MH2100 Calculus III

Midterm Practice 1 (Solutions)
AY 2026/2027, Semester 1

Quantitative Research Society QNTU

Practice material

Overview

e Coverage: curves and tangents; limits, continuity, partial derivatives and total differen-
tiability; chain rule, directional derivatives, tangent lines, linear approximation and the
Implicit Function Theorem; extrema and Lagrange multipliers; order reversal, polar coor-
dinates and volume by a height double integral.

e Practice design: four original problems, 100 marks in total; intended for 110 minutes.
This practice design is not a confirmed 2026 examination format.

e Current administration: Tuesday 6 October 2026, 16:30—-18:20, venue TBA. One double-
sided typed A4 sheet is permitted; attachments and sticky notes are not. No calculator
policy is stated here.

Instructions

Answer all questions. Show all working clearly; answers without justification may receive zero
marks.
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paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1 (25 Marks)

PRACTICE PROBLEM 1.
(a) The curve C has parametrization r(t) = (2,3,2t), t € R. Find the point on C at t = 1,
a unit tangent vector there, and an equation of the tangent line. (8 marks)
(b) Define f: R?* — R by

2

fog) = LTy @9 700

0, (z,y) = (0,0).
Determine whether f is continuous at (0,0). Compute f,(0,0) and f,(0,0), and decide
whether f is totally differentiable at (0,0). Justify every conclusion. (17 marks)

Solution

Method 1: Differentiate the parametrisation; path test and the theorem that dif-
ferentiability implies continuity

(a) Substitute t = 1 into r(t) = (3,3, 2t):
r(l) = (1%, 1°,2-1) = (1,1,2).
Differentiate each component with respect to t:

d d . d
") = | —t%, —3, —2t | = (2t, 3t%, 2).
r'(t) (dt’dt’dt) (21, 3¢, 2)

Att=1,
r'(1) = (2,3,2) #£0,

so the curve is regular at t = 1 and r/(1) is a tangent vector there. Its length is

IF))|=vV22+32+2=vV4+9+4=V1T.
Dividing by the length gives the unit tangent vector

B r'(1) 1
W= 1w = i

The tangent line passes through r(1) = (1,1, 2) in the direction r'(1) = (2, 3, 2):

(2,3,2).

(r,y,2) =r(1)+s7'(1) = (1,1,2) + s(2,3,2), seR.

Hence the point is (1,1, 2) and

1

T(1) = \/—1_7(2,3,2), (x,y,2) = (1,1,2) + 5(2,3,2), s € R.

(b) Continuity. Approach (0,0) along two paths.
Along the z-axis y = 0, z # O:

fla 0)—ﬂ—0—>0 (z — 0)
) _;‘C4+02_ .
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Along the parabola y = 22, x # 0:

x? - x? xt 1 1

=5 = 5=%— 3% — 0).
xt+ (22)2 224 2 2 (z )

fla,a?)
Both paths end at (0,0), but the two path limits are 0 and % Hence lim, y)—(0,0) f(2, )
does not exist, and in particular it is not equal to f(0,0) = 0. Therefore f is not
continuous at (0,0).

Partial derivatives. For h # 0, f(h,0) = h;@ =0, so

£.0.0) = g HO SO0 00
For k #0, f(0,k) = OO—i; ll; =0, so

0.0) = i TR ZIOD) 00

Thus both partial derivatives exist and f,(0,0) = f,(0,0) = 0.

Total differentiability. Theorem: if f is totally differentiable at a point, then f is
continuous at that point. Its contrapositive says that a function which is not continuous
at a point is not totally differentiable there. Since f is not continuous at (0,0), f is not
totally differentiable at (0,0), even though both partial derivatives exist.

f is not continuous and is not totally differentiable at (0, 0).
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Method 2: Tangent line as an intersection of tangent planes; parabola family and
the definition of differentiability

(a)

The point is r(1) = (1,1,2) as before. Write # = t*, y = t*, z = 2t. Then ¢t = £, so every
point of C satisfies
2 3
xz(%) = 2 — 42 =0, yz(%) — 2*—8y=0.

