

le
nt

to
¬p
→
(¬
q
→
r)

.
S
ol

ut
io

n
(a

)
S
up

po
se

th
er

e
ar

e
po

si
ti
ve

in
te

ge
rs
a
,b

su
ch

th
at

a
2
+
a
+
1
=
b
2
.

T
he

n
b
2
=
a
2
+
a
+
1
>
a
2
,

so
b
>
a

(b
ot

h
po

si
ti
ve

).
M

et
ho

d
1:
b
2
=
a
2
+
a
+
1

(c
om

pl
et

in
g

th
e

sq
ua

re
)

=
(a
+
1
)2
−
a

S
o,
a
=
(a
+
1
)2
−
b
2

=
(a
+
1
+
b
)(
a
+
1
−
b
)

S
in

ce
b
>
a
,
so
a
+
1
−
b
≤
0
,
an

d
a
+
1
+
b
≥
0
,

w
hi

ch
m

ea
ns

th
e

pr
od

uc
t

ab
ov

e
≤
0
.

B
ut
a
≥
0

is
a

co
nt

ra
di

ct
io

n.
M

et
ho

d
2:

b
2
=
a
2
+
a
+
1

⇒
b
2
−
a
2
=
a
+
1

⇒
(b
+
a
)(
b
−
a
)
=
a
+
1

S
in

ce
b
+
a
>
a
+
a
=
2
a
,
an

d
b
−
a
>
0
,

(b
+
a
)(
b
−
a
)

a
+
1

>
2
a
a
+
1

⇒
a
+
1
>
2
a
⇒

1
>
a

C
on

tr
ad

ic
ti
on

.
(b

)
L
et
c

be
an

in
te

ge
r.

S
up

po
se
c

is
di

vi
si
bl

e
by
3
.

L
et

k
∈
Z

w
it
h
c
=
3
k
.

T
he

n
c
2
=
3
c
k
=
3
(c
k
),

so
3
|c
2
.

S
up

po
se
c
2

is
di

vi
si
bl

e
by
3
.

B
y

Q
R

T
:
c
=
3
k
,
3
k
+

1
,
3
k
+
2
.

A
ss

um
e
c

is
no

t
di

vi
si
bl

e
by
3
.

So
c
=
3
k
+
1

or
c
=
3
k
+
2
.

C
as

e
1:
c
=
3
k
+
1
.
c
2
=
(3
k
+
1
)2
=
9
k
2
+
6
k
+
1
=

3
(3
k
2
+
2
k
)
+
1
.

N
ot

di
vi

si
bl

e
by
3
,
co

nt
ra

di
ct

io
n.

C
as

e
2:
c
=
3
k
+
2
.
c
2
=
(3
k
+
2
)2
=
9
k
2
+
1
2
k
+
4
=

3
(3
k
2
+
4
k
+
1
)
+
1
.

N
ot

di
vi

si
bl

e
by
3
,
co

nt
ra

di
ct

io
n.

T
hu

s
c

m
us

t
be

di
vi

si
bl

e
by
3
.

(c
)

W
e

sh
ow

th
ey

ar
e

lo
gi

ca
lly

eq
ui

va
le

nt
:

p
→
(q
∨
r)
≡
¬p
∨
(q
∨
r)

(l
og

ic
al

eq
ui

va
le

nc
e

fo
r

co
nd

it
io

na
l)

≡
(¬
p
∨
q
)
∨
r

(a
ss

oc
ia

ti
ve

la
w

)

≡
(q
∨
¬p
)
∨
r

(c
om

m
ut

at
iv

e
la

w
)

≡
q
∨
(¬
p
∨
r)

(a
ss

oc
ia

ti
ve

la
w

)

≡
(¬
¬q
)
∨
(¬
p
∨
r)

(d
ou

bl
e

ne
ga

ti
on

)

≡
¬q
→
(¬
p
∨
r)

(l
og

ic
al

la
w

fo
r

co
nd

it
io

na
l)

T
ru

th
ta

bl
e

so
lu

ti
on

is
al

so
fin

e.
Q

ue
st

io
n

2
(a

)
T
ru

e
or

F
al

se
:

F
or

al
l

po
si
ti
ve

re
al

nu
m

be
rs
x
,y

,
√
x
+
y
=
√
x
+
√
y
.

(b
)

T
ru

e
or

F
al

se
:

B
et

w
ee

n
an

y
tw

o
di

st
in

ct
ra

ti
on

al
nu

m
-

be
rs

,
th

er
e

ex
is
ts

an
irr

at
io

na
ln

um
be

r.
(c

)
T
ru

e
or

F
al

se
:
(A
\B
)
∩
(A
\C
)
=
A
\(
B
∩
C
)

fo
r

al
l

se
ts
A
,B
,C

.
S
ol

ut
io

n
(a

)
Fa

ls
e.

W
e

w
an

t
to

sh
ow

th
er

e
ar

e
no

po
si
ti
ve

re
al

nu
m

-
be

rs
x
,y

w
it
h
√
x
+
y
=
√
x
+
√
y
.

S
up

po
se

th
er

e
ar

e
su

ch
x
,y
>
0
.
√
x
+
y
=
√
x
+
√
y
.

(√
x
+
y
)2
=
(√
x
+
√
y
)2

.
x
+
y
=
x
+
y
+
2
√
x
y
.

S
o

2
√
x
y
=
0
.

T
hu

s
√
x
y
=
0
.

H
en

ce
x
y
=
0
⇒
x
=
0

or
y
=
0
,
co

nt
ra

di
ct

io
n.

(b
)

T
hi

s
is

tr
ue

.
F
ix

ra
ti
on

al
p
>
0
.

T
ak

e
z
=

p √
2
.

S
in

ce
√
2
≈
1
.4

,
w
e

ha
ve
0
<
z
<
p
.

A
ss

um
e
z

ra
ti
on

al
:

L
et
p
=

a b
an

d
z
=

c d
,

w
it
h

b
≠
0
,d
≠
0
,c
̸=
0
.

T
he

n
p √
2
=

c d
⇒
√
2
=

a
d
b
c
.

S
in

ce
b
c
̸=
0
,
√
2

is
ra

ti
on

al
,
co

nt
ra

di
ct

io
n.

(c
)

T
hi

s
is

fa
ls
e.

St
ud

en
ts

m
us

t
w

rit
e

se
ts
A
,B
,C

an
d

ch
ec

k
th

e
eq

ua
lit

y.
Le

t
A
=
{0
,2
,3
},
B
=
{0
,1
},
C
=
{2
,3
}.

LH
S
=
(A
−
B
)
∩
(A
−
C
)
=
{2
,3
}∩
{0
,3
}
=
∅

.
R

H
S
=
A
−
(B
∩
C
)
=
A
−
{3
}
=
{0
,2
}.

So
LH

S̸=
R

H
S.

A
lt
er

na
ti
ve

ly
,
A
=
Z,
B
=

ev
en

in
te

ge
rs

,
C
=

od
d

in
te

ge
rs

.
A

ga
in

LH
S
̸=

R
H

S
.

Q
ue

st
io

n
3

(a
)

P
ro

ve
by

st
ro

ng
in

du
ct

io
n:

E
ve

ry
in

te
ge

r
n
≥
1
2

ca
n

be
w

ri
tt

en
as
n
=
7
c
+
3
d

fo
r

so
m

e
no

n-
ne

ga
ti
ve

in
te

ge
rs

c
,d

.
(b

)
P
ro

ve
by

in
du

ct
io

n:
1
·3
·5
·7
··
·(
2
n
+
1
)
=

(2
n
+
2
)!

(n
+
1
)!
·2
n
+
1

fo
r

al
ln
≥
0
.

S
ol

ut
io

n
(a

)
Le

t
P
(n
)

be
th

e
pr

op
er

ty
“t

he
re

ar
e

no
n

ne
ga

ti
ve

in
te

ge
rs

c
,d

su
ch

th
at
n
=
7
c
+
3
d
′′ .

U
se

st
ro

ng
M

I,
a
=
1
2
,b
=
1
4
.

B
as

e
ca

se
:

V
er

ify
P
(1
2
).

F
in

d
c
,d
≥
0

w
it
h
1
2
=

7
c
+
3
d
.

T
ak

e
c
=
0
,
d
=
4
.

S
o
P
(1
2
)

tr
ue

.
V
er

ify
P
(1
3
):
c
=
1
,d
=
2
.
7
c
+
3
d
=
1
3
.

S
o
P
(1
3
)

tr
ue

.
V
er

ify
P
(1
4
):
c
=
2
,d
=
0
.
7
c
+
3
d
=
1
4
.

S
o
P
(1
4
)

tr
ue

.
In

du
ct

iv
e

st
ep

:
F
ix
K
≥
1
4

an
d

as
su

m
e
P
(i
)

tr
ue

fo
r

al
l

1
2
≤
i
≤
K

.
T
o

sh
ow
P
(K
+
1
).

Le
t
i
=
K
+
1
−
3
=
K
−
2
≥
1
2
.

B
y

IH
,
i
=
7
c
+
3
d

fo
r

so
m

e
c
,d
≥
0
.

T
he

n
K
+
1
=
i
+
3
=
(7
c
+
3
d
)
+
3
=

7
c
+
3
(d
+
1
).

S
o
P
(K
+
1
)

tr
ue

fo
r

al
ln
≥
1
2
.

(b
)

Le
t
P
(n
):
1
·3
·5
·.
..
(2
n
+
1
)
=

(2
n
+
2
)!

(n
+
1
)!
2
n
+
1

.

B
as

e
ca

se
P
(0
):

L
H

S
=
1
.

R
H

S
=
2
! 2
=
1
.

S
o
P
(0
)

tr
ue

.
In

du
ct

iv
e

st
ep

:
Le

t
K
≥
0
.

A
ss

um
e
1
·3
·.
..
(2
K
+
1
)
=

(2
K
+
2
)!

(K
+
1
)!
2
K
+
1

.

N
ee

d
P
(K
+
1
):
1
·3
·.
..
(2
K
+
1
)(
2
K
+
3
)
=

[2
(K
+
1
)
+
2
]!

(K
+
2
)!
2
K
+
2

.

LH
S:
1
·3
··
·(
2
K
+
1
)(
2
K
+
3
)
=

(2
K
+
2
)!

(K
+
1
)!
2
K
+
1
(2
K
+
3
).

R
H

S
:

(2
K
+
4
)!

(K
+
2
)!
2
K
+
2
=

(2
K
+
2
)!
(2
K
+
3
)

(K
+
1
)!
2
K
+
1
.

B
ot

h
si
de

s
eq

ua
l⇒
P
(K
+
1
)

tr
ue

.
[M

H
13

00
no

te
:

th
e

offi
ci

al
M

I
pr

oo
f
co

nc
lu

de
s

he
re

.]

∴
P
(1
)∧

( P
(k
)
⇒
P
(k
+
1
))
⇒
P
(n
)
∀n
∈
N

(b
y

M
I)
□

Q
ue

st
io

n
4

(a
)

Su
pp

os
e
A
×
C
=
B
×
C

an
d
C
̸=
∅.

P
ro

ve
th

at
A
=
B

.
(b

)
Le

t
D
=
{0
,1
}.

F
in

d
|D
×
P
(D
)|.

(c
)

P
ro

ve
th

at
√
2
+
√
7

is
irr

at
io

na
l.

S
ol

ut
io

n
(a

)
S
up

po
se
A
×
C
=
B
×
C

an
d
C
≠
∅

.
S
in

ce
C
≠
∅

,
le

t
x
∈
C

.
A
⊆
B

:
le

t
a
∈
A

.
T

he
n
(a
,
x
)
∈
A
×
C

.
S
in

ce
A
×
C
=
B
×
C

,
w
e

ha
ve
(a
,x
)
∈
B
×
C

,
so
a
∈
B

.
B
⊆
A

:
le

t
b
∈
B

.
T

he
n
(b
,x
)
∈
B
×
C
=
A
×
C

.
S
o

b
∈
A

.
If
C
=
∅

th
en
A
×
C
=
∅

an
d
B
×
C
=
∅

fo
r

an
y

se
ts

A
,B

.
S
o

th
e

pr
op

er
ty

is
fa

ls
e.

F
or

ex
am

pl
e:
A
=
Z,
B
=
R,
C
=
∅

.
T

he
n
A
×
C
=

B
×
C

bu
t
A
̸=
B

.
(b

)
Le

t
D
=
{0
,1
}.
P
(D
)
=
{∅
,{
0
},
{1
},
D
}.

S
o
D
×
P
(D
)
=
{(
0
,∅
),
(0
,{
0
})
,(
0
,{
1
})
,(
0
,D
),

(1
,∅
),
(1
,{
0
})
,(
1
,{
1
})
,(
1
,D
)}
.

8
el

em
en

ts
.

(c
)

T
hi

s
is

si
m

ila
r

to
th

e
tu

to
ria

lp
ro

bl
em

w
he

re
√
2
+
√
3

is
sh

ow
n

irr
at

io
na

l.
S
up

po
se
√
2
+
√
7

is
ra

ti
on

al
.

L
et

in
te

ge
rs
a
,b

sa
ti
sf

y
√
2
+
√
7
=

a b
,
b
̸=
0
.

T
he

n
a
=
b
(√
2
+
√
7
),

so
a
̸=
0
.

√
7
=

a b
−
√
2
.

7
=

(
a b
−
√
2
) 2
=
a
2

b
2
−
2
a b

√
2
+
2
,

2
a b

√
2
=
a
2

b
2
−
5
,

√
2
=
b 2
a

(
a
2

b
2
−
5

)
=
a
2
−
5
b
2

2
a
b

.

S
in

ce
a
≠
0
,b
≠
0
,

w
e

ha
ve
2
a
b
̸=
0

(z
er

o
pr

od
uc

t
pr

op
er

ty
),

so
√
2

is
ra

ti
on

al
,
C

on
tr

ad
ic

ti
on

.
Q

ue
st

io
n

5
(a

)
D

efi
ne

su
rj
ec

ti
vi

ty
an

d
in

je
ct

iv
ity

fo
r
fu

nc
ti
on

s.
G

iv
e

on
e

ex
am

pl
e

of
ea

ch
.

(b
)

Le
t
S

be
a

re
la

ti
on

on
a

se
t
A

.
P
ro

ve
:
S

is
re

fle
xi

ve
an

d
sy

m
m

et
ric

if
an

d
on

ly
if
S

is
an

eq
ui

va
le

nc
e

re
la

ti
on

.
S
ol

ut
io

n
(a

)
(i
)

A
fu

nc
ti
on
f
:
A
→
B

is
su

rj
ec

ti
ve

if
fo

r
ev

er
y
b
∈
B

th
er

e
is

so
m

e
a
∈
A

su
ch

th
at
f
(a
)
=
b
.

(i
i)
g
:
C
→
D

is
on

e-
to

-o
ne

if
∀a
,b
∈
C

if
g
(a
)
=

g
(b
)
⇒
a
=
b
;

al
te

rn
at

iv
el

y,
∀a
,b
∈
C

if
a
̸=
b
⇒

g
(a
)
̸=
g
(b
).

(b
)

(i
)

Fa
ls
e.

Le
t
B
=
Z

an
d
S

be
a

re
la

ti
on
n
S
m

iff
n
=
m

.
T

he
n
S

is
re

fle
xi

ve
si
nc

e
n
=
n

fo
r

al
l
n
∈
Z.
S̄

is
no

t
re

fle
xi

ve
si
nc

e
0
̸=
0

is
fa

ls
e

an
d
0
∈
Z.

(i
i)

S
up

po
se
S

is
sy

m
m

et
ri
c.

T
o

sh
ow
S̄

sy
m

m
et

ri
c,

ta
ke
(x
,y
)
∈
S̄
.

T
he

n
(x
,y
)
/∈
S
.

If
(y
,x
)
∈
S

th
en

(x
,y
)
∈
S

(s
ym

m
et

ry
of
S
),

so
(y
,x
)
/∈
S

an
d

he
nc

e
(y
,x
)
∈
S̄
.

(i
ii)

T
hi

s
is

fa
ls
e.

E
xa

m
pl

e:
B
=
Z,
S

th
e

“d
iv

id
e”

re
la

-
ti
on
n
S
m
⇔
n
|m

.
S

is
tr

an
si
ti
ve

(l
ec

tu
re

).
B

ut
S̄

is
no

t:
2
S̄
5
,
5
S̄
8
,
2
S
8
.

(c
)
g
c
d
(1
2
3
4
5
,6
7
8
9
0
).

6
7
8
9
0
=
1
2
3
4
5
×
5
+
6
1
6
5

1
2
3
4
5
=
6
1
6
5
×
2
+
1
5

6
1
6
5
=
1
5
×
4
1
1
+
0

S
o
g
c
d
(1
2
3
4
5
,6
7
8
9
0
)
=
1
5
.

Q
ue

st
io

n
6

(a
)

F
in

d
al

lfi
ft

h
ro

ot
s

of
−
3
2
.

(b
)

G
iv

e
th

re
e

ex
am

pl
es

of
fu

nc
ti
on

s
f
:
Z
→
Z

su
ch

th
at

on
e

is
in

je
ct

iv
e

bu
t

no
t

su
rj
ec

ti
ve

,
on

e
is

su
rj
ec

ti
ve

bu
t

no
t

in
je

ct
iv

e,
an

d
on

e
is

ne
it
he

r.
(c

)
P
ro

ve
:
g
−
1
(C
∪
D
)
=
g
−
1
(C
)
∪
g
−
1
(D
)

fo
r
an

y
fu

nc
ti
on

g
:
A
→
B

an
d

su
bs

et
s
C
,D
⊆
B

.
S
ol

ut
io

n
(a

)
z
5
+
3
2
=
0

z
5
=
−
3
2
=
3
2
e
iπ
,

z
=
2
e
i(
π
+
2
k
π
)/
5
,
k
=
0
,1
,2
,3
,4

=
2
e
iπ
/
5
,
2
e
i(
π
+
2
π
)/
5
,
2
e
i(
π
+
4
π
)/
5
,
2
e
i(
π
+
6
π
)/
5
,
2
e
i(
π
+
8
π
)/
5
,

=
2
e
iπ
,
2
e
i7
π
/
5
,
2
e
i9
π
/
5
,
2
e
i1
1
π
/
5
,
2
e
i1
3
π
/
5
.

(b
)

T
he

re
ar

e
m

an
y

op
ti
on

s:

(i
)
f 0
(n
)
=
2
n

is
on

e
to

on
e:

f 0
(n
)
=
f 0
(m
)

⇒
2
n
=
2
m

⇒
n
=
m

no
t

on
to

:
T

he
re

is
no
n

s.
t.
f 0
(n
)
=
2
n
=
1

si
nc

e
n
=

1 2
/∈
Z.

(i
i)
f 1
(n
)
=

⌊
1 2
n
⌋ .

f 1
(n
)

no
t

on
e

to
on

e: f 1
(0
)
=
⌊0
⌋=
0

f 1
(1
)
=

⌊
1 2

⌋
=
0

f 1
(0
)
=
f 1
(1
)

bu
t
0
̸=
1
.

f 1
(n
)

is
on

to
:

G
iv

en
an

y
m
∈
Z.

f 1
(2
m
)
=

⌊
1 2
·2
m
⌋
=
⌊m
⌋=
m
.

(i
ii)
f 2
(n
)
=
|n
|.

al
te

rn
at

iv
el

y
f 2
(n
)
=
n
2
.

f 2
(n
)

no
t

on
e-

to
-o

ne
:

f 2
(−
1
)
=
|−
1
|=
1
=
f 2
(1
)

f 2
(n
)

is
no

t
on

to
:

th
er

e
is

no
n

su
ch

th
at

f 2
(n
)
=
|n
|=
−
1

as
|n
|≥
0
.

(c
)

S
up

po
se
g
:
A
→
B

,
C
,D
⊆
B

.
g
−
1
(C
∪
D
)
⊆
g
−
1
(C
)
∪
g
−
1
(D
)
:

Le
t
a
∈
g
−
1
(C
∪
D
).

T
he

n
g
(a
)
∈
C
∪
D

.
•

If
g
(a
)
∈
C

,t
he

n
a
∈
g
−
1
(C
)
⇒
a
∈
g
−
1
(C
)
∪
g
−
1
(D
).

•
If
g
(a
)
∈
D

,
th

en
a
∈
g
−
1
(D
)
⇒
a
∈
g
−
1
(C
)
∪

g
−
1
(D
).
g
−
1
(C
)
∪
g
−
1
(D
)
⊆
g
−
1
(C
∪
D
)
:

Le
t
a
∈
g
−
1
(C
)
∪
g
−
1
(D
).

•
If
a
∈
g
−
1
(C
)

th
en
g
(a
)
∈
C

.
S
o
g
(a
)
∈
C
∪
D

an
d

he
nc

e
a
∈
g
−
1
(C
∪
D
).

•
If
a
∈
g
−
1
(D
)

th
en
g
(a
)
∈
D

.
S
o
g
(a
)
∈
C
∪
D

an
d

he
nc

e
a
∈
g
−
1
(C
∪
D
).

Q
ue

st
io

n
7

(a
)

Le
t
R

be
th

e
eq

ui
va

le
nc

e
re

la
ti
on

on
Z

de
fin

ed
by
a
R
b

iff
8
|(
a
−
b
).

S
ho

w
th

at
R

is
an

eq
ui

va
le

nc
e

re
la

ti
on

an
d

de
sc

rib
e

al
le

qu
iv

al
en

ce
cl

as
se

s.
(b

)
Le

t
S

be
a

re
la

ti
on

on
a

se
t
A

th
at

is
re

fle
xi

ve
an

d
tr

an
-

si
ti
ve

.
P
ro

ve
:
S

is
an

eq
ui

va
le

nc
e

re
la

ti
on

if
an

d
on

ly
if

S
is

sy
m

m
et

ric
.

S
ol

ut
io

n
(a

)
(i
)
R

is
re

fle
xi

ve
:

gi
ve

n
an

y
a
∈
Z,

a
−
a
=
0
=
8
·0

so
a
−
a
∈
K
.

H
en

ce
a
R
a
.

(i
i)
R

is
sy

m
m

et
ric

.
Su

pp
os

e
(a
,b
)
∈
R

.
T

he
n
a
−
b
∈
K

an
d

so
a
−
b
=
8
m

fo
r

so
m

e
m
∈
Z.

b
−
a
=
−
8
m
=
8
(−
m
).

S
o
b
−
a
∈
K

an
d
(b
,a
)
∈
R

.
(i
ii)
R

tr
an

si
ti
ve

.
S
up

po
se
(a
,b
)
∈
R

an
d
(b
,c
)
∈
R

.
T

he
n
a
−
b
∈
K

an
d
b
−
c
∈
K

.
S
o

a
−
b
=
8
m

an
d
b
−
c
=
8
p

fo
r

so
m

e
m
,p
∈
Z.

a
−
c
=
(a
−
b
)
+
(b
−
c
)
=
8
m
+
8
p

=
8
(m
+
p
).

S
o,
a
−
c
∈
K

,
an

d
(a
,c
)
∈
R

.
N

ot
e
a
R
b

iff
a
−
b
∈
K iff
8
|a
−
b

iff
a
≡
b
(m
o
d
8
).

T
he

re
ar

e
8

eq
ui

va
le

nc
e

cl
as

se
s,
[0
],
[1
],
..
.,
[7
]

w
he

re
[i
]
=
{8
k
+
i
|k
∈
Z
},
i
=
0
,1
,
2
,.
..
,7
.

(b
)

S
up

po
se
S

is
an

eq
ui

va
le

nc
e

re
la

ti
on

.
T

he
n
S

is
ob

vi
ou

sl
y

re
fle

xi
ve

.
T
o

sh
ow
S

is
ro

un
d,

le
t
x
,y
,z
∈
A

an
d

as
su

m
e
x
S
y

an
d

y
S
z

ho
ld

.
S
in

ce
S

is
tr

an
si
ti
ve

,
x
S
z

ho
ld

s.
S
in

ce
S

is
sy

m
m

et
ri
c,

z
S
x

ho
ld

s.

N
ow

as
su

m
e

th
at
S

is
re

fle
xi

ve
an

d
ro

un
d.

T
o

sh
ow
S

is
an

eq
ui

va
le

nc
e

re
la

ti
on

,
w
e

ne
ed

to
sh

ow
S

is
sy

m
m

et
ric

an
d

tr
an

si
ti
ve

.
S
ym

m
et

ric
:
S
up

po
se
x
,y
∈
A

an
d

as
su

m
e
x
S
y
.

S
in

ce
S

is
re

fle
xi

ve
,
y
S
y

ho
ld

s.
S
in

ce
S

is
ro

un
d,
y
S
x

ho
ld

s.
T
ra

ns
it
iv

e:
S
up

po
se
x
,y
,z
∈
A

an
d

as
su

m
e
x
S
y

an
d

y
S
z

ho
ld

.
S
in

ce
S

is
ro

un
d,
z
S
x

ho
ld

s.
S
in

ce
S

is
sy

m
m

et
ric

,
x
S
z

ho
ld

s
(f

ro
m

ab
ov

e)
S
o,
S

is
an

eq
ui

va
le

nc
e

re
la

ti
on

.

M
H

13
00

,
F
in

al
s

(1
8/

19
,
S
em

1)
by

Q
R

S
@

N
T

U
Q

ue
st

io
n

1
(1

8
m

ar
ks

)
(a

)
P
ro

ve
or

di
sp

ro
ve

th
e

fo
llo

w
in

g
st

at
em

en
ts

:
(i
)

If
a

an
d
b

ar
e

ra
ti
on

al
re

al
nu

m
be

rs
th

en
a
b

is
ra

ti
o-

na
l.

(i
i)

Fo
r

ea
ch

po
si
ti
ve

re
al

nu
m

be
r
x
,
⌊ √
⌈x
⌉⌋
=

√
⌈x
⌉.

(b
)

Le
t
A
,B

an
d
C

be
se

ts
su

ch
th

at
(A
−
C
)
∪
(C
−
A
)
=

(B
−
C
)
∪
(C
−
B
).

P
ro

ve
th

at
A
=
B

.
(c

)
Sh

ow
th

at
th

e
fo

llo
w

in
g

is
a

ta
ut

ol
og

y:
((
p
∨
q
)
∧
(¬
p
∨

r)
)
→
(q
∨
r)

.
S
ol

ut
io

n
(a

)
(i
)

Fa
ls
e.

D
is
pr

ov
e:

Le
t
a
=
2

an
d
b
=

1 2
.

T
he

n
a

an
d
b

ar
e

ra
ti
on

al
re

al
nu

m
be

rs
,
bu

t
a
b
=

a
1 2
=
√
2
,
w

hi
ch

is
irr

at
io

na
l.

□
(i
i)

Fa
ls
e.

D
is
pr

ov
e:

T
ak

e
x
=
2
.

T
he

n
⌈x
⌉
=
2
,

an
d

√
⌈x
⌉=
√
2
.

T
he

re
fo

re
,
⌊ √
⌈x
⌉⌋
=
⌊√
2
⌋=
1
̸=
√
2
.

□
(b

)
P
ro

of
:

A
ss

um
e

th
at
(A
−
C
)
∪
(C
−
A
)
=
(B
−
C
)
∪
(C
−
B
).

F
irs

t
sh

ow
A
⊆
B

:
Le

t
x
∈
A

.
T

he
re

ar
e

tw
o

ca
se

s:
C

as
e

1:
x
/∈
C

.
T

he
n
x
∈
A

an
d
x
/∈
C

.
S
o
x
∈
A
−
C

.
H

en
ce
x
∈

LH
S
.

T
he

re
fo

re
,
x
∈

(B
−
C
)
∪
(C
−
B
).

Si
nc

e
x
/∈
C

th
is

m
ea

ns
x
/∈
C
−
B

.
H

en
ce
x
∈
B
−
C

.
In

pa
rt

ic
ul

ar
,
x
∈
B

.
C

as
e

2:
x
∈
C

.
S
o,
x
∈
A
∩
C

.
W

e
w

is
h

to
co

nc
lu

de
th

at
x
∈
B

.
S
up

po
se

no
t.

T
he

n
x
/∈
B

an
d
x
∈
C

.
S
o,

x
∈
C
−
B

.
H

en
ce
x
∈

R
H

S
.

T
hi

s
m

ea
ns
x
∈
(A
−
C
)
∪
(C
−
A
).

S
in

ce
x
∈
C

,
so

x
/∈
A
−
C

.
S
o,
x
∈
C
−
A

.
T

hi
s

is
a

co
nt

ra
di

ct
io

n
to

ou
r

as
su

m
pt

io
n

th
at
x
∈
A

.
S
o,

w
e

co
nc

lu
de

th
at
x
∈
B

.
In

ot
he

r
ca

se
,
w
e

co
nc

lu
de

th
at
x
∈
B

.
H

en
ce

,
A
⊆
B

.
T
o

sh
ow
B
⊆
A

,
w
e

ap
pl

y
sa

m
e

ar
gu

m
en

t.
□

(c
)

P
ro

of
by

Lo
gi

ca
lE

qu
iv

al
en

ce
:

((
p
∨
q
)
∧
(¬
p
∨
r)
)
→
(q
∨
r)

≡
¬(
(p
∨
q
)
∧
(¬
p
∨
r)
)
∨
(q
∨
r)

[E
qu

iv
al

en
ce
a
→
b
≡
¬a
∨
b
]

≡
¬(
p
∨
q
)
∨
¬(
¬p
∨
r)
∨
(q
∨
r)

[D
e

M
or

ga
n’

s
La

w
]

≡
(¬
p
∧
¬q
)
∨
(¬
¬p
∧
¬r
)
∨
(q
∨
r)

[D
e

M
or

ga
n’

s
La

w
]

≡
(¬
p
∧
¬q
)
∨
(p
∧
¬r
)
∨
(q
∨
r)

[D
ou

bl
e

N
eg

at
io

n
La

w
]

≡
(q
∨
(¬
p
∧
¬q
))
∨
(r
∨
(p
∧
¬r
))

[C
om

m
ut

at
iv

e
an

d
as

so
ci

at
iv

e
la

w
s]

≡
((
q
∨
¬p
)
∧
(q
∨
¬q
))
∨
((
r
∨
p
)
∧
(r
∨
¬r
))

[D
is
tr

ib
ut

iv
e

La
w
]

≡
((
q
∨
¬p
)
∧
⊤
)
∨
((
r
∨
p
)
∧
⊤
)

≡
(q
∨
¬p
)
∨
(r
∨
p
)

≡
(p
∨
¬p
)
∨
(q
∨
r)

[C
om

m
ut

at
iv

e
an

d
as

so
ci

at
iv

e
la

w
s]

≡
⊤
∨
(q
∨
r)

≡
⊤

A
n

an
sw

er
or

so
lu

ti
on

by
tr

ut
h

ta
bl

es
is

al
so

ac
ce

pt
ab

le
.

Q
ue

st
io

n
2

(1
0

m
ar

ks
)

D
et

er
m

in
e

if
th

e
fo

llo
w

in
g

ar
e

tr
ue

or
fa

ls
e.

Ju
st

ify
yo

ur
an

sw
er

.
(a

)
∃n
∈
Z,
∃m
∈
Z,
n
2
+
m
3
=
1
5
.

(b
)
∀x
∈
Z,
∃y
∈
Z,
x
y
>
x
.

(c
)
∀y
∈
Z,
∃x
∈
Z,
x
y
≥
x
.

S
ol

ut
io

n
(a

)
T
ru

e.
P
ro

of
:

T
ak

e
n
=
4

an
d
m
=
−
1
.

T
he

n
n
2
+
m
3
=
4
2
+
(−
1
)3
=
1
6
−
1
=
1
5
.

□
(b

)
Fa

ls
e.

P
ro

of
:

T
ak

e
x
=
0
∈
Z,

w
e

w
is
h

to
sh

ow
∀y
∈
Z,
x
y
≤
x
.

Fo
r
an

y
gi

ve
n

in
te

ge
r
y,
x
y
=
0
,y
=
0
,
w

hi
ch

is
≤
x
=
0
.

S
o,
∀y
∈
Z,
x
y
≤
x

is
tr

ue
.

□
(c

)
T
ru

e.
P
ro

of
:

Fo
r

an
y
y
∈
Z,

ch
oo

se
x
=
0
∈
Z.

T
he

n
x
y
=
0
≥
0
=
x
.

T
he

re
fo

re
,
th

e
st

at
em

en
t

is
tr

ue
.