Let Fi(z,y,2) = 2* — 4z and Fy(x,y, z) = 2° — 8y. The curve lies on both level surfaces
Fy =0 and F;, = 0, so its tangent line lies in both tangent planes at (1,1,2). Compute
the gradients:
VF = (—4,0, 22), VE, = (0, -8, 32%).
At (1,1,2):
VFi(1,1,2) = (—4,0,4), VF(1,1,2) = (0,-8,12).
The tangent line is perpendicular to both normals, so its direction is their cross product:
(—4,0,4) x (0,-8,12) = (0 12—-4-(-8), 4-0—(—4)-12, (—4)(-=8)—0- O)
= (32,48,32) = 16(2, 3, 2).
A unit direction is
(2,3,2) 1
V22432422 V17

and it points in the direction of increasing ¢ because its z-component is positive and
z = 2t increases with ¢. The tangent line through (1, 1,2) is therefore
1

T(1) = \/—1_7(2,3,2), (x,y,2) = (1,1,2) + 5(2,3,2), s € R.

Continuity. Use the family of parabolas y = ma2?, m € R, z # 0:

(2,3,2),

x? - ma? ma? m

2 == p— p— .
fla,ma”) = r+m2zt (1+m?)a*t 14 m?

For

The value is constant along each parabola, so the limit along y = ma? is T
m

m = 0 this is 0; for m = 1 it is % Different parabolas through (0, 0) give different limits,
50 lim (g 4)—(0,0) f (2, y) does not exist and f is not continuous at (0,0).

Partial derivatives. As computed from the difference quotients, f(h,0) = 0 and
f(0,k) =0 for h,k #0, so
. 0-0 . 0-=0
£0.0) = lim "2 =0, £,(0,0) = lim 2 =0,

Total differentiability from the definition. If f were totally differentiable at (0,0),
its linear map would be (h, k) — f,(0,0)h + f,(0,0)k = 0, and we would need

(h,k)—(0,0) Vh? + k? (hk)—(0,0) /h? + k2
Along (h, k) = (t,t?), t # 0, we have f(¢,t?) =

etz ‘o)

= = — 00
VE+# VI+2 2tV1I+¢2

The error quotient does not tend to 0, so f is not totally differentiable at (0,0).

1
9 SO

f is not continuous and is not totally differentiable at (0, 0).



https://qrsntu.org

MH2100 Calculus III — Midterm Practice 1 QRS@QNTU

Method 3: Polar form with an e—) argument; directional derivatives against the
gradient formula

This method applies to part (b).
Continuity. Write x = rcos@, y = rsinf with r > 0. Then

r3 cos? sin r cos® fsin @

ricostO +r2sin?0  r2costf +sin’ 6’

f(rcosf,rsinf) =

For a fixed § with sinf # 0, the denominator tends to sin?# > 0 and the numerator tends to
0, so the value tends to 0 as r — 0; for sinf = 0 the value is 0. Hence every straight line
through the origin gives the limit 0, and the straight-line test alone cannot decide continuity.
The polar form has no bound of the form |f| < g(r) with g(r) — 0, because the denominator
can be small when sin @ is of size r. To prove discontinuity, use the definition with ¢ = %

Let 0 > 0. Choose ¢ with 0 < ¢ < 1 and tv/2 < §. The point (¢, t?) satisfies
16| = VE+ T <VE+ 12 =tV2 <,
and
t4

|f(t. %) — f(0,0)| = Ara

0 1>
=- >
52

So for £ = 1 no § > 0 works, and f is not continuous at (0, 0).
Partial derivatives. These are the directional derivatives in the directions (1,0) and
(0,1). For a unit vector u = (a,b) and t # 0,

f(ta,tb) — f(0,0) 1 £a®» a°b
t ot tlat 22 2at + b2
If b # 0, letting ¢t — 0 gives
a’bh  a?
Duf(0,0) = — = —.

If b = 0, the quotient is 0 for all £ # 0, so Dy f(0,0) = 0. With u = (1,0) (so b = 0) we get
£2(0,0) = 0; with u = (0,1) we get f,(0,0) = £ = 0.

Total differentiability. If f were totally differentiable at (0,0), every directional deriva-
tive would be given by the gradient formula

Dy f(0,0) = V£(0,0) - u=(0,0) - (a,b) = 0.

Take u = (%, \%) The formula above gives

V)

This contradicts the gradient formula, so f is not totally differentiable at (0, 0).

£0

f is not continuous and is not totally differentiable at (0,0).