□
Q

ue
st

io
n

3
(1

5
m

ar
ks

)
(a

)
P
ro

ve
th

at
fo

r
ev

er
y

in
te

ge
r
n
≥
2
,
∑
n k
=
1
1 k
2
<
2
−
1 n
.

(b
)

P
ro

ve
th

at
fo

r
ev

er
y

in
te

ge
r
n
≥
1
,
4
n
+
1
+
5
2
n
−
1

is
di

vi
si
bl

e
by

21
.

S
ol

ut
io

n
(a

)
P
ro

of
:

Q
3a

Le
t
P
(n
)

be
th

e
st

at
em

en
t

∑
n k
=
1
1 k
2
<
2
−
1 n
.

P
(2
):

∑
2 k
=
1
1 k
2
<
2
−
1 2

LH
S
=

1 1
2
+

1 2
2
=
1
+
1 4
=

5 4

R
H

S
=
2
−
1 2
=

3 2
.

O
bv

io
us

ly
,
5 4
<

3 2
.

A
ss

um
e
P
(n
)

is
tr

ue
,
n
≥
2
.

N
ow

w
e

sh
ow
P
(n
+
1
).

LH
S

of
P
(n
+
1
)
=

∑
n
+
1

k
=
1
1 k
2
=

∑
n k
=
1
1 k
2
+

1
(n
+
1
)2

[A
pp

ly
P
(n
)]
<
2
−
1 n
+

1
(n
+
1
)2

N
ot

e
th

at
n
·(
n
+
1
)
<
(n
+
1
)2

A
nd

so
1

n
(n
+
1
)
>

1
(n
+
1
)2

S
in

ce
1 n
−

1
n
+
1
=

(n
+
1
)−
n

n
(n
+
1
)
=

1
n
(n
+
1
)
>

1
(n
+
1
)2

,

th
is

te
lls

us
th

at
1

n
−
n
+
1
>

1
(n
+
1
)2

S
o,
−

1
n
+
1
>

1
(n
+
1
)2
−
1 n

A
nd
2
−
1 n
+

1
(n
+
1
)2
<
2
−

1
n
+
1
.

T
he

m
ea

ns
∑
n
+
1

k
=
1
1 k
2
<
2
−

1
n
+
1
+

1
(n
+
1
)2
<
2
−

1
n
+
1
.

S
o,
P
(n
+
1
)

is
tr

ue
.

B
y

M
at

he
m

ti
ca

lI
nd

uc
ti
on

,
P
(n
)

is
tr

ue
fo

r
al

ln
≥
2
.
□

[M
H

13
00

no
te

:
th

e
offi

ci
al

M
I
pr

oo
f
co

nc
lu

de
s

he
re

.]
∴
P
(1
)
∧
( P
(k
)
⇒
P
(k
+
1
))
⇒
P
(n
)
∀n
∈
N,
n
≥

2
(b

y
M

I)
□

(b
)

P
ro

of
by

M
at

he
m

at
ic

al
In

du
ct

io
n:

L
et
P
(n
)b

e
th

e
st

at
em

en
t:
4
n
+
1
+
5
2
n
−
1

is
di

vi
si
bl

e
by

21
.

B
as

e
ca

se
P
(1
):

4
2
+
5
1
=
1
6
+
5
=
2
1
=
2
1
·1

S
o
P
(1
)

is
tr

ue
.

In
du

ct
iv

e
st

ep
:

A
ss

um
e
P
(n
)

ho
ld

s,
n
≥
1
.

L
et
m
∈
Z

su
ch

th
at
2
1
m
=
4
n
+
2
+
5
2
n
+
1
.

W
e

w
is
h

to
pr

ov
e
P
(n
+
1
).

S
o

w
e

ex
am

in
e

th
e

ex
pr

es
-

si
on

: 4
n
+
2
+
5
2
n
+
1
=
4
·4
n
+
1
+
2
5
·5
2
n
−
1

=
4
·4
n
+
1
+
4
·5
2
n
−
1
+
2
1
·5
2
n
−
1

=
4
(4
n
+
1
+
5
2
n
−
1
)
+
2
1
·5
2
n
−
1

(A
p
p
ly
P
(n
))
=
4
(2
1
m
)
+
2
1
·5
2
n
−
1

=
2
1
(4
m
+
5
2
n
−
1
)

S
in

ce
n
≥
1
,
so
2
n
−
1
≥
1
,
so
5
2
n
−
1
∈
Z.

H
en

ce
,
4
m
+
5
2
n
−
1
∈
Z.

So
,
4
n
+
2
+
5
2
n
+
1

is
di

vi
si
bl

e
by

21
.

T
he

re
fo

re
,
P
(n
+
1
)

ho
ld

s.
[M

H
13

00
no

te
:

th
e

offi
ci

al
M

I
pr

oo
f
co

nc
lu

de
s

he
re

.]
∴

P
(1
)
∧

( P
(k
)
⇒
P
(k
+
1
))
⇒

P
(n
)
∀n
∈

N
(b

y
M

I)
□

Q
ue

st
io

n
4

(1
5

m
ar

ks
)

(a
)

B
y

co
ns

id
er

in
g

th
e

te
rm

( x
−
1 x

) 2
,
pr

ov
e

th
at

if
x

is
a

no
nz

er
o

re
al

nu
m

be
r,

th
en
x
2
+

1 x
2
≥
2
.

(b
)

L
et
a

an
d
b

be
in

te
ge

rs
.

P
ro

ve
th

at
a

an
d
b

ha
ve

th
e

sa
m

e
pa

rit
y

if
an

d
on

ly
if

th
er

e
is

an
in

te
ge

r
c

su
ch

th
at

|a
−
c
|=
|b
−
c
|.R

ec
al

lt
ha

t
a

an
d

b
ha

ve
th

e
sa

m
e

pa
rit

y
if

ei
th

er
a

an
d

b
ar

e
bo

th
ev

en
or

a
an

d
b

ar
e

bo
th

od
d.

(c
)

P
ro

ve
th

at
if
m

is
an

od
d

po
si
ti
ve

in
te

ge
r,

th
en
m
2
≡
1

(m
o
d
8
).

S
ol

ut
io

n
(a

)
P
ro

of
:

If
y

is
an

y
re

al
nu

m
eb

r,
th

en
y
≥
0
.

S
o

le
t
x

be
a

no
n-

ze
ro

re
al

nu
m

be
r.

T
he

n,
( x
−
1 x

) 2
≥
0
.

E
xp

an
di

ng
:

x
2
−
2
·x
·
1 x
+

1 x
2
≥
0

x
2
−
2
+

1 x
2
≥
0

x
2
+

1 x
2
≥
2

T
he

re
fo

re
,
fo

r
an

y
no

nz
er

o
re

al
nu

m
be

r
x
,
x
2
+

1 x
2
≥
2
.

□
(b

)
P
ro

of
:

A
ss

um
e
a

an
d
b

ha
ve

th
e

sa
m

e
pa

rit
y.

C
as

e
1:

B
ot

h
a

an
d
b

ar
e

ev
en

.
Le

t
a
=
2
k

an
d
b
=
2
ℓ

fo
r

so
m

e
in

te
ge

rs
2k

,
ℓ.

Le
t
c
=
k
+
ℓ.

T
he

n
|a
−
c
|=
|2
k
−
(k
+
ℓ)
|=
|k
−
ℓ|

an
d
|b
−
c
|=
|2
ℓ
−
(k
+
ℓ)
|=
|ℓ
−
k
|=
|k
−
ℓ|.

S
o
|a
−
c
|=
|b
−
c
|.

C
as

e
2:

B
ot

h
a

an
d
b

ar
e

od
d.

L
et
a
=
2
m
+
1

an
d

b
=
2
n
+
1

fo
r

so
m

e
in

te
ge

rs
m

,
n
.

Le
t
c
=
m
+
n
+
1
.

T
he

n
|a
−
c
|=
|2
m
+
1
−
(m
+
n
+
1
)|
=
|m
−
n
|

an
d
|b
−
c
|=
|2
n
+
1
−
(m
+
n
+
1
)|
=
|n
−
m
|=
|m
−
n
|.

S
o
|a
−
c
|=
|b
−
c
|.

In
ei

th
er

ca
se

,
w
e

co
nc

lu
de
|a
−
c
|=
|b
−
c
|f

or
so

m
e

in
te

ge
r
c
.

N
ow

A
ss

um
e

th
er

e
ex

is
ts

an
in

te
ge

r
c

su
ch

th
at
|a
−
c
|=

|b
−
c
|.

T
he

n
a
−
c
=
b
−
c

or
a
−
c
=
−
(b
−
c
).

In
th

e
fir

st
ca

se
,
a
−
c
=
b
−
c

an
d

so
a
=
b

so
,
a

an
d

b
ha

ve
th

e
sa

m
e

pa
rit

y.
In

th
e

se
co

nd
ca

se
,
a
−
c
=
−
(b
−
c
)

an
d

so
a
+
b
=
2
c
.

T
hi

s
m

ea
ns
a
+
b

is
ev

en
.

If
a

an
d
b

ha
ve

di
ff
er

en
t

pa
rit

y
th

en
a
+
b
=

ev
en
+

od
d
=

od
d,

w
hi

ch
ca

nn
ot

be
.

So
a

an
d
b

ha
ve

th
e

sa
m

e
pa

rit
y.

□
(c

)
P
ro

of
:

B
y

th
e

qu
ot

ie
nt

re
m

ai
nd

er
th

eo
re

m
,m
=
4
k
,4
k
+
1
,4
k
+

2
or
4
k
+
3

fo
r

so
m

e
k
.

S
in

ce
m

is
od

d,
th

er
e

ar
e

on
ly

tw
o

ca
se

s:
C

as
e

1:
m
=
4
k
+
1
:

T
he

n,
m
2
−
1
=
(4
k
+
1
)2
−
1

=
(1
6
k
2
+
8
k
+
1
)
−
1
=
8
(2
k
2
+
k
)

S
o,
8

di
vi

de
s
m
2
−
1
.

C
as

e
2:
m
=
4
k
+
3
:

T
he

n
m
2
−
1
=
(4
k
+
3
)2
−
1

=
(1
6
k
2
+
2
4
k
+
9
)−
1
=
1
6
k
2
+
2
4
k
+
8
=
8
(2
k
2
+
3
k
+
1
)

S
o,
8

di
vi

de
s
m
2
−
1
.

In
ei

th
er

ca
se

,
8
|(
m
2
−
1
)

an
d

so
m
2
≡
1
(m
o
d
8
).

Le
t
m

be
an

od
d

po
si
ti
ve

in
te

ge
r.

T
he

n
m
=
2
k
+
1

fo
r

so
m

e
k
≥
0
.

T
hu

s:
m
2
=
(2
k
+
1
)2
=
4
k
2
+
4
k
+
1
=
4
k
(k
+
1
)
+
1

Si
nc

e
k

an
d
k
+
1

ar
e

co
ns

ec
ut

iv
e

in
te

ge
rs

,
on

e
of

th
em

is
ev

en
,
so
k
(k
+
1
)

is
ev

en
.

Le
t
k
(k
+
1
)
=
2
j

fo
r

so
m

e
in

te
ge

r
j.

T
he

n
m
2
=
4
·2
j
+
1
=
8
j
+
1
.

T
he

re
fo

re
,
m
2
≡
1
(m
o
d
8
).

□
Q

ue
st

io
n

5
(1

2
m

ar
ks

)
(a

)
L
et
f
:
Z
×
Z
→
Z

be
de

fin
ed

by
f
(n
,m
)
=
|n
|−
|m
|.

D
et

er
m

in
e

if
f

is
on

e-
on

e,
an

d
if
f

is
on

to
.

Ju
st

ify
yo

ur
an

sw
er

.
(b

)
D

is
pr

ov
e

th
e

fo
llo

w
in

g
us

in
g

a
co

un
te

re
xa

m
pl

e:
L
et

f
:
R
→
R,
C
0
⊆
R

an
d
C
1
⊆
R.

T
he

n
f
(C
0
∩
C
1
)
=

f
(C
0
)
∩
f
(C
1
).

(c
)

W
ri
te

do
w

n
th

e
po

w
er

se
t

of
th

e
fo

llo
w

in
g

se
t:

{1
,{
1
,2
},
{1
,2
,3
}}

.
S
ol

ut
io

n
(a

)
Is
f

on
e-

to
-o

ne
?

N
o.

C
ou

nt
er

ex
am

pl
e:
f
(1
,0
)
=
|1
|−
|0
|
=
1

an
d

f
(−
1
,0
)
=
|−
1
|−
|0
|=
1
.

B
ut
(1
,0
)
̸=
(−
1
,0
),

so
f

is
no

t
in

je
ct

iv
e.

Is
f

on
to

?
Y
es

.
L
et
y
∈
Z

be
gi

ve
n.

If
y
≥
0
,
th

en
y
=
|y
|a

nd
so

f
(y
,0
)
=
|y
|−
|0
|=
|y
|=
y
.

If
y
<
0

th
en
y
=
−
|y
|a

nd
f
(0
,y
)
=
|0
|−
|y
|=
y
.

(b
)

C
ou

nt
er

ex
am

pl
e:

W
e

le
t
f
(x
)
≥
0

fo
r

al
l
x
∈
R,
C
0
=
{0
,3
}

an
d

C
1
=
{1
,3
}.

T
he

n
C
0
∩
C
1
=
∅

A
nd
f
(C
0
∩
C
1
)
=
f
(∅
)
=
{y

∈
R
:
y
=

f
(x
)

fo
r

so
m

e
x
∈
∅}
=
∅

an
d
f
(C
0
)
=
f
({
0
,3
})
=
{0
,3
}

an
d
f
(C
1
)
=
f
({
1
,3
})
=
{0
,3
}

S
o
f
(C
0
)
∩
f
(C
1
)
=
{0
,3
}.

F
or

an
y
k
∈
Z,

ta
ke
(n
,m
)
=
(|k
|,
0
)

if
k
≥
0
,

or
(n
,
m
)
=
(0
,−
k
)

if
k
<
0
.

T
he

n
f
(|k
|,
0
)
=
|k
|−
0
=
|k
|
=
k

(i
f
k
≥
0
)

or
f
(0
,|
k
|)
=
0
−
|k
|=
k

(i
f
k
<
0
).

T
he

re
fo

re
,
f

is
su

rj
ec

ti
ve

.
□

(c
)

P
ow

er
S
et

:
Le

t
S
=
{1
,{
1
,
2
},
{1
,2
,3
}}

.
T

he
el

em
en

ts
of
S

ar
e:

-
1

(a
nu

m
be

r)
-
{1
,2
}

(a
se

t)
-

{1
,2
,3
}

(a
se

t)
T

he
po

w
er

se
t
P
(S
)

co
nt

ai
ns

al
ls

ub
se

ts
of
S
:

P
(S
)
=

{ ∅
,{
1
},
{{
1
,2
}}
,{
{1
,2
,3
}}
,{
1
,
{1
,2
}}
,

{1
,{
1
,2
,3
}}
,{
{1
,2
},
{1
,2
,3
}}
,{
1
,{
1
,2
},
{1
,2
,3
}}

}

□
Q

ue
st

io
n

6
(1

5
m

ar
ks

)
(a

)
F
in

d
al

lt
he

co
m

pl
ex

ro
ot

s
of

th
e

eq
ua

ti
on
z
5
=
1
−
i.

(b
)

Le
t
A
,B
,C
,D

be
fo

ur
se

ts
.

P
ro

ve
th

at
(A
∩
B
)
×
(C
∩

D
)
=
(A
×
C
)
∩
(B
×
D
).

(c
)

D
is
pr

ov
e

th
e

fo
llo

w
in

g
st

at
em

en
ts

.
Y
ou

sh
ou

ld
pr

ov
id

e
a

di
ff
er

en
t

co
un

te
r-

ex
am

pl
e

in
ea

ch
pa

rt
.

(i
)

Le
t
A
0
,B
0
,C
0
,D
0

be
fo

ur
se

ts
.

T
he

n
(A
0
∪
B
0
)
×

(C
0
∪
D
0
)
=
(A
0
×
C
0
)
∪
(B
0
×
D
0
).

(i
i)

L
et
R

be
a

bi
na

ry
re

la
ti
on

on
a

se
t
A

.
If
R

is
sy

m
-

m
et

ric
,
tr

an
si
ti
ve

an
d
R
̸=
∅,

th
en
R

is
re

fle
xi

ve
.

S
ol

ut
io

n
(a

)
C

om
pl

ex
R

oo
ts

of
z
5
=
1
−
i:

∑
n i=
1
1 2
i
=
θ
=

7
π 4

.

L
i
=
re
iθ
=
√
2
e
i
7
π 4

.
T

he
fif

th
ro

ot
s

ar
e
2
1
/
5
e
i
1
+
2
k
π

5
,
k
=
0
,1
,2
,3
,4

.
S
o,

w
e

ca
n

al
so

w
rit

e

2
1
/
5
( e
i
1
+
2
k
π

5

)
=
2
0
e
i+
i8
π

1
5
=

2
+
i8
π

3
d

E
xp

re
ss
1
−
i
in

po
la

r
fo

rm
:

r
=

√
1
2
+
(−
1
)2
=
√
2
,
θ
=
−
π 4
=

7
π 4

S
o
1
−
i
=
√
2
e
i7
π
/
4
.

T
he

fif
th

ro
ot

s
ar

e:
z k
=
(2
)1
/
1
0
e
i(
7
π
/
4
+
2
π
k
)/
5
,
k
=
0
,1
,2
,3
,4

=
2
1
/
1
0
e
i(
7
π
+
8
π
k
)/
2
0

T
he

fiv
e

ro
ot

s
ar

e:
21
/
1
0
e
i7
π
/
2
0
,
2
1
/
1
0
e
i1
5
π
/
2
0
,
2
1
/
1
0
e
i2
3
π
/
2
0
,
2
1
/
1
0
e
i3
1
π
/
2
0
,
2
1
/
1
0
e
i3
9
π
/
2
0

(b
)

P
ro

of
:

(A
∪
B
)
+
(C
∩
D
)
=
(A
∩
C
)
∪
(B
∩
D
)

In
P
(S
),

if
(x
)
+
(y
).

T
he

n,
x
∈
(x
∩
y
)

w
e

ca
ll

so
x
∈
A
∩
C

.
So

,
x
∈
D

an
d
x
∈
C

.
T

he
n

m
or

e
u
∈
D

.
Le

t
z
∈
A
∪
B

an
d
(x
+
C
).

T
he

n
(x
∈
A

an
d
x
∈
C
)

or
(x
∈
B

an
d
x
∈
D
)

Le
t
x
∈
D

an
d
x
∈
(A
∪
C
).

T
he

n
x
∈
A
∪
B

an
d
(x
∈
C
∪
D
).

T
he

re
as

on
:
x
∈
B

an
d
y
∈
B

,
ye

t
(n

ot
x
∈
D

)
Fo

r
(B
,d
)
∈
(A
∩
C
)
∪
(B
∩
D
):
T
=
T

he
fo

un
d
(X
∪
Y
)
⊆
(X
∩
D
)
+
T
=
T

(B
,a
)
=
(B
∩
D
).

(⊆
)

Le
t
(x
,y
)
∈
(A
∩
B
)
×
(C
∩
D
).

T
he

n
x
∈
A
∩
B

an
d
y
∈
C
∩
D

.
S
o
x
∈
A

,
x
∈
B

,
y
∈
C

,
y
∈
D

.
T

hu
s
(x
,y
)
∈
A
×
C

an
d
(x
,y
)
∈
B
×
D

.
T

he
re

fo
re
(x
,y
)
∈
(A
×
C
)
∩
(B
×
D
).

1

Sets

N = {0, 1, 2, 3, . . .} (natural numbers)

Z+ = {1, 2, 3, . . .} (positive integers)

Q =
{a

b
: a, b ∈ Z, b ̸= 0

}
(rational numbers)

R = real numbers

C = complex numbers

Logical Form and Equivalences

Notation Name Read as Ti84

∼ p or ¬p Negation not p not(p)

p ∧ q Conjunction p and q p and q

p ∨ q Disjunction p or q p or q

p → q Conditional if p then q not(p) or q

p ↔ q Biconditional p iff q p = q

p q p ∧ q p ∨ q ¬p p → q p ↔ q

T T T T F T T
T F F T F F F
F T F T T T F
F F F F T T T

Statements: true or false but not both.
Tautology: always true (T ).
Contradiction: always false (F ).

Commutative: p ∧ q ≡ q ∧ p, p ∨ q ≡ q ∨ p

Associative: (p ∧ q) ∧ r ≡ p ∧ (q ∧ r),

(p ∨ q) ∨ r ≡ p ∨ (q ∨ r)

Distributive: p ∨ (q ∧ r) ≡ (p ∨ q) ∧ (p ∨ r),

p ∧ (q ∨ r) ≡ (p ∧ q) ∨ (p ∧ r)

Identity: p ∧ T ≡ p, p ∨ F ≡ p

Negation: p ∨ ¬p ≡ T, p ∧ ¬p ≡ F

Double negation: ¬(¬p) ≡ p

Idempotent: p ∧ p ≡ p, p ∨ p ≡ p

Universal bound: p ∨ T ≡ T, p ∧ F ≡ F

De Morgan: ¬(p ∨ q) ≡ ¬p ∧ ¬q,
¬(p ∧ q) ≡ ¬p ∨ ¬q

Absorption: p ∨ (p ∧ q) ≡ p, p ∧ (p ∨ q) ≡ p

Negations of T and F : ¬T ≡ F, ¬F ≡ T

Ti84 Program

PROGRAM:A A→L1(X)

ClrTable B→L2(X)

Input "",Str1 C→L3(X)

0→X expr(Str1)→L4(X)

For(A,0,1) End

For(B,0,1) End

For(C,0,1) End

X+1→X Stop

Conditional Statements

p → q ≡ ¬p ∨ q

¬(p → q) ≡ p ∧ ¬q
Contrapositive: p → q ≡ ¬q → ¬p

Converse: q → p

Inverse: ¬p → ¬q

“p only if q” ≡ p → q ≡ ¬q → ¬p
“p if q” ≡ q → p

p ↔ q ≡ (p → q) ∧ (q → p)

r sufficient for s: r → s

r necessary for s: s → r ≡ ¬r → ¬s
r necessary and sufficient for s: r ↔ s

Quantified Statements
Universal: ∀x ∈ D,Q(x) — true if Q(x) is true for every x in D.
Existential: ∃x ∈ D such that Q(x) — true if Q(x) is true for at
least one x in D.
Negations:

¬(∀x ∈ D,Q(x)) ≡ ∃x ∈ D such that ¬Q(x)

¬(∃x ∈ D such that Q(x)) ≡ ∀x ∈ D,¬Q(x)

¬(∀x, P (x) → Q(x)) ≡ ∃x such that P (x) ∧ ¬Q(x)

Methods of Proof
Direct Proof Techniques:

• Direct proof : Assume hypothesis, derive conclusion
• Proof by exhaustion: Check all possible cases
• Proof by cases: Divide into exhaustive, mutually exclusive cases
• Element method: For sets, take arbitrary element and show

property holds

Indirect Proof Techniques:

• Proof by contradiction: Assume negation of conclusion, derive
contradiction

• Proof by contraposition: To prove p → q, prove ¬q → ¬p
• Counterexample: Find one example where universal statement

fails

Valid Inference Rules:

Rule Statement Result

Modus Ponens p → q, p q
Modus Tollens p → q, ¬q ¬p
Generalization p p ∨ q
Specialization p ∧ q p
Conjunction p, q p ∧ q
Disjunctive Syllogism p ∨ q, ¬q p
Hypothetical Syllogism p → q, q → r p → r
Proof by Cases p ∨ q, p → r, q → r r

Common Fallacies (Invalid Inferences):

Fallacy Statement Invalid Result

Converse Error p → q, q p
Inverse Error p → q, ¬p ¬q

Mathematical Induction
Standard Induction: To prove P (n) for all n ≥ a:

1. Base case: Prove P (a)
2. Inductive step: Prove ∀k ≥ a, P (k) ⇒ P (k + 1)

Strong Induction: To prove P (n) for all n ≥ a:

1. Base cases: Prove P (a), P (a+ 1), . . . , P (b) for some b ≥ a
2. Inductive step: If P (i) holds for all a ≤ i ≤ k (where k ≥ b), then

P (k + 1) holds

Elementary Number Theory
Basic Definitions:

• Even: n = 2k for some integer k
• Odd: n = 2k + 1 for some integer k
• Prime: n > 1 and only positive divisors are 1 and n
• Composite: n > 1 and n = ab with 1 < a, b < n
• Rational: r = a

b
where a, b ∈ Z and b ̸= 0

Parity Facts:

• Even ± even = even; odd ± odd = even; even ± odd = odd
• Even × any = even; odd × odd = odd

Divisibility: d | n ⇐⇒ ∃k ∈ Z such that n = dk
Properties:

• If a | b and b | c, then a | c (transitivity)
• If a | b and a | c, then a | (bx+ cy) for any x, y ∈ Z

Division Algorithm &Special Functions

Quotient-Remainder Theorem: For all n ∈ Z and d ∈ Z+, ∃
unique q, r ∈ Z:

n = dq + r and 0 ≤ r < d

Notation: q = n div d (quotient), r = n mod d (remainder)

Absolute Value: |x| =
{
x, x ≥ 0

−x, x < 0
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(⊇
)

L
et
(x
,y
)
∈
(A
×
C
)
∩
(B
×
D
).

A
×
C

an
d

(x
,y
)
∈
B
×
D

.
S
o
x
∈
A

,
y
∈
C

,
x
∈
B

,
y
∈
D

.
T

hu
s
x
∈
A
∩
B

an
d
y
∈
C
∩
D

.
T

he
re

fo
re
(x
,y
)
∈
(A
∩
B
)
×
(C
∩
D
).

H
en

ce
,
(A
∩
B
)
×
(C
∩
D
)
=
(A
×
C
)
∩
(B
×
D
).

□
(c

)
(i
)

C
ou

nt
er

ex
am

pl
e:

T
he

is
fa

ls
e.

L
et
A
0
=
∅,
B
0
=
{0
},
C
0
=
{0
},

D
0
=
∅.

T
he

n:
(A
0
∪
B
0
)
×
(C
0
∪
D
0
)
=
{0
}×
{0
}
=
{(
0
,0
)}

B
ut

:
(A
0
×
C
0
)∪
(B
0
×
D
0
)
=
(∅
×
{0
})
∪(
{0
}×
∅)
=
∅∪
∅
=
∅

S
in

ce
th

es
e

ar
e

no
t

eq
ua

l,
th

e
st

at
em

en
t

is
fa

ls
e.

(i
i)

C
ou

nt
er

ex
am

pl
e:

Le
t
A
=
{0
,1
}

an
d
R
=
{(
0
,1
),
(1
,0
)}

.
R

is
sy

m
m

et
ri
c:
(0
,1
)
∈
R
=
⇒

(1
,0
)
∈
R

;
(1
,0
)
∈
R
=
⇒
(0
,1
)
∈
R

R
is

tr
an

si
ti
ve

:
T

he
on

ly
ap

pl
ic

ab
le

ca
se

w
ou

ld
be

if
(0
,1
)
∈
R

an
d
(1
,y
)
∈
R

.
T

he
n
(1
,y
)
=
(1
,0
),

so
w
e

ne
ed
(0
,0
)
∈
R

,
bu

t
it
’s

no
t.

H
ow

ev
er

,
th

er
e’

s
no

vi
ol

at
io

n
si
nc

e
th

e
co

nd
it
io

ns
do

n’
t

ap
pl

y.
R
̸=
∅

B
ut
R

is
no

t
re

fle
xi

ve
:
(0
,0
)
/∈
R

an
d
(1
,1
)
/∈
R

.
T

he
re

fo
re

,
th

e
st

at
em

en
t

is
fa

ls
e.

□
Q

ue
st

io
n

7
(1

5
m

ar
ks

)
(a

)
Le

t
T

be
a

re
la

ti
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re
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.
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)
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in

g
T
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E
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R
el

at
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R
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e:
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r
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∈
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2
∈
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∈
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T
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∈
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te

ge
r.

S
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x
T
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.

□
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te
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⊆
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ar
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□
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1
4
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6
2
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6
6
2
=
4
1
4
×
1
+
2
4
8

4
1
4
=
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+
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6
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=
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1
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+
0
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c
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.
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ks

)
(a

)
D
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pr

ov
e

th
e
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w
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r

an
y

se
ts
A
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d
B
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A
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y
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d
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A
∪
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A
∪
C
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B
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d
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ve
th
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r
an

y
se

ts
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an
d
C

,
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∪
C
)]
∪
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∩
(A
∪
C
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⊆
(A
∪
B
)
∩
(A
∪
C
)

S
ol

ut
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nt
er
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A
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n
A
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∅
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∅\
{0
}
=
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S
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en
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□
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∪
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ev
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∩
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em
en
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is
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e.

□
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T
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P
ro
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t
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et
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:
Le

t
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∩
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∪
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∪
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∪
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∪
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∪
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∈
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,
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∪
B
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∪
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∪
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∪
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R
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x
∈
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∩
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∪
C
).

T
he

n
x
∈
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∪
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A
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∪
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∪
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H
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en
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∪
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⊆
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∪
C
).

□ W
e

m
ay

al
so

us
e

id
en

ti
ti
es

:
LH

S
=
[A
∩
(B
∪
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∪
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∪
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∪
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⊆
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∪
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⊆
A
∩
A

)
=
[A
∩
(A
∪
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∪
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∪
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∪
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.
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=
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□
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=
−
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+
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=

1
·2
·3
3
=
2

S
o
P
(1
)

is
tr

ue
.

In
du

ct
iv

e
st

ep
:

A
ss

um
e
P
(n
)

ho
ld

s,
i.e

.,

1
·2
+
2
·3
+
··
·+
n
(n
+
1
)
=

n
(n
+
1
)(
n
+
2
)

3

W
e

ne
ed

to
sh

ow
P
(n
+
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+
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+
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+
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+
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+
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+
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=
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.
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+
b
+
c
+
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+
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.
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∈
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3
k
=
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=
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ℓ
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ℓ
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=
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n.

Su
pp

os
e

no
t.
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=
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+
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+
e

5
=
a
+
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+
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+
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h
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ed

on
a

se
t

of
re

al
nu

m
be

rs
.

D
e-

te
rm

in
e

w
he

th
er

or
no

t
h

is
in

je
ct

iv
e

an
d

ju
st

ify
yo

ur
an

sw
er

. h(
x
)
=

3
x
−
1
x
,

fo
r

al
lr

ea
ln

um
be

rs
x
̸=
0

S
ol

ut
io

n
(a

)
P
ro

of
:

Le
t
f
:
A
→
A

.S
up

po
se

th
at
f
◦f

is
in

je
ct

iv
e.

Le
t
f
(x
)
=
f
(y
)

fo
r
x
,y
∈
A

.
S
in

ce
f
(x
)

is
a

fu
nc

ti
on

,
f
(f
(x
))
=
f
(f
(y
))

,
S
o,
(f
◦f
)(
x
)
=
(f
◦f
)(
y
).

S
in

ce
f
◦f

is
in

je
ct

iv
e,
x
=
y
.

H
en

ce
w
e

ha
ve

sh
ow

n
f
(x
)
=
f
(y
)
=
⇒
x
=
y
.

T
he

re
fo

re
,
f

is
in

je
ct

iv
e.

□
A

lt
er

na
ti
ve

P
ro

of
:

S
up

po
se

no
t.

T
he

n
le

t
f
◦
f

be
in

je
ct

iv
e

bu
t
f

is
no

t
in

je
ct

iv
e.

S
in

ce
f

is
no

t
in

je
ct

iv
e,

th
er

e
ex

is
t
x
,y
∈
A

su
ch

th
at
x
̸=
y

an
d
f
(x
)
=
f
(y
).

S
in

ce
f

is
a

fu
nc

ti
on

,
f
(f
(x
))
=
f
(f
(y
))

.
So
(f
◦f
)(
x
)
=
(f
◦f
)(
y
).

B
ut

th
is

m
ea

ns
th

at
f
◦f

is
no

t
in

je
ct

iv
e.

C
on

tr
ad

ic
ti
on

.
□

(b
)

C
la

im
:
g
(n
)
=
n
·g
(1
)
=
n
·a

fo
r

al
lp

os
it
iv

e
in

te
ge

rs
n
.

P
ro

of
:

Le
t
f
(n
·m
)
=
f
(n
)
+
f
(m
),

an
d
a
=
f
(1
).