UNOFFICIAL QRS marking scheme (25 marks)

(a) (8 marks) (i) (2 marks) point; (ii) (3 marks) derivative and normalization; (iii) (3
marks) tangent line.

(b) (17 marks) (i) (5 marks) valid path and continuity conclusion; (ii) (4 marks) both
partial derivatives; (iii) (5 marks) valid proof of non-differentiability, including the the-
orem that differentiability implies continuity; (iv) (3 marks) conclusion.

6
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Question 2 (25 Marks)

PRACTICE PROBLEM 2.

(a) Let h be C? on a neighbourhood of (1,2), with h(1,2) = 3 and VA(1,2) = (4,—1).
Define G(z,y) = h(2* + y,zy +2). At P = (1,0), find the directional derivative of G in
the unit direction from P toward (2,2), the tangent line to G(z,y) = 3, and the linear
approximation of G/(1.02, —0.03). (15 marks)

(b) Let F(x,y,2) = 2? + ye* + 23 — 2. Use the Implicit Function Theorem near (1,0,1) to
write z = p(z,y). Find p,(1,0) and p,(1,0), then obtain the linear approximation of
p(1.04, —0.02). (10 marks)

Solution
Method 1: Multivariable Chain Rule and the implicit-derivative formulas
(a) Let u=2*+y and v =2y + 2, so G(z,y) = h(u,v). At P = (1,0),

u=1>4+0=1, v=1-04+2=2,

so the inner point is (u,v) = (1,2), where h = 3 and (h,, h,) = Vh(1,2) = (4, —1).

Chain Rule hypotheses. h is C?, hence differentiable, near (1,2); v and v are polyno-
mials, hence differentiable everywhere. So the Chain Rule applies:

Gy = hyug + hy vy, Gy = hyuy + hy vy,

The partial derivatives of the inner functions are

and at P = (1,0):

Therefore

so VG(P) = (8,3).

Directional derivative. The vector from P toward (2,2) is (2,2) — (1,0) = (1, 2), with
length v/12 + 22 = /5. The unit direction is

_ 12
V5
Since G is differentiable at P (composition of differentiable maps), D,G(P) = VG(P)-u:
8,3) (1,2 14
puc(p) = &3 1.2) 14
Vb Vb

Here (8,3) - (1,2) =8+ 6 = 14.
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Tangent line. G(P) = h(1,2) = 3, so P lies on the level curve G(z,y) = 3. G is C!
near P and VG(P) = (8,3) # 0, so by the Implicit Function Theorem the level curve is a
smooth curve near P with normal VG(P). Its tangent line is VG(P)- ((z,y)—(1,0)) = 0:

8(x—1)+3(y—0) =0, that is, 8(x—1)+3y=0|

Linear approximation. The linearisation of G' at P is
L(z,y) = G(P)+ G,(P)(x — 1) + Gy (P)(y — 0) =3+ 8(x — 1) + 3y.
At (1.02,-0.03), x — 1 = 0.02 and y = —0.03, so
L(1.02,—-0.03) = 3 + 8(0.02) + 3(—0.03) = 3+ 0.16 — 0.09 = 3.07.

Hence

G(1.02, —0.03) ~ L(1.02, —0.03) = 3.07.

b) Let F(x,y,z) = 2? + ye* + 23 — 2. Its partial derivatives are
(Y

F, = 2z, F, =¢, F, = ye* + 32°.

Implicit Function Theorem hypotheses.

e Fis C!' on R®: F is built from polynomials and e*, and F, F,,, F, above are contin-
uous.

e F(1,0,1)=1240-¢'+13-2=140+1-2=0.
o F,(1,0,1)=0-e'+3-12 =3 #0.
Hence there is a C*' function z = p(z,y) near (1,0) with p(1,0) = 1 and F(z,y, p(z,y)) =

0. Its partial derivatives are

F, F,

Pz = _Fz7 Py = —F7-

At (1,0,1): F, =2-1=2, F, =e' =e, F, = 3. Therefore

2 e
L(1,0) = —=. 1,0) = —2,
pLO) =2 pL0)=
The linearisation of p at (1,0) is
2 e
At (1.04,-0.02), 2—1 = 0.04 and y = —0.02. Since 2(0.04) = %% = 2 and £(0.02) = &,

2
p(1.04,0.02) ~ 1 — 2(0.04) - g(—om)

2
—1- 2+ % ~0.991455.
75+15O
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Method 2: Composition of linearisations and the tangent plane to the level surface