A
fo

rm
ul

a
fo

r
f
(n
)

ca
n

be
de

du
ce

d
by

w
rit

in
g

do
w

n
th

e
va

lu
es

of
f
(1
),
f
(2
),
..
.

f
(2
)
=
f
(1
+
1
)
=
f
(1
)
+
f
(1
)
=
2
f
(1
)

f
(3
)
=
f
(2
+
1
)
=
f
(2
)
+
f
(1
)
=
2
f
(1
)
+
f
(1
)
=
3
f
(1
)

f
(4
)
=
f
(3
+
1
)
=
f
(3
)
+
f
(1
)
=
4
f
(1
)

S
o

w
e

gu
es

s
a

fo
rm

ul
a

is

f
(n
)
=
n
·f
(1
).

T
o

pr
ov

e
it
,
w
e

ap
pl

y
in

du
ct

io
n.

n
=
0
:
f
(0
)
=
f
(0
+
0
)
=
f
(0
)
+
f
(0
)
=
2
f
(0
)

H
en

ce
f
(0
)
=
0
=
0
·f
(1
).

A
ss

um
e
f
(n
)
=
n
·f
(1
).

f
(n
+
1
)
=
f
(n
)
+
f
(1
)
=
n
·f
(1
)
+
f
(1
)
=
(n
+
1
)
·f
(1
).

S
o

by
M

I,
f
(n
)
=
n
·f
(1
)

fo
r

al
ln
∈
N.

□
(c

)
P
ro

of
:

W
e

ch
ec

k
if
h

is
in

je
ct

iv
e

by
as

su
m

in
g
h
(x
)
=
h
(y
)

fo
r
x
,y
̸=
0
:

3
x
−
1
x
=

3
y
−
1

y

3
−
1 x
=
3
−
1 y

1 x
=

1 y

x
=
y

T
he

re
fo

re
,
h

is
in

je
ct

iv
e.

□
Q

ue
st

io
n

6
(1

2
m

ar
ks

)
(a

)
F
in

d
al

lt
he

fo
ur

th
co

m
pl

ex
ro

ot
s

of
4
−
4
i.

(b
)

F
or

a
re

al
nu

m
be

r
x
,

de
fin

e
th

e
pr

ed
ic

at
es
P
(x
)

by
“
1 2
<
x
<

5 2
”,
Q
(x
)

by
“x

is
an

in
te

ge
r”
,
R
(x
)

by
“x
2
=
1
”

an
d
S
(x
)

be
“x
=
2
”.

W
hi

ch
of

th
e

fo
llo

w
in

g
ar

e
tr

ue
?

Ju
st

ify
yo

ur
an

sw
er

.
(i
)
∀x
∈
R,
P
(x
)
→
R
(x
)

(i
i)
∀x
∈
R,
Q
(x
)
→
R
(x
)

(i
ii)

∀x
∈
R,
(P
(x
)
∧
Q
(x
))
→
(R
(x
)
∨
S
(x
))

(i
v)

∃x
∈
R,
S
(x
)
→
R
(x
)

S
ol

ut
io

n
(a

)
Fo

ur
th

R
oo

ts
of
4
−
4
i:

F
irs

t
ex

pr
es

s
4
−
4
i
in

th
e

fo
rm
re
iθ

.
r
=

√
4
2
+
(−
4
)2
=
√
3
2
=
4
√
2
.

θ
=

7
π 4

.
S
o,

th
e

4t
h

ro
ot

of
re
iθ

is
gi

ve
n

by
r1
/
4
e
i+
2
π
k

4
,
k
=
0
,1
,2
,3

=
3
2
1
/
8
e
i(
7
π
+
2
π
k

4
)

=
3
2
1
/
8
( e
i
7
π
1
6
,e
i
1
5
π
1
6
,e
i
2
3
π
1
6
,e
i
3
1
π
1
6

)

T
he

fo
ur

ro
ot

s
ar

e:
3
2
1
/
8
e
i
7
π
1
6
,
3
2
1
/
8
e
i
1
5
π
1
6
,
3
2
1
/
8
e
i
2
3
π
1
6
,
3
2
1
/
8
e
i
3
1
π
1
6

(b
)

(i
)
∀x
∈
R,
P
(x
)
→
R
(x
):

Fa
ls
e.

P
(x
)
:
1 2
<
x
<

5 2

Q
(x
)
:
x
<
7

R
(x
)
:
x
2

x
−
1

S
(x
)
:
x
=
2

T
ak

e
x
=
2
.

T
he

n,
P
(2
)

ho
ld

s
si
nc

e
1 2
<
2
<

5 2
.

R
(2
)

is
fa

ls
e

si
nc

e
2
2
+
1
.

(i
i)
∀x
∈
R,
Q
(x
)
→
R
(x
):

F
al

se
.

C
ou

nt
er

ex
am

pl
e:

x
=
2

sa
ti
sfi

es
Q
(2
)

(2
∈
Z)

,
bu

t
R
(2
)

is
fa

ls
e.

(i
ii)

∀x
∈
R,
(P
(x
)
∧
Q
(x
))
→
(R
(x
)
∨
S
(x
))

:
T
ru

e.
F
ix
x
∈
R

an
d

as
su

m
e
P
(x
)
∧
Q
(x
)

ho
ld

s.
T

he
n,

1 2
<
x
<

5 2
an

d
x
∈
Z.

T
hi

s
m

ea
ns
x
=
1

or
x
=
2
.

If
x
=
1
,
th

en
x
2
=
1

an
d

so
R
(x
)

is
tr

ue
.

H
en

ce
,
R
(x
)
∨
S
(x
)

is
tr

ue
.

If
x
=
2
,
th

en
S
(x
)

is
tr

ue
.

So
,
R
(x
)
∨
S
(x
)

is
tr

ue
.

In
ei

th
er

ca
se

,
R
(x
)
∨
S
(x
)

is
tr

ue
.

(i
v)

∃x
∈
R,
S
(x
)
→
R
(x
):

T
ru

e.
∃x
∈
R
(S
(x
)
→
R
(x
))
≡
∃x
∈
R
¬S
(x
)
∨
R
(x
).

C
an

ta
ke
x
=
1
.

T
he

n
x
̸=
2
,
so
¬S
(x
)

is
tr

ue
.

S
o,
¬S
(x
)
∨
R
(x
)

is
tr

ue
.

Q
ue

st
io

n
7

(1
5

m
ar

ks
)

(a
)

Le
t
A

be
a

no
n-

em
pt

y
se

t
an

d
B

be
a

fix
ed

su
bs

et
of
A

.
Le

t
P
(A
)

be
th

e
po

w
er

se
t

of
A

.
D

efi
ne

th
e

re
la

ti
on
R

on
P
(A
)

by
X
R
Y

if
an

d
on

ly
if
X
∩
B
=
Y
∩
B

.
(i
)

P
ro

ve
th

at
R

is
an

eq
ui

va
le

nc
e

re
la

ti
on

.
(i
i)

L
et
A
=
{1
,2
,3
,4
,5
}

an
d
B
=
{3
,4
,5
}.

D
et

er
-

m
in

e
th

e
eq

ui
va

le
nc

e
cl

as
s

of
X
=
{2
,3
,4
}

an
d

th
e

eq
ui

va
le

nc
e

cl
as

s
of
B

.
(b

)
U

se
th

e
E
uc

lid
ea

n
al

go
rit

hm
to

fin
d

th
e

gr
ea

te
st

co
m

m
on

di
vi

so
r

of
th

e
pa

ir
1
1
8
8

an
d
3
8
5
.

S
ol

ut
io

n
(a

)
(i
)

S
ho

w
in

g
R

is
an

eq
ui

va
le

nc
e

re
la

ti
on

:
Le

t
X
R
Y

iff
X
∩
B
=
Y
∩
B

.
R

is
re

fle
xi

ve
:

T
ak

e
X
∈
P
(A
).

T
he

n,
X
∩
B
=

X
∩
B

.
S
o,
X
R
X

ho
ld

s.
R

is
sy

m
m

et
ric

:
T
ak

e
Y
∈
P
(A
)

an
d

as
su

m
e
X
R
Y

.
S
o,
X
∩
B
=
Y
∩
B

.
S
o,
Y
∩
B
=
X
∩
B

.
H

er
e,
Y
R
X

ho
ld

s.
R

is
tr

an
si
ti
ve

:
T
ak

e
X
,Y
,Z
∈
P
(A
)

an
d

as
su

m
e

X
R
Y

an
d
Y
R
Z

.
S
o,
X
∩
B
=
Y
∩
B

an
d
Y
∩
B
=
Z
∩
B

.
︸

︷︷
︸

by
X
R
Y

tr
ue

︸
︷︷

︸
by
Y
R
Z

ho
ld

s

S
o,
X
∩
B
=
Z
∩
B

.
S
o,
X
R
Z

tr
ue

.
H

en
ce

,
R

is
re

fle
xi

ve
,
sy

m
m

et
ric

,
an

d
tr

an
si
ti
ve

.
□

(i
i)

F
in

di
ng

eq
ui

va
le

nc
e

cl
as

se
s:

Le
t
A
=
{1
,2
,3
,4
,5
}

an
d
B
=
{3
,4
,5
,3
}.

D
et

er
m

in
e

al
lY
∈
P
(A
)

su
ch

th
at
Y
R
{3
,3
,4
};

tr
ue

w
e

ne
ed

to
fin

d
al

l
Y
⊆
A

su
ch

th
at
Y
∩

{3
,4
,5
}
=
{3
,
3
,4
}∩
{3
,4
,5
}
=
{3
,
4
}.

S
o,
Y

m
us

t
co

nt
ai

n
3

an
d

4
bu

t
no

t
5.

C
ho

os
e

th
e

Y
ar

e
{3
,4
},
{1
,3
,4
},
{2
,3
,4
},
{1
,2
,3
,4
}.

E
qu

iv
al

en
t

cl
as

se
s

of
X

N
ow

de
te

rm
in

e
al

lY
∈
P
(A
)

su
ch

th
at
Y
R
B

.
W

e
ne

ed
to

fin
d

al
lY
⊆
A

su
ch

th
at
Y
∩
{3
,4
,5
}
=

{3
,4
,5
}.

C
ho

os
e

th
e

Y
ar

e
{3
,4
,5
},
{1
,2
,3
,4
,5
},
{1
,3
,4
,5
},
{2
,3
,4
,5
}.

E
qu

iv
al

en
t

cl
as

se
s

of
B

(b
)

E
uc

lid
ea

n
A

lg
or

it
hm

fo
r
g
c
d
(1
1
8
8
,3
8
5
):

1
1
8
8
=
3
8
5
×
3
+
3
3

3
8
5
=
3
3
×
1
1
+
2
2

3
3
=
2
2
×
1
+
1
1

2
2
=
1
1
×
2
+
0

T
he

la
st

no
nz

er
o

re
m

ai
nd

er
is
1
1
.

T
he

re
fo

re
,
g
c
d
(1
1
8
8
,3
8
5
)
=
1
1

.
T
o

ch
ec

k,
fa

ct
or

U
SS
=
1
1
×
5
×
2

an
d
3
R
S
=
1
1
×
5
×
3
.

S
o

ob
vi

ou
sl
y

th
e

gc
d
=
1
1
.

M
H

13
00

,
F
in

al
s

(1
6/

17
,
S
em

1)
by

Q
R

S
@

N
T

U
Q

ue
st

io
n

1
(1

5
m

ar
ks

)
P
ro

ve
or

di
sp

ro
ve

ea
ch

of
th

e
fo

llo
w

in
g.

(a
)
∀y
∈
R,
∃x
∈
R,
∀z
∈
R,
x
y
≤
z
2
.

(b
)

Le
t
x

be
an

in
te

ge
r.

If
x
2

is
no

t
di

vi
si
bl

e
by

4,
th

en
x

is
od

d.
(c

)
L
et
x

an
d
y

be
in

te
ge

rs
.

If
x
+
y

is
ev

en
an

d
y

is
od

d,
th

en
x

is
od

d.
(d

)
T

he
re

ex
is
ts

an
od

d
in

te
ge

r
M

su
ch

th
at

fo
r

al
l

re
al

nu
m

be
rs
r
>
M

,
w
e

ha
ve

1 2
r
<
0
.0
1
.

S
ol

ut
io

n
(a

)
T
ru

e.
P
ro

of
:

F
ix

ar
bi

tr
ar

y
y
∈
R.

T
ak

e
x
=
−
y
∈
R.

T
he

n
w
e

sh
ow
∀z
∈
R,
x
y
≤
z
2
.

Le
t
z

be
ar

bi
tr

ar
y.

T
he

n
z
2
≥
0
.

B
ut
x
y
=
(−
y
)(
y
)
=
−
y
2
≤
0
.

T
he

re
fo

re
,
x
y
≤
0
≤
z
2
.

□
(b

)
T
ru

e.
P
ro

of
by

C
on

tr
ap

os
it
iv

e:
S
up

po
se
x

is
no

t
od

d.
T

he
n
x

is
ev

en
.

Le
t
x
=
2
k

fo
r

so
m

e
k
∈
Z.

T
he

n
x
2
=
4
k
2
.

S
in

ce
k
2
∈
Z,
x
2

is
di

vi
si
bl

e
by
4
.

□
(c

)
T
ru

e.
P
ro

of
by

C
on

tr
ad

ic
ti
on

:
S
up

po
se

th
e

st
at

em
en

t
is

fa
ls
e.

T
he

n
x
+
y

is
ev

en
,
y

is
od

d,
bu

t
x

is
ev

en
.

Le
t
x
=
2
k

an
d
y
=
2
ℓ
+
1

fo
r

so
m

e
k
,ℓ
∈
Z.

T
he

n
x
+
y
=
2
k
+
2
ℓ
+
1
=
2
(k
+
ℓ)
+
1
,
w

hi
ch

is
od

d.
T

hi
s

co
nt

ra
di

ct
s

ou
r

as
su

m
pt

io
n

th
at
x
+
y

is
ev

en
.

T
he

re
fo

re
,
x

m
us

t
be

od
d.

□
(d

)
T
ru

e.
P
ro

of
:

T
ak

e
M
=
5
1
.

T
he

n
M

is
an

od
d

po
si
ti
ve

in
te

ge
r.

W
e

sh
ow
∀r
∈
R,
r
>
M
=
⇒

1 2
r
<
0
.0
1
.

F
ix
r
>
M
=
5
1
.

T
he

n
r
>
5
1
,
so
2
r
>
1
0
2
.

T
he

re
fo

re
,
1 2
r
<

1
1
0
2
<
0
.0
1
.

□
Q

ue
st

io
n

2
(1

5
m

ar
ks

)
(a

)
L
et
n

be
a

po
si
ti
ve

in
te

ge
r.

P
ro

ve
th

at
n
(n
4
−
1
)

is
di

vi
si
bl

e
by

5.
(b

)
L
et
x

an
d
y

be
an

y
re

al
nu

m
be

rs
su

ch
th

at
x
+
y
=
n

w
he

re
n

is
an

in
te

ge
r.

P
ro

ve
th

at
⌈x
⌉+
⌊y
⌋=
n
.

H
er

e,
⌈x
⌉

is
th

e
ce

ili
ng

fu
nc

ti
on

an
d
⌊y
⌋

is
th

e
flo

or
fu

nc
ti
on

.
(c

)
P
ro

ve
th

e
fo

llo
w

in
g

or
gi

ve
a

co
un

te
re

xa
m

pl
e:
∀x
,y
∈

R,
⌈x
y
⌉=
⌈x
⌉·
⌈y
⌉.

S
ol

ut
io

n
(a

)
P
ro

of
by

C
as

es
:

Le
t
n

be
a

po
si
ti
ve

in
te

ge
r.

B
y

th
e

qu
ot

ie
nt

re
m

ai
nd

er
th

eo
re

m
,

n
=
5
k
,
5
k
+
1
,
5
k
+
2
,
5
k
+
3

or
5
k
+
4
.

n
(n
4
−
1
)
=
n
(n
2
+
1
)(
n
2
−
1
)
=
n
(n
−
1
)(
n
+
1
)(
n
2
+
1
)

If
n
=
5
k
,
th

en
n

di
vi

si
bl

e
by
5
.

If
n
=
5
k
+
1
,
th

en
n
−
1

di
vi

si
bl

e
by
5
.

If
n
=
5
k
+
4
,
th

en
n
+
1

di
vi

si
bl

e
by
5
.

W
e

on
ly

le
ft

w
it
h
5
k
+
2

&
5
k
+
3
.

C
as

e
1:
n
=
5
k
+
2
.

n
2
+
1
=
2
5
k
2
+
2
0
k
+
4
+
1
=
5
(5
k
2
+
4
k
+
1
)

is
di

vi
si
bl

e
by
5
.

C
as

e
2:
n
=
5
k
+
3
.

n
2
+
1
=
2
5
k
2
+
3
0
k
+
9
+
1
=
5
(5
k
2
+
6
k
+
2
)

is
di

vi
si
bl

e
by
5
.

In
an

y
ca

se
,
n
(n
2
−
1
)

is
di

vi
si
bl

e
by
5
.

□
(b

)
P
ro

of
:

S
in

ce
x
y
=
n
,
so
x
=
n
−
y
.

W
e

ne
ed

to
sh

ow
⌈x
⌉=
n
−
⌊y
⌋.

S
o
⌈n
−
y
⌉=
n
−
⌊y
⌋.

S
in

ce
⌊y
⌋≤
y
,
so
n
−
⌊y
⌋≥
n
−
y
.

B
ut
y
<
⌊y
⌋+
1
,
so n
−
y
>
n
−
⌊y
⌋−
1
.

S
o,

n
−
⌊y
⌋−
1
<
n
−
y
≤
n
−
⌊y
⌋

S
o,
⌈n
−
y
⌉=
n
−
⌊y
⌋.

□
(c

)
Fa

ls
e.

C
ou

nt
er

ex
am

pl
e:

T
ak

e
x
=
2

an
d
y
=

1 2
.

T
he

n
⌈x
y
⌉=
⌈1
⌉=
1
.

B
ut
⌈x
⌉·
⌈y
⌉=
⌈2
⌉·
⌈1 2
⌉=
2
·1
=
2
.

S
in

ce
1
̸=
2
,
th

e
st

at
em

en
t

is
fa

ls
e.

□
Q

ue
st

io
n

3
(1

0
m

ar
ks

)
P
ro

ve
by

m
at

he
m

at
ic

al
in

du
ct

io
n

th
at

fo
r

ev
er

y
in

te
ge

r
n
≥
2
,
3
n
>
n
2
.

S
ol

ut
io

n
Le

t
P
(n
):
3
n
>
n
2
.

P
(1
):
3
1
>
1
2

3
>
1

w
hi

ch
is

tr
ue
.

P
(2
):
3
2
>
2
2

9
>
4

w
hi

ch
is

tr
ue
.

A
ss

um
e
P
(n
)

ho
ld

s,
i.e

.,
as

su
m

e
3
n
>
n
2

fo
r
n
≥
2
.

S
in

ce
n
≥
2
,
so
n
2
≥
2
n

an
d
n
2
>
1
.

S
o
,n
2
+
n
2
>
2
n
+
1

2
n
2
>
2
n
+
1

3
n
2
>
n
2
+
2
n
+
1
=
(n
+
1
)2

N
ow

,
3
n
+
1
=
3
·3
n
>
3
·n
2

(b
y

in
du

ct
iv

e
hy

p.
)
>
(n
+
1
)2

(b
y

ab
ov

e)
S
o
P
(n
+
1
)

ho
ld

s.
□

[M
H

13
00

no
te

:
th

e
offi

ci
al

M
I
pr

oo
f
co

nc
lu

de
s

he
re

.]
∴
P
(1
)
∧
( P
(k
)
⇒
P
(k
+
1
))
⇒
P
(n
)
∀n
∈
N

(b
y

M
I)
□

Q
ue

st
io

n
4

(1
5

m
ar

ks
)

(a
)

P
ro

ve
th

at
{4
n
|n
∈
Z}
⊊
{2
n
|n
∈
Z}

.
(b

)
Le

t
n

be
a

po
si
ti
ve

in
te

ge
r.

P
ro

ve
th

at
n

is
ev

en
if

an
d

on
ly

if
7
n
+
4

is
ev

en
.

(c
)

R
ec

al
lt

ha
t

a
nu

m
be

r
n

is
a

pe
rf

ec
t

sq
ua

re
if

th
er

e
is

an
in

te
ge

r
k

su
ch

th
at
k
2
=
n
.

P
ro

ve
th

at
if
n

is
a

pe
rf

ec
t

sq
ua

re
,
th

en
n
+
2

is
no

t
a

pe
rf

ec
t

sq
ua

re
.

S
ol

ut
io

n
(a

)
P
ro

of
:

F
ir
st

,
w
e

sh
ow
⊆

:
L
et
x
∈
{4
n
|n
∈
Z}

.
T

he
n
x
=
4
n

fo
r

so
m

e
n
∈
Z,

so
x
=
2
(2
n
)

w
he

re
2
n
∈
Z.

T
hu

s
x
∈
{2
n
|n
∈
Z}

.
N

ow
w
e

sh
ow

th
e

in
cl

us
io

n
is

pr
op

er
:

C
on

si
de

r
2
∈
{2
n
|

n
∈
Z}

si
nc

e
2
=
2
·1

.
B

ut
if
2
=
4
n

fo
r

so
m

e
n
∈
Z,

th
en
n
=

1 2
/∈
Z.

T
he

re
fo

re
,
2
/∈
{4
n
|n
∈
Z}

.
H

en
ce

,
{4
n
|n
∈
Z}
⊊
{2
n
|n
∈
Z}

.
□

(b
)

P
ro

of
:

Le
t
n

be
a

po
si
ti
ve

in
te

ge
r.

S
up

po
se
n

is
ev

en
.

T
he

n
n
=
2
k

fo
r

so
m

e
k
∈
Z.

T
he

n,
7
n
+
4
=
7
(2
k
)
+
4
=
2
(7
k
+
2
)

is
ev

en
.

N
ow

su
pp

os
e
n

is
od

d.
T

he
n
n
=
2
m
+
1

fo
r

so
m

e
m
∈
Z.

S
o,
7
n
+
4
=
7
(2
m
+
1
)
+
4
=
1
4
m
+
1
1

=
2
(7
m
+
5
)
+
1

is
od

d.
□

(c
)

P
ro

of
by

C
on

tr
ad

ic
ti
on

:
A

ss
um

e
n

an
d
n
+
2

ar
e

bo
th

pe
rf

ec
t
sq

ua
re

s.
Le

t
n
=
k
2

an
d
n
+
2
=
ℓ2

fo
r

so
m

e
po

si
ti
ve

in
te

ge
rs
k
,ℓ

.
T

he
n
ℓ2
−
k
2
=
2
,
so
(ℓ
−
k
)(
ℓ
+
k
)
=
2
.

S
in

ce
2

is
pr

im
e

an
d
ℓ
+
k
>
0
,
th

e
on

ly
po

si
ti
ve

fa
ct

or
-

iz
at

io
n

of
2

is
2
=
1
×
2
.

T
hu

s,
ℓ
−
k
=
1

an
d
ℓ
+
k
=
2
.

A
dd

in
g

th
es

e
eq

ua
ti
on

s:
2
ℓ
=
3
,
so
ℓ
=

3 2
/∈
Z.

T
hi

s
is

a
co

nt
ra

di
ct

io
n.

T
he

re
fo

re
,

if
n

is
a

pe
rf

ec
t

sq
ua

re
,
th

en
n
+
2

is
no

t
a

pe
rf

ec
t

sq
ua

re
.

□
Q

ue
st

io
n

5
(1

5
m

ar
ks

)
(a

)
L
et
f
:
Z
×
Z
→
Z

be
a

fu
nc

ti
on

de
fin

ed
by
f
(m
,n
)
=

m
−
n
.

(i
)

Is
f

on
e-

on
e?

Ju
st

ify
yo

ur
an

sw
er

.
(i
i)

Is
f

on
to

?
Ju

st
ify

yo
ur

an
sw

er
.

(b
)

L
et
f

be
a

fu
nc

ti
on

fr
om
A

to
B

an
d

le
t
D
⊆
A

an
d

E
⊆
B

.
P
ro

ve
ea

ch
of

th
e

fo
llo

w
in

g.
(i
)
f
−
1
(B
−
E
)
⊆
A
−
f
−
1
(E
).

(i
i)

If
f

is
a

bi
je

ct
io

n
an

d
f
(D
)
=
E

,
pr

ov
e

th
at

f
−
1
(E
)
=
D

.
S
ol

ut
io

n
(a

)
(i
)

N
ot

on
e-

on
e.

L
et
(1
,1
)
̸=
(2
,2
),

bu
t
f
(1
,1
)
=

1
−
1
=
0
=
2
−
2
=
f
(2
,
2
).

T
he

re
fo

re
,
f

is
no

t
in

je
ct

iv
e.

(i
i)

Is
f

on
to

?
Ye

s.
Fo

r
an

y
y
∈
Z,
f
(y
,0
)
=
y
−
0
=
y
.

T
he

re
fo

re
,
f

is
su

rj
ec

ti
ve

.
(b

)
(i
)

P
ro

of
:

Le
t
a
∈
f
−
1
(B
−
E
).

T
he

n
f
(a
)
∈
B
−
E

.
S
in

ce
f
(a
)
∈
B

,
w
e

ha
ve
a
∈
A

.
S
in

ce
f
(a
)
/∈
E

,
by

de
fin

it
io

n
of

th
e

in
ve

rs
e

im
ag

e,
a
/∈
f
−
1
(E
).

T
he

re
fo

re
,
a
∈
A
−
f
−
1
(E
),

so
f
−
1
(B
−
E
)
⊆

A
−
f
−
1
(E
).

□
(i
i)

P
ro

of
:

S
up

po
se
f

is
1-

1
an

d
on

to
,

an
d

as
su

m
e

f
(D
)
=
E

.

Le
t
x
∈
f
−
1
(E
).

T
he

n,
f
(x
)
∈
E

.
S
in

ce
E
=
f
(D
),

so
f
(x
)
∈
f
(D
).

S
o,
∃y
∈
D

s.
t.
f
(y
)
=
f
(x
).

S
in

ce
f

is
1-

1,
so
x
=
y
.

S
o,
x
∈
D

.
H

en
ce

,
f
−
1
(E
)
⊆
D

.
N

ow
ta

ke
x
∈
D

.
S
in

ce
f
(D
)
∈
E

,
so
f
(x
)
∈

f
(D
)
=
E

.
S
o,
x
∈
f
−
1
(E
).

S
o
D
⊆
f
−
1
(E
).

H
en

ce
,
D
=
f
−
1
(E
).

□
Q

ue
st

io
n

6
(1

2
m

ar
ks

)
(a

)
Le

t
R

be
a

re
la

ti
on

on
a

se
t
A

,a
nd

de
fin

e
R
−
1
=
{(
a
,b
)
|

(b
,a
)
∈
R
}.

P
ro

ve
th

at
if
R

is
tr

an
si
ti
ve

,
th

en
R
−
1

is
tr

an
si
ti
ve

.
(b

)
Le

t
S

be
a

re
la

ti
on

on
th

e
se

t
of

in
te

ge
rs

la
rg

er
th

an
1

de
fin

ed
by

:
n
S
m

if
an

d
on

ly
if

th
e

sm
al

le
st

pr
im

e
nu

m
-

be
r

di
vi

di
ng
n

eq
ua

ls
th

e
sm

al
le

st
pr

im
e

nu
m

be
r

di
vi

di
ng

m
.

P
ro

ve
th

at
S

is
an

eq
ui

va
le

nc
e

re
la

ti
on

,
an

d
de

sc
rib

e
th

e
di

st
in

ct
eq

ui
va

le
nc

e
cl

as
se

s
of
S
.

S
ol

ut
io

n
(a

)
P
ro

of
:

A
ss

um
e
R

is
tr

an
si
ti
ve

.
Le

t
(x
,y
),
(y
,z
)
∈
R
−
1
.

T
he

n
(y
,x
),
(z
,y
)
∈
R

(b
y

de
fin

it
io

n
of

in
ve

rs
e)

.
S
in

ce
R

is
tr

an
si
ti
ve

an
d
(z
,y
),
(y
,x
)
∈
R

,
w
e

ha
ve

(z
,x
)
∈
R

.
B

y
de

fin
it
io

n
of

th
e

in
ve

rs
e,
(x
,y
)
∈
R
−
1
.

T
he

re
fo

re
,
R
−
1

is
tr

an
si
ti
ve

.
□

(b
)

S
ho

w
in

g
S

is
an

E
qu

iv
al

en
ce

R
el

at
io

n:
R

efl
ex

iv
e:

le
t
n
>
1
.

T
he

n,
th

e
sm

al
le

st
pr

im
e

nu
m

be
r

di
vi

di
ng
n

is
cl

ea
rly

eq
ua

lt
o

th
e

sm
al

le
st

pr
im

e
di

vi
di

ng
n
.

S
o,
n
Sn

.
Su

pp
os

e
n
Sm

.
T

he
n

th
e

sm
al

le
st

pr
im

e
di

vi
di

ng
n

is
th

e
sm

al
le

st
pr

im
e

di
vi

di
ng
m

.
C

le
ar

ly
,
m
Sn

.
S
up

po
se
n
Sm

an
d
m
Sk

.
T

he
n

th
e

sm
al

le
st

pr
im

e
di

vi
di

ng
n

eq
ua

ls
to

th
e

sm
al

le
st

pr
im

e
di

vi
di

ng
m

,
an

d
th

us
is

eq
ua

lt
o

th
e

sm
al

le
st

pr
im

e
fa

ct
or

of
k
.

S
o,
n
Sk

.

T
he

di
st

in
ct

cl
as

se
s

of
S

ar
e

[p
] S

w
he

re
p

is
a

pr
im

e
nu

m
be

r.
T

he
n
[p
] S

(o
r
P
S
)
=
{n
∈
Z
|n
>
1

an
d
p

is
th

e
sm

al
l-

es
t

pr
im

e
fa

ct
or

of
n
}.

□
Q

ue
st

io
n

7
(1

8
m

ar
ks

)
(a

)
P
ro

ve
th

at
fo

r
an

y
se

ts
A

an
d
B

,
A
=
B

if
an

d
on

ly
if

A
−
B
=
B
−
A

.
(b

)
U

se
th

e
E
uc

lid
ea

n
al

go
rit

hm
to

fin
d

th
e

gr
ea

te
st

co
m

m
on

di
vi

so
r

of
th

e
pa

ir
15

29
an

d
14

03
8.