(a)

Since h is C?, it is differentiable at (1,2), so with h(1,2) = 3 and Vh(1,2) = (4, —1),

Ep(u,v)

— 0.
[(u—1,v—2)

h(u,v) =3+ 4(u—1) — (v —2) + Ep(u,v),

Expand the inner functions exactly about P = (1,0). Using 22 =1+ 2(z — 1) + (x — 1)?
and v = 1+ (x — 1),

u—1l=a*+y—1=2x—1)+y+ (z - 1)

v—2=xy=y+ (x—1)y.
Substituting into the expansion of h,

Glr,y) =3+4Q2@ -1 +y+ (= —-1)?%) — (y+ (x— Dy) + Ex
—348(x—1)+3y+ [4(x—1)2—(x—1)y+Eh].

The bracket is o(||(z — 1,4)||): the two quadratic terms are bounded by a constant times

|(z — 1,9)|I?, and ||(u — 1,v — 2)]| is bounded by a constant times ||(z — 1,y)|| near P.
By uniqueness of the linearisation,

L(z,y)=3+8(x—1)+3y, VG(P)=(8,3).

Directional derivative. With u = % (the unit vector from P toward (2,2)), P4+tu =
t 2t
<1 + 757 73) and

t 2t 14t
GP+tu)=3+8-—4=+3-—=+o(t) =3+ —= +o(t).
(P+ 1) T el =3+ o)

Hence

DuG(P) = i G FW =3 14
t—0 t \/5

Tangent line. The tangent line to the level curve G = 3 through P is the level set
L(z,y) = 3 of the linearisation (valid because VG(P) # 0):

34+8z—1)+3y=3 < |8(x—1)+3y=0]

Linear approximation. Substituting x — 1 = 0.02, y = —0.03 into L:
L(1.02,—-0.03) =3+ 0.16 — 0.09 = 3.07,

SO

G(1.02,—0.03) ~ L(1.02, —0.03) = 3.07.

Let F(z,y,2) = 2* + ye* + 2% — 2, with F, = 2z, F, = ¢*, F, = ye* 4+ 32%. At (1,0,1),
F =0 and
VF(1,0,1) = (2, ¢, 3).
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Fis C' and F,(1,0,1) = 3 # 0, so by the Implicit Function Theorem the level surface
F = 0 near (1,0, 1) is the graph z = p(x,y). The tangent plane to the level surface at
(1,0,1) is the tangent plane to this graph:

2 —1)+e(ly—0)+3(z—1)=0.

Solve for z: 5
e
=1-=(z—-1)—zy.
2 g@—1)—3y
The coefficients of (z — 1) and y are p,(1,0) = —% and p,(1,0) = —

tangent plane at (1.04, —0.02):

5. Evaluating the

2
p(1.04,-0.02) =~ 1 — 5(0.04) — g(—0.02)
2 e
=1— — 4+ — ~0.991455.
75 + 150

10
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Method 3: Single-variable Chain Rule along lines and implicit differentiation
(a) Throughout, h,(1,2) =4 and h,(1,2) = —1. The Chain Rule along a curve,

d
S h(u(t), 0(1)) = b (1) + B v (0),
applies because h is differentiable and u(t), v(¢) below are polynomials in ¢.

Directional derivative. Let u = (1/? and p(t) =G (1 + \/5, f) so DLG(P) = ¢'(0).

Along this line,

t\* 2 o2 t 2
u(t):(l—f-ﬁ) "‘%, u(t)—%(l—l—%)ﬂL%,
L) 2 o L2 ()2
U(t):(1+ﬁ)ﬁ+2’ v(t)—\/_ \/§+(1+\/§> =
At t =0: (u(0) U(O)):(l,Q),u’(O):\%,v'(@)—% Hence
ey 4 4 2 162
¥'(0) =4 \/5+( 1) NN
14
DuG(P) = =

Tangent line. G(P) = h(1,2) = 3. The hypothesis of the Implicit Function Theorem for
solving G(z,y) = 3 as y = y(z) is G,(P) # 0; by the Chain Rule G, (P) = h,-1+h, -z =
4—1=3%#0. So near z = 1 there is a C"' function y(z) with y(1) = 0 and

h(z* + y(z), zy(z) +2) = 3.

Differentiate with respect to x:

ha (22 4y (x)) + ho (y(2) + 2/ (2)) = 0.
Atx=1y=0:
4249y(1) - (04+y'(1) =0 <= 8+3Y/(1) =0 < y(1) = —g.

The tangent line is y = —%(I‘ — 1); multiplying by 3 and rearranging,

8(x—1)+3y=0|

Linear approximation. Let ¢(t) = G(1 + 0.02¢, —0.03t), so ¥(0) = G(P) = 3 and
(1) = G(1.02,—-0.03) = ¢(0) +¢'(0). Along this segment,
u(t) = (1 +0.02¢)% — 0.03¢, ' (0) = 2(0.02) — 0.03 = 0.01,
u(t) = (1 +0.02)(—0.03t) + 2, 7 (0) = —0.03.
Hence
¥'(0) = 4(0.01) + (—1)(—0.03) = 0.04 + 0.03 = 0.07.

The value 9(0) + ¢’(0) is the linearisation L of G at P evaluated at (1.02,—0.03),
because 1'(0) is the rate of change of G at P along the increment (0.02,—0.03). So
L(1.02,—0.03) = 3 + 0.07 = 3.07, and

G(1.02, —0.03) ~ L(1.02, —0.03) = 3.07.

11
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(b) By the Implicit Function Theorem (hypotheses checked in Method 1: F' € C', F(1,0,1) =
0, F.(1,0,1) = 3 # 0), there is a C'! function p near (1,0) with p(1,0) = 1 and

2?4y @Y 4 op(z,y)® —2=0.
Differentiate this identity with respect to z, holding y fixed:
27 +yeP p, + 3p° p, = 0.
At (z,y) = (1,0),p=1:
24+0+3p.(1,0) =0 = p,(1,0) = —g.
Differentiate with respect to y, holding x fixed:

e? +yePp, + 3p°p, = 0.

At (1,0), p = L:
e
e+0+3p,(1,0) =0 = p,(1,0) = -3

Then the linearisation at (1,0), evaluated at x — 1 = 0.04, y = —0.02, gives

2
p(1.04,0.02) ~ 1 — 2(0.04) - g(—0.02)
12 S~ 0.991455
75150 0 '

UNOFFICIAL QRS marking scheme (25 marks)
(a) (15 marks)
(i) (5 marks) chain-rule gradient;
(ii) (4 marks) unit direction and derivative;
(iii) (3 marks) tangent line;
(iv) (3 marks) linear approximation.
(b) (10 marks)
(i) (3 marks) verifies IFT hypotheses;
(ii) (4 marks) implicit derivatives;

(iii) (3 marks) approximation.

12
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Question 3 (25 Marks)

PRACTICE PROBLEM 3. Let f(z,y) = zy on the closed elliptical disk C' = {(x,y) €
R? : 2% + 49* < 4}.

(a) Find and classify every interior critical point of f. (8 marks)
(b) Use Lagrange multipliers to find every extremum candidate of f on 22 + 4y* = 4.
(12 marks)
(c) Establish that absolute extrema exist on C, then state the absolute maximum and min-
imum of f on C, including all points where they occur. (5 marks)
Solution

Method 1: Second Derivative Test, Lagrange multipliers and the Extreme Value
Theorem

(a) For f(z,y) =y,
fe =Y, Jy ==
Critical points solve f, = 0 and f, = 0, that is y = 0 and x = 0. The only critical point
is (0,0), and it is an interior point of C because 0% + 4 - 0% =0 < 4.

The second partial derivatives are

9 0 4

f is a polynomial, so it is C? and the Second Derivative Test applies. The discriminant
at (0,0) is
D= fofp—f2=0-0-1"=-1<0.

zy
Hence

(0,0) is a saddle point.

(b) Let g(z,y) = 2* + 4y, so the boundary is g = 4. Then

Vf=(,z), Vg=(2z,8y).

Lagrange condition. f and g are C!'. Vg = 0 only at (0,0), and g(0,0) = 0 # 4, so
Vg # 0 at every point of the constraint curve. Hence every extremum of f on g = 4
satisfies V f = AV g for some A:

y = 2)z, (1)

x = 8)\y, (2)

2?4 dy? = 4. (3)

Case z = 0. Then (1) gives y = 2A -0 = 0, and (3) gives 0 + 0 = 4, which is false. No
solution.

Case y = 0. Then (2) gives x = 8\ -0 = 0, and (3) gives 0 = 4, which is false. No
solution.

Case = # 0 and y # 0. Substitute (1) into (2):
r = 8A(2\z) = 16)\*x.
Divide by © # 0: 16A* =1,s0 A =1 or A = —

=

13
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e A =1 (1) gives y = £. Then (3) gives x2+4-%2 =222 = 4, 50 ¥ = £v/2 and

y = £%° with the same sign:

FV2g)=veg =t f(VRg) = (V) -1

2

o A\ =—1 (1) gives y = —%. Then (3) gives 22 +4- & = 22? = 4, 50 2 = +/2 and
Y

Sl
S

F(Va—g)=ve(—9) =t (vag) = Ve gt
All cases are closed. The extremum candidates on the ellipse are
2 2
NG V2 A =v2, V2 ,
2 2
2 2
NG V2 A =vae, V2
2 2
(c) Existence (EVT). f(x,y) = zy is continuous on R% (' is closed, since C' = g~!([0,4])
with g continuous, and bounded, since z? < 4 and 4y* < 4 give |z| < 2, |y| < 1. So C

is compact, and by the Extreme Value Theorem f attains an absolute maximum and an
absolute minimum on C.

Comparison. An absolute extremum occurs either at an interior critical point or on
the boundary. The interior candidate gives f(0,0) = 0. By the Lagrange method,
the boundary extrema occur among the four candidates of (b), with values 1,1, -1, —1.
Comparing {0, 1, —1}:

mgxf =1 at (\/5, ?) , (—ﬂ,—é) ;

2
mcinf =—1at (\/5,—?) ; (—\/5, g) .
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Method 2: Parametrising the constraint and elliptical polar coordinates
Note: part (b) asks for Lagrange multipliers; part (b) of this method does not use them and
should be used only if the course allows this interpretation.

(a) Asin Method 1, f, =y and f, = z vanish together only at (0,0), which is interior to C.
Classify it by restricting f to two lines through the origin. For ¢ # 0,

ft,t)=t*>0= £(0,0), f(t,—t) = —t* < 0= £(0,0).

Every disc around (0,0) contains points of both lines, so it contains points where f >
£(0,0) and points where f < f(0,0). Hence (0, 0) is neither a local maximum nor a local
minimum:

(0,0) is a saddle point.

(b) Parametrise the ellipse by
x = 2cost, y = sint, t €[0,2m).

This covers the whole ellipse once: x? + 43> = 4cos®t + 4sin’t = 4, and conversely, if
2% 4 4y* = 4 then (g)Q +y* =1, s0 (£,y) = (cost,sint) for exactly one ¢ € [0,27). On
the ellipse,

©(t) = f(2cost,sint) = 2sint cost = sin 2t.

@ is differentiable and 27-periodic, so its extrema on the closed curve occur where

O'(t) =2cos2t =0 < 2t:g+k7r — t:%—i-%r, ke Z.
In [0, 27) this gives four values of ¢:

t=17: (x,y)z( 2,*@), @ =sing =1,

t=23T. (x,y)z(—\/ﬁ,‘g), p=sin¥ =—1,

t=2 (x,y)z(—f,—?), p=sin =1,

t=1I. (w,y):<\/§,—*/7§>, p=sinT =—1.
Here 2cos 7 = v/2 and sin | = ?, with signs from the quadrant. The extremum candi-
dates on the ellipse are

Gl

(c) Cover all of C' with elliptical polar coordinates
x = 2pcost, y = psint, 0<p<1, tel0,2nm).

Then 22 + 4y? = 4p® cos® t + 4p® sin® t = 4p® < 4, so these points are exactly C. In these
coordinates
f =2p*costsint = p*sin 2t.

15


https://qrsntu.org

MH2100 Calculus III — Midterm Practice 1 QRS@QNTU

Since 0 < p? <1 and —1 <sin2t < 1,
—-1<f<1 onC.

f =1 requires p> = 1 and sin2t = 1, that is p = 1 and ¢t € {Z, %}, f = —1 requires
p=1and sin2t = —1, that is t € {%’r, %r} Both bounds are attained, so the absolute
extrema exist (this also follows from the EVT, since f is continuous and C' is compact),

and
mgxf =1at (\/5, g) , (—\/5,—\/75) ;
mcinf =—1at (\/5,—\?) ; (—\/5, g) .
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Method 3: Hessian eigenvalues and completing the square (AM-GM)

Note: part (b) asks for Lagrange multipliers; part (b) of this method does not use them and
should be used only if the course allows this interpretation.

(a)

The only critical point is (0,0) (from f, =y =0, f, =z = 0), interior to C. The Hessian
matrix, from f,, =0, foy = fya =1, fyy =0, is

H—((l) (1)), det(H —pul) =p* —1=0 <= p==*l1.

One eigenvalue is positive and one is negative, so H is indefinite. Since f(x,y) =
+(z,y)H(z,y)" exactly, f increases from 0 along the eigenvector (1,1) and decreases
along (1,—1):

(0,0) is a saddle point.

On the ellipse 2% + 4y? = 4, complete the square in two ways:

(x—2y)* = 2 — 4oy + 4y* = 4 — 4y = ay=1-1(z—2y)* <1,
(v +2y)* = 2 + 4oy + 4y* = 4 + 4y — ay=—-1+1(z+2y)° > -1

ry = 1 exactly when x = 2y; with 22 + 4y®> = 4 this gives 8y?> = 4, so y = j:‘/Ti
and © = 2y = +v2. 2y = —1 exactly when = —2y; then 8> = 4, y = :I:‘/T5 and
r = —2y = Fv/2. The first inequality shows that 1 is the maximum of f on the ellipse

and the second that —1 is the minimum, each attained at exactly two points. These four
points are the extremum candidates on the ellipse:

V2 V2
(%) (2-7)

(=) (+4)

For every (x,y) € C, the squares (z F 2y)? > 0 give (the AM-GM inequality for |z| and
12y])

dzy| =2lz|[2y| <2® +4y* <4, so —1<azy<l

Equality in the first inequality needs |x| = 2]y, and in the second needs x? + 4y* = 4.
So the bounds %1 are attained exactly at the four points of (b): +1 when = and y have
equal signs, —1 when they have opposite signs. Attained bounds prove that the absolute
extrema exist (consistent with the EVT on the compact set C'), and

mgxf =1at (\/5, g) ; <—\/§,—\/7§) )

ménf =—1at (\/5,—@) ; (—\/5, ?) .

2
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UNOFFICIAL QRS marking scheme (25 marks)

(a) (8 marks) (i) (3 marks) solves Vf = 0; (ii) (3 marks) Hessian/discriminant; (iii) (2
marks) saddle conclusion.

(b) (12 marks) (i) (4 marks) Lagrange system; (ii) (4 marks) all branches; (iii) (4 marks)
candidates and values.

(¢) (5 marks) (i) (2 marks) continuity, compactness and EVT; (ii) (3 marks) global

comparison.

18


https://qrsntu.org

MH2100 Calculus III — Midterm Practice 1 QRS@QNTU

Question 4 (25 Marks)

PRACTICE PROBLEM 4.

(a) Reverse the order of integration and evaluate
1 T
/ [/ (1+2y) dy] dz.
0 x?

(b) Let D = {(z,y) e R? : 2 >0, y >0, 1 < 2?+9y* < 4}. Find the volume of the solid
above D and below z = 6 — 2% — 4%, Use polar coordinates and a height double integral.
(15 marks)

(10 marks)

Solution
Method 1: Reversal of order by Fubini and the polar height integral
(a) Region, order dydz. The given limits describe
R={(r,y):0<z<1, 2* <y<z},

which is the region between the parabola y = 2 (below) and the line y = z (above); the
two curves meet where z? = z, that is at z = 0 and z = 1, and 2% < z on [0, 1].

Region, order dxdy. The values of y on R run from 0 to 1. For fixed y € [0, 1], the
condition y < z gives the left end x = y, and 2? < y with > 0 gives the right end

r = /y. Since y < \/y on [0, 1],
R={(z,y):0<y <1, y<z <y}

Fubini. The integrand 1+ 2y is continuous on the closed bounded region R, which is of
both types above, so by Fubini’s Theorem both iterated integrals equal [[,(1+ 2y) dA:

1 x 1 \/@
/ / (14 2y)dydx = / / (14 2y)dzdy.
0 Ja? 0 Jy

Inner integral. The integrand does not depend on x:

VY r=
[ de = @) = 0+ 2T - )

Outer integral. Expand:

A+2)