(c
)

P
ro

ve
th

at
fo

r
an

y
no

n-
em

pt
y

se
ts
A

an
d
B

,
an

d
an

y
se

ts
C

an
d
D

,
A
×
B
⊆
C
×
D

if
an

d
on

ly
if
A
⊆
C

an
d

B
⊆
D

.
S
ol

ut
io

n
(a

)
P
ro

of
of

B
ic

on
di

ti
on

al
:

S
up

po
se
A
=
B

.
T

he
n,
A
−
B
=
A
−
A
=
B
−
A

.
N

ow
su

pp
os

e
A
−
B
=
B
−
A

.
B

ut
if
A
−
B
̸=
∅,

th
en

le
t
x
∈
A
−
B

.
T

he
n
x
∈
A

an
d
x
/∈
B

.
B

ut
si
nc

e
x
∈
B
−
A

,
W

e
ha

ve
x
∈
B

an
d
x
/∈
A

.
C

on
tr

ad
ic

ti
on

.
S
o,

A
−

B
=

∅
(m

ea
ns

th
at

A
⊆
B

)=
B
−
A

(m
ea

ns
th

at
B
⊆
A

).
A

lt
er

na
ti
ve

ly
,
A

ss
um

e
A
−
B
=
B
−
A

bu
t
A
̸=
B

.
Le

t
x
∈
A

bu
t
x
/∈
B

,
w

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y.
T

he
n
x
∈
A
−
B

.
S
in

ce
A
−
B
=
B
−
A

,
so
x
∈
B
−
A

.
S
o
x
∈
B

an
d
x
/∈
A

.
C

on
tr

ad
ic

ti
on

.
T

he
re

fo
re

,
A
=
B

.
□

(b
)

E
uc

lid
ea

n
A

lg
or

it
hm

:
1
4
0
3
8
=
1
5
2
9
×
9
+
2
7
7

1
5
2
9
=
2
7
7
×
5
+
1
4
4

2
7
7
=
1
4
4
×
1
+
1
3
3

1
4
4
=
1
3
3
×
1
+
1
1

1
3
3
=
1
1
×
1
2
+
1

1
1
=
1
×
1
1
+
0

T
he

la
st

no
nz

er
o

re
m

ai
nd

er
is

1.
T

he
re

fo
re

,
g
c
d
(1
5
2
9
,1
4
0
3
8
)
=
1

.
□

(c
)

P
ro

of
of

B
ic

on
di

ti
on

al
:

(⇒
)S

up
po

se
A
⊆
C

an
d
B
⊆
D

.
Le

t
(a
,b
)
∈
A
×
B

.
T

he
n
a
∈
A

an
d
b
∈
B

.
S
in

ce
A
⊆
C

an
d
B
⊆
D

,
so

a
∈
C

an
d
b
∈
D

.
S
o
(a
,b
)
∈
C
×
D

.
(⇐

)N
ow

su
pp

os
e
A
×
B
⊆
C
×
D

.
Le

t
a
∈
A

.
S
in

ce
B
̸=
∅,
b

fix
b
0
∈
B

.
S
o
(a
,b
0
)
∈
A
×
B

.
S
o,
(a
,b
0
)
∈
C
×
D

.
H

en
ce
a
∈
C

.
S
o,
A
⊆
C

.
T
o

sh
ow
B
⊆
D

,
si
m

ila
rly

,
us

e
A
̸=
∅:

Le
t
b
∈
B

.
S
in

ce
A
̸=
∅,

fix
a
0
∈
A

.
T

he
n,
(a
0
,b
)
∈
A
×
B

.
S
o,
(a
0
,b
)
∈
C
×
D

.
S
o,
b
∈
D

.
H

en
ce

,
B
⊆
D

.
□

M
H

13
00

,
F
in

al
s

(1
5/

16
,
S
em

1)
by

Q
R

S
@

N
T

U
Q

ue
st

io
n

1
P
ro

ve
or

di
sp

ro
ve

ea
ch

of
th

e
fo

llo
w

in
g.

(a
)
∃x
∈
R,
∀y
∈
R,
∃z
∈
R,
z
2
>
x
−
y
.

(b
)
∀x
∈
Q
,∀
y
∈
Q
,x
<
y
=
⇒
(∃
z
∈
Q
,x
<
z
<
y
).

S
ol

ut
io

n
(a

)
T
ru

e.
P
ro

of
:

T
ak

e
x
=
0
.

Fo
r

an
y

ar
bi

tr
ar

y
y
∈
R,

w
e

ch
oo

se
z
=

√
|y
|+
1
.

T
he

n
z
>

√
|y
|,

an
d

so
z
2
>
|y
|s

in
ce

bo
th

ar
e

no
n-

ne
ga

ti
ve

.
T

hi
s

m
ea

ns
z
2
>
|y
|≥
−
y
=
0
−
y
=
x
−
y
,
w
e

ha
ve

z
2
>
x
−
y
.

T
he

re
fo

re
,
th

e
st

at
em

en
t

is
tr

ue
.

□
(b

)
T
ru

e.
P
ro

of
:

F
ix

ar
bi

tr
ar

y
x
,y
∈
Q

an
d

as
su

m
e
x
<
y
.

W
e

ch
oo

se
z
=

x
+
y
2

.
T

he
n: x
=

1 2
x
+
1 2
x
<

1 2
x
+
1 2
y
=
z
<

1 2
y
+
1 2
y
=
y

S
o
x
<
z
<
y
.

S
in

ce
x
,y
∈
Q

,
th

ei
r

av
er

ag
e

z
=

x
+
y
2
∈
Q

.
T

he
re

fo
re

,
be

tw
ee

n
an

y
tw

o
di

st
in

ct
ra

ti
on

al
s,

th
er

e
ex

is
ts

a
ra

ti
on

al
nu

m
be

r.
□

Q
ue

st
io

n
2

(a
)

P
ro

ve
th

at
if
a
∈
Z,

th
en
a
(a
2
+
2
)

is
di

vi
si
bl

e
by

3.
(b

)
Su

pp
os

e
th

at
q
∈
Z

an
d
q
>
1
,
an

d
th

at
fo

r
an

y
in

te
ge

rs
a
,b

,
q

di
vi

de
s
a
b

im
pl

ie
s

th
at
q

di
vi

de
s
a

or
q

di
vi

de
s
b
.

P
ro

ve
th

at
q

is
pr

im
e.

S
ol

ut
io

n
(a

)
P
ro

of
by

C
as

es
:

F
ix
a
∈
Z.

B
y

th
e

Q
uo

ti
en

t-
R

em
ai

nd
er

T
he

or
em

,
a

is
of

th
e

fo
rm
3
k
,
3
k
+
1
,
or
3
k
+
2

fo
r

so
m

e
k
∈
Z.

C
as

e
1:
a
=
3
k
.

T
he

n:
a
(a
2
+
2
)
=
3
k
(9
k
2
+
2
)

W
hi

ch
is

di
vi

si
bl

e
by

3.
C

as
e

2:
a
=
3
k
+
1
.

T
he

n:
a
2
+
2
=
(3
k
+
1
)2
+
2
=
9
k
2
+
6
k
+
1
+
2
=
9
k
2
+
6
k
+
3
=
3
(3
k
2
+
2
k
+
1
)

S
o
a
(a
2
+
2
)

is
di

vi
si
bl

e
by

3.
C

as
e

3:
a
=
3
k
+
2
.

T
he

n:
a
2
+
2
=
(3
k
+
2
)2
+
2
=
9
k
2
+
1
2
k
+
4
+
2
=
9
k
2
+
1
2
k
+
6
=
3
(3
k
2
+
4
k
+
2
)

S
o
a
(a
2
+
2
)

is
di

vi
si
bl

e
by

3.
In

al
lt

hr
ee

ca
se

s,
3
|a
(a
2
+
2
).

□
(b

)
P
ro

of
:

L
et
q
∈
Z

an
d
q
>
1
.

S
up

po
se
q

is
no

t
pr

im
e.

L
et

q
=
a
b

w
he

re
1
<
a
<
q

an
d
1
<
b
<
q
.

W
e

ha
ve
q
|a
b

(s
in

ce
q
=
a
b
).

H
ow

ev
er

,
si
nc

e
|a
|<
q

an
d
|b
|<
q
,

w
e

ca
nn

ot
ha

ve
q
|a

or
q
|b

.
B

y
co

nt
ra

di
ct

io
n,
q

m
us

t
be

pr
im

e.
□

Q
ue

st
io

n
3

P
ro

ve
by

m
at

he
m

at
ic

al
in

du
ct

io
n

th
at

fo
r

ev
er

y
po

si
ti
ve

in
te

ge
r
n
,

∑
n k
=
1

k
2

(2
k
−
1
)(
2
k
+
1
)
=

n
(n
+
1
)

4
n
+
2

S
ol

ut
io

n
Le

t
P
(n
)

de
no

te
th

e
ab

ov
e

st
at

em
en

t.
B

as
e

ca
se
P
(1
):

LH
S
=

1
2

(1
)(
3
)
=

1 3
,

R
H

S
=

1
·2
4
+
2
=

2 6
=

1 3

S
o
P
(1
)

is
tr

ue
.

In
du

ct
iv

e
st

ep
:

A
ss

um
e
P
(n
)

ho
ld

s:
∑
n k
=
1

k
2

(2
k
−
1
)(
2
k
+
1
)
=

n
(n
+
1
)

4
n
+
2

Fo
r
P
(n
+
1
):

n
+
1

∑ k
=
1

k
2

(2
k
−
1
)(
2
k
+
1
)

=

n ∑ k
=
1

k
2

(2
k
−
1
)(
2
k
+
1
)
+

(n
+
1
)2

(2
n
+
1
)(
2
n
+
3
)

=
n
(n
+
1
)

4
n
+
2
+

(n
+
1
)2

(2
n
+
1
)(
2
n
+
3
)

=
n
(n
+
1
)(
2
n
+
3
)
+
2
(n
+
1
)2

2
(2
n
+
1
)(
2
n
+
3
)

=
(n
+
1
)[
n
(2
n
+
3
)
+
2
(n
+
1
)]

2
(2
n
+
1
)(
2
n
+
3
)

=
(n
+
1
)(
2
n
2
+
5
n
+
2
)

2
(2
n
+
1
)(
2
n
+
3
)

=
(n
+
1
)(
2
n
+
1
)(
n
+
2
)

2
(2
n
+
1
)(
2
n
+
3
)

=
(n
+
1
)(
n
+
2
)

2
(2
n
+
3
)

=
(n
+
1
)(
n
+
2
)

4
n
+
6

T
hi

s
eq

ua
ls

th
e

R
H

S
of
P
(n
+
1
).

B
y

m
at

he
m

at
ic

al
in

du
ct

io
n,

P
(n
)

ho
ld

s
fo

r
al

ln
≥
1
.

□
Q

ue
st

io
n

4
(a

)
U

se
th

e
W

el
l-
or

de
ri
ng

P
ri
nc

ip
le

to
pr

ov
e

th
at

fo
r

an
y

re
al

nu
m

be
r
a
>
0

an
d

an
y

po
si
ti
ve

in
te

ge
r
n
,
a
n
>
0
.

(b
)

P
ro

ve
th

at
if
n

is
a

po
si
ti
ve

in
te

ge
r

th
en

on
e

of
th

e
nu

m
be

rs
n
,n
+
3
,n
+
6
,n
+
9

is
a

m
ul

ti
pl

e
of

4.
S
ol

ut
io

n
(a

)
P
ro

of
by

W
el

l-O
rd

er
in

g
P
rin

ci
pl

e:
S
up

po
se

no
t.

T
he

n
th

er
e

ex
is
ts

a
re

al
nu

m
be

r
a
>
0

an
d

so
m

e
po

si
ti
ve

in
te

ge
r
n
0

su
ch

th
at
a
n
≤
0
.

Le
t
S
=
{n
∈
Z
:
n
>
0

an
d
a
n
≤
0
}.

T
he

n
S
̸=
∅

si
nc

e
n
0
∈
S
.

B
y

th
e

W
el

l-
O

rd
er

in
g

P
ri
nc

ip
le

,
S

ha
s

a
le

as
t

el
em

en
t,

sa
y
m
∈
S
.

C
le

ar
ly
1
/∈
S

be
ca

us
e
a
1
=
a
>
0

by
as

su
m

pt
io

n.
S
o

m
>
1
.

S
in

ce
a
m
≤
0

an
d
a
>
0
,
w
e

ha
ve

a
m a
=
a
m
−
1
≤
0
.

A
s
m
>
1
,
w
e

ha
ve
m
−
1
>
0
,
so
m
−
1
∈
S
.

T
hi

s
co

nt
ra

di
ct

s
m

be
in

g
th

e
le

as
t

el
em

en
t

in
S
.

T
he

re
fo

re
,
a
n
>
0

fo
r

al
lp

os
it
iv

e
in

te
ge

rs
n
.

□
(b

)
P
ro

of
by

C
as

es
:

F
ix

a
po

si
ti
ve

in
te

ge
r
n
≥
4
.

B
y

th
e

Q
uo

ti
en

t-
R

em
ai

nd
er

T
he

or
em
d
=
4
,
n

is
of

th
e

fo
rm
4
k
,
4
k
+
1
,
4
k
+
2
,
or

4
k
+
3

fo
r

so
m

e
k
∈
Z

w
it
h
k
≥
0
.

C
as

e
1:
n
=
4
k
.

T
he

n
n

is
a

m
ul

ti
pl

e
of

4.
C

as
e

2:
n
=
4
k
+
1
.

T
he

n
n
+
3
=
4
k
+
4
=
4
(k
+
1
)

is
a

m
ul

ti
pl

e
of

4.
C

as
e

3:
n
=
4
k
+
2
.

T
he

n
n
+
6
=
4
k
+
8
=
4
(k
+
2
)

is
a

m
ul

ti
pl

e
of

4.
C

as
e

4:
n
=
4
k
+
3
.

T
he

n
n
+
9
=
4
k
+
1
2
=
4
(k
+
3
)

is
a

m
ul

ti
pl

e
of

4.
In

al
lc

as
es

,
on

e
of
n
,n
+
3
,n
+
6
,n
+
9

is
a

m
ul

ti
pl

e
of

4.
□

Q
ue

st
io

n
5

(a
)

F
in

d
no

n-
em

pt
y

se
ts
A
,B
,C

an
d

fu
nc

ti
on

s
f 0
:
A
→
B

,
g
0
:
B
→
C

,
f 1
:
A
→
B

an
d
g
1
:
B
→
C

su
ch

th
at

(i
)
f 0

is
on

to
bu

t
g
0
◦f
0

is
no

t
on

to
.

(i
i)
g
1
◦f
1

is
1-

1
bu

t
g
1

is
no

t
1-

1.
Ju

st
ify

yo
ur

an
sw

er
.

(b
)

L
et
h
:
(1
,∞
)
→
(1
,∞
)

be
de

fin
ed

by
h
(x
)
=

x
x
−
1
.

Is
h

1-
1?

Is
h

on
to

?
Ju

st
ify

yo
ur

an
sw

er
.

(c
)

Le
t
F
:
A
→
B

.
P
ro

ve
th

at
if
X
⊆
A

an
d
F

is
1-

1
th

en
F
(A
−
X
)
=
F
(A
)
−
F
(X
).

S
ol

ut
io

n
(a

)
(i
)

L
et
A
=
[0
,1
],
B
=
[0
,1
],
C
=
[0
,1
].

T
ak

e
f 0
(x
)
=
x

(o
nt

o)
an

d
g
0
(x
)
=

1 2
x
.

T
he

n
(g
0
◦f
0
)(
x
)
=
g
0
(f
0
(x
))
=
g
0
(x
)
=

1 2
x
.

T
he

fu
nc

ti
on
g
0
◦f
0

is
no

t
on

to
be

ca
us

e
fo

r
y
=
1
,

th
er

e
is

no
x
∈
[0
,1
]
su

ch
th

at
1 2
x
=
y
=
1
.

H
ow

ev
er

,
f 0
(x
)
=
x

is
on

to
on
[0
,1
]
→
[0
,1
].

(i
i)

L
et
A
=
[0
,1
],
B
=
[0
,1
],
C
=
[0
,1
].

T
ak

e
f 1
(x
)
=

1 2
x

an
d
g
1
(x
)
=
|x
−
1 2
|.

T
he

n
(g
1
◦f
1
)(
x
)
=
g
1
(
1 2
x
)
=
|1 2
x
−
1 2
|=

1 2
|x
−
1
|.

Fo
r
x
∈
[0
,1
],

w
e

ha
ve
x
−
1
≤
0
,
so
(g
1
◦f
1
)(
x
)
=

1 2
(1
−
x
),

w
hi

ch
is

1-
1

(L
in

ea
r

fu
nc

ti
on

).
H

ow
ev

er
,
g
1
(x
)
=
|x
−

1 2
|

is
no

t
1-

1
be

ca
us

e
g
1
(0
)
=

1 2
=
g
1
(1
).

(b
)

A
na

ly
si
s

of
h
(x
)
=

x
x
−
1

on
(1
,
∞
):

Is
h

1-
1

(i
nj

ec
ti
ve

)?
Y
es

.
S
up

po
se
h
(x
)
=
h
(y
)

fo
r
x
,y
>
1
.

T
he

n:
1
+

1
x
−
1
=

1
+

1
y
−
1
=
⇒

1
x
−
1
=

1
y
−
1

C
ro

ss
m

ul
ti
pl

y,
x
−
1
=
y
−
1
,
he

nc
e
x
=
y
.

T
hu

s
h

is
in

je
ct

iv
e.

Is
h

on
to

(s
ur

je
ct

iv
e)

?
Y
es

.
T
ak

e
y
∈
(1
,∞
),

th
en
y
>
1
.

So
lv

e
fo

r
so

m
e
x
∈
(1
,∞
)

su
ch

th
at
h
(x
)
=
y
:

1
+

1
x
−
1
=
y
=
⇒

1
x
−
1
=
y
−
1
=
⇒
x
=
1
+

1
y
−
1

S
in

ce
y
>
1
,
w
e

ha
ve
y
−
1
>
0
,
so

1
z
−
1

is
de

fin
ed

an
d

>
0

an
d
x
=
1
+

1
y
−
1
>
1
.

T
hu

s
x
∈
(1
,∞
)

an
d
h
(x
)
=
y
.

T
he

re
fo

re
,
h

is
su

rj
ec

-
ti
ve

.
Si

nc
e
h

is
bo

th
in

je
ct

iv
e

an
d

su
rj
ec

ti
ve

,
h

is
bi

je
ct

iv
e.
□

(c
)

P
ro

of
:

(⊆
)

S
ta

rt
w

it
h
F
(x
)
∈
F
(A
−
X
),

w
he

re
x
∈
A
−
X

T
he

n
x
∈
A

an
d
x
/∈
X

.
S
in

ce
x
∈
A

so
F
(x
)
∈
F
(A
)

B
ut

no
w

w
e

se
e

th
at
F
(x
)
/∈
F
(X
).

O
th

er
w

is
e
F
(x
)
=

F
(y
)

fo
r

so
m

e
y
∈
X

.
S
in

ce
x
/∈
X

,
so
x
̸=
y
,
w

hi
ch

co
nt

ra
di

ct
s
F

is
1-

1
S
o
F
(x
)
/∈
F
(X
).

T
hi

s
m

ea
ns
F
(x
)
∈
F
(A
)
−
F
(X
)
=
R
H
S
.

(⊇
)

Le
t
y
∈
F
(A
)
−
F
(X
).

S
in

ce
y
∈
F
(A
),
y
∈
F
(x
)

fo
r

so
m

e
x
∈
A

.
If
x
∈
X

th
en
y
=
F
(x
)
∈
F
(X
),

co
nt

ra
di

ct
in

g
y
/∈
F
(X
).

T
he

re
fo

re
,
x
/∈
X

,
so
x
∈
A
−
X

T
hi

s
m

ea
ns
y
=
F
(x
)
∈
F
(A
−
X
).

T
hu

s,
F
(A
−
X
)
=
F
(A
)
−
F
(X
).

□
Q

ue
st

io
n

6
(a

)
Su

pp
os

e
th

at
R

an
d
S

ar
e

eq
ui

va
le

nc
e

re
la

ti
on

s
on

a
no

n-
em

pt
y

se
t
A

.
L
et
A
/
R
=
{[
a
] R
|a
∈
A
}

be
th

e
se

t
of

eq
ui

va
le

nc
e

cl
as

se
s

of
R

.
Si

m
ila

rly
A
/
S
=
{[
a
] S
|a
∈
A
}

is
th

e
se

t
of

eq
ui

va
le

nc
e

cl
as

se
s

of
S
.

P
ro

ve
th

at
if

A
/
R
⊆
A
/
S
,
th

en
R
=
S
.

(b
)

Le
t
T

be
a

re
la

ti
on

on
th

e
se

t
of

po
si
ti
ve

in
te

ge
rs

de
fin

ed
by
(a
,b
)
∈
T

if
an

d
on

ly
if
a b
=
2
m

fo
r

so
m

e
m
∈
Z.

P
ro

ve
th

at
T

is
an

eq
ui

va
le

nc
e

re
la

ti
on

.
S
ol

ut
io

n
(a

)
P
ro

of
:

A
ss

um
e
A
/
R
⊆
A
/
S
.

R
ec

al
lt

ha
t
A
/
R

an
d
A
/
S

ar
e

bo
th

pa
rt

it
io

ns
of

se
t
A

.
(R
⊆
S
):

S
up

po
se
(a
,b
)
∈
R

.
T

he
n
b
∈
[a
] R

.
In

fa
ct

,
a
,b
∈
X

fo
r

so
m

e
X
∈
A
/
R

S
in

ce
A
/
R
⊆
A
/
S
,
X
∈
A
/
S
.

S
in

ce
(a
,b
)
∈
X
∈
A
/
S
,
(a
,b
)
∈
S
.

(S
⊆
R

):
S
up

po
se
(a
,b
)
∈
S
.

T
he

n
th

er
e

is
so

m
e
X
∈
A
/
S

su
ch

th
at
a
,b
∈
X

N
ow
[a
] R
∈
A
/
S

an
d
A
/
S

is
a

pa
rt

it
io

n
of
A

,
an

d
a
∈
X

an
d
[a
] R
̸=
∅,

T
hi

s
m

ea
ns

th
at
X
=
[a
] R

.
S
o
b
∈
X
=
[a
] R

,
(a
,b
)
∈
R

.
T

hu
s,
R
=
S
.

□
(b

)
S
ho

w
in

g
T

is
an

E
qu

iv
al

en
ce

R
el

at
io

n:
R

efl
ex

iv
e:

Fo
r

an
y

po
si
ti
ve

in
te

ge
r
a
,
w
e

ha
ve

a a
=
1
=

2
0

an
d
0
∈
Z,

so
(a
,a
)
∈
T

.
S
ym

m
et

ri
c:

S
up

po
se
(a
,b
)
∈
T

.
T

he
n
a b
=
2
m

fo
r

so
m

e
m
∈
Z.

T
hu

s,
b a
=

1 2
m
=
2
−
m

.
S
in

ce
−
m
∈
Z,

w
e

ha
ve

(b
,a
)
∈
T

.
T
ra

ns
it
iv

e:
S
up

po
se
(a
,
b
)
∈
T

an
d
(b
,c
)
∈
T

.
T

he
n

a b
=
2
m

an
d
b c
=
2
n

fo
r

so
m

e
m
,n
∈
Z.

T
hu

s,
a c
=

a b
·
b c
=
2
m
·2
n
=
2
m
+
n
.

S
in

ce
m
+
n
∈
Z,

w
e

ha
ve
(a
,c
)
∈
T

.
T

he
re

fo
re

,
T

is
an

eq
ui

va
le

nc
e

re
la

ti
on

.
□

Q
ue

st
io

n
7

(a
)

P
ro

ve
th

at
fo

r
an

y
se

ts
A

an
d
B

,
(A
−
B
)
∪
(B
−
A
)
=

(A
∪
B
)
−
(A
∩
B
).

(b
)

F
or

an
y

se
t
A

le
t
P
(A
)
=
{X

|
X
⊆
A
}

be
th

e
po

w
er

se
t

of
A

.
A

re
th

er
e

se
ts
A

an
d
B

su
ch

th
at

P
(A
−
B
)
=
P
(A
)
−
P
(B
)?

Ju
st

ify
yo

ur
an

sw
er

.
(c

)
A

re
th

e
fo

llo
w

in
g

tr
ue

fo
r

an
y

no
n-

em
pt

y
se

ts
A
,B
,C

an
d
D

?
In

ea
ch

ca
se

,
pr

ov
e

or
gi

ve
a

co
un

te
r-

ex
am

pl
e.

(i
)
(A
×
B
)
∪
(C
×
D
)
=
(A
∪
C
)
×
(B
∪
D
).

(i
i)
(C
×
C
)
−
(A
×
B
)
=
(C
−
A
)
×
(C
−
B
).

S
ol

ut
io

n
(a

)
P
ro

of
:

x
∈

LH
S
=
(A
−
B
)
∪
(B
−
A
)

⇔
x
∈
A
−
B

or
x
∈
B
−
A

⇔
(x
∈
A

an
d
x
/∈
B
)

or
(x
∈
B

an
d
x
/∈
A
)

⇔
(x
∈
A

or
x
∈
B
)

an
d
(x
/∈
B

or
x
/∈
A
)

an
d
(x
∈
A

or
x
/∈
A
)

an
d
(x
/∈
B

or
x
/∈
A
)

⇔
(x
∈
A

or
x
∈
B
)

an
d
⊤

an
d
⊤

an
d
(x
/∈
B

or
x
/∈
A
)

⇔
(x
∈
A

or
x
∈
B
)

an
d
(x
/∈
A

or
x
/∈
B
)

⇔
(x
∈
A
∪
B
)

an
d
¬(
x
∈
A

an
d
x
∈
B
)

⇔
x
∈
A
∪
B

an
d
¬(
x
∈
A
∩
B
)

⇔
x
∈
A
∪
B
−
(A
∩
B
).

(b
)

N
o

su
ch

se
ts

ex
is
t.

Ju
st

ifi
ca

ti
on

:
S
up

po
se

th
er

e
ar

e
A
,B

s.
t.
P
(A
−
B
)
=

P
(A
)
−
P
(B
)

N
ot

e
th

at
∅
∈
P
(X
)

fo
r

an
y

se
t
X

.
S
o
∅
∈
P
(A
−
B
)

fo
r

an
y

se
ts
A

an
d
B

.
H

ow
ev

er
,

si
nc

e
∅
∈
P
(A
)

an
d
∅
∈
P
(B
),

w
e

ha
ve

∅
/∈
P
(A
)
−
P
(B
).

T
he

re
fo

re
,
by

co
nt

ra
di

ct
io

n,
P
(A
−
B
)
̸=
P
(A
)
−
P
(B
)

fo
r

an
y

se
ts
A

an
d
B

.
□

(c
)

(i
)

Fa
ls
e.

C
ou

nt
er

ex
am

pl
e:

L
et
A
=
{0
},
B
=
{0
},
C
=
{1
},

D
=
{2
}.

T
he

n:
(A
×
B
)
∪
(C
×
D
)
=
{(
0
,0
)}
∪
{(
1
,2
)}
=

{(
0
,0
),
(1
,
2
)}

B
ut

:
(A
∪
C
)
×
(B
∪
D
)
=
{0
,1
}
×
{0
,2
}
=

{(
0
,0
),
(0
,
2
),
(1
,0
),
(1
,2
)}

T
he

se
ar

e
no

t
eq

ua
l,

so
th

e
st

at
em

en
t

is
fa

ls
e.

(i
i)

Fa
ls
e.

C
ou

nt
er

ex
am

pl
e:

Le
t
C
=
B
=
{0
},
A
=
{1
}.

T
he

n:
(C
×
C
)
−
(A
×
B
)
=
{(
0
,0
)}
−
{(
1
,0
)}
=

{(
0
,0
)}

B
ut

:
(C
−
A
)
×
(C
−
B
)
=
{0
}×
∅
=
∅

T
he

se
ar

e
no

t
eq

ua
l,

so
th

e
st

at
em

en
t

is
fa

ls
e.

2

Properties: −|x| ≤ x ≤ |x|, | − x| = |x|, |x+ y| ≤ |x|+ |y|

Floor & Ceiling:

• Floor: ⌊x⌋ = n where n ≤ x < n+ 1 (largest integer ≤ x)
• Ceiling: ⌈x⌉ = n where n− 1 < x ≤ n (smallest integer ≥ x)

Important Theorems & Formulas
Binomial Theorem:

(a+ b)n =

n∑
k=0

(n
k

)
an−kbk where

(n
k

)
=

n!

k!(n− k)!

Factorization: pn − qn = (p− q)(pn−1 + pn−2q + · · ·+ qn−1)

Floor Function:

⌊n⌋ =


n

2
, n even,

n− 1

2
, n odd.

Quotient–Remainder (Integer Division): For n ∈ N, d ∈ N+,

n = dq + r, 0 ≤ r < d.

Remainder Formula:

q =
⌊n
d

⌋
, r = n− d

⌊n
d

⌋
.

Well-Ordering Principle Every non-empty subset of N (or Z≥0)
has a least element. That is, if A ⊆ N and A ̸= ∅, then ∃m ∈ A such
that

m ≤ a for all a ∈ A.

Key Results:

•
√
2 is irrational

• There are infinitely many prime numbers
• Fundamental Theorem of Arithmetic: Every integer > 1 has unique

prime factorization

Complex Numbers

Definition: z = a+ bi where a, b ∈ R and i =
√
−1.

a = Re(z) (real part), b = Im(z) (imaginary part)

Basic Operations: For z = a+ bi and w = c+ di:

z + w = (a+ c) + (b+ d)i

z · w = (ac− bd) + (ad+ bc)i

z̄ = a− bi (complex conjugate)

|z| =
√

a2 + b2 (modulus)

z · z̄ = |z|2 = a2 + b2

Polar Form: z = r(cos θ + i sin θ) = reiθ

where r = |z| and θ = arg(z)

Key Formulas:

• Euler’s Formula: eiθ = cos θ + i sin θ
• De Moivre’s Theorem: (reiθ)n = rneinθ = rn(cos(nθ) +

i sin(nθ))
• nth Roots: z1/n = r1/nei(θ+2πk)/n for k = 0, 1, . . . , n− 1

Useful Properties:

• z + w = z̄ + w̄, z · w = z̄ · w̄
• |z · w| = |z| · |w|, |z/w| = |z|/|w| (for w ̸= 0)
• z−1 = z̄

|z|2 (for z ̸= 0)

Set Theory
Operations (relative to universe U):

A ∪B = {x ∈ U | x ∈ A or x ∈ B},
A ∩B = {x ∈ U | x ∈ A and x ∈ B},
A−B = {x ∈ U | x ∈ A and x /∈ B} = A ∩Bc,

Ac = {x ∈ U | x /∈ A}.

Membership rules:

• x ∈ A ∪B ⇐⇒ x ∈ A or x ∈ B
• x ∈ A ∩B ⇐⇒ x ∈ A and x ∈ B
• x ∈ A−B ⇐⇒ x ∈ A and x /∈ B
• x ∈ Ac ⇐⇒ x /∈ A

Basic properties:

• A ∩B ⊆ A, A ∩B ⊆ B
• A ⊆ A ∪B, B ⊆ A ∪B
• If A ⊆ B and B ⊆ C, then A ⊆ C
• A ⊆ B ⇐⇒ A ∩B = A ⇐⇒ A ∪B = B
• ∅ ⊆ A for all sets A

Set identities:

Commutative: A ∪B = B ∪A, A ∩B = B ∩A

Associative: (A ∪B) ∪ C = A ∪ (B ∪ C),

(A ∩B) ∩ C = A ∩ (B ∩ C)

Distributive: A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C),

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C)

Identity: A ∪ ∅ = A, A ∩ U = A

Complement: A ∪Ac = U, A ∩Ac = ∅
Double comp.: (Ac)c = A

Idempotent: A ∪A = A, A ∩A = A

Univ. bound: A ∪ U = U, A ∩ ∅ = ∅
De Morgan: (A ∪B)c = Ac ∩Bc, (A ∩B)c = Ac ∪Bc

Absorption: A ∪ (A ∩B) = A, A ∩ (A ∪B) = A

Difference: A−B = A ∩Bc.

Partition: Non-empty sets {A1, . . . , An} partition A if A = A1 ∪
· · · ∪An and Ai ∩Aj = ∅ for i ̸= j.

Power set: P(A) = {S | S ⊆ A}, |P(A)| = 2|A|.

Cartesian product: A×B = {(a, b) | a ∈ A, b ∈ B}.

Functions
A function f : X → Y assigns each x ∈ X exactly one y ∈ Y .

Domain: X Codomain: Y Range: f(X) = {f(x) | x ∈ X}

Image of A ⊆ X: f(A) = {f(x) | x ∈ A} Preimage of B ⊆ Y :
f−1(B) = {x ∈ X | f(x) ∈ B}

Injective (1–1): f(x1) = f(x2) ⇒ x1 = x2 Surjective (onto):
∀y ∈ Y, ∃x ∈ X : f(x) = y Bijective: injective + surjective

Inverse (if bijective): f−1 : Y → X with f−1(f(x)) = x and
f(f−1(y)) = y.

Composition: (g ◦ f)(x) = g(f(x)) Associative; preserves injec-
tive/onto when both components are.

Relations
A relation R from A to B is a subset of A × B. Write xRy ⇐⇒
(x, y) ∈ R.

Inverse: R−1 = {(y, x) ∈ B ×A | (x, y) ∈ R}.

Composition: If R ⊆ A×B and S ⊆ B × C:

S ◦R = {(a, c) ∈ A× C | ∃b ∈ B : (a, b) ∈ R and (b, c) ∈ S}.

Properties on set A:

• Reflexive: ∀x ∈ A, (x, x) ∈ R
• Symmetric: ∀x, y ∈ A, (x, y) ∈ R ⇒ (y, x) ∈ R
• Transitive: ∀x, y, z ∈ A, ((x, y) ∈ R ∧ (y, z) ∈ R) ⇒ (x, z) ∈ R

Equivalence relation: Reflexive, symmetric, and transitive.

Transitive closure Rt of R:

• Rt is transitive
• R ⊆ Rt

• If S is transitive and R ⊆ S, then Rt ⊆ S (minimality)


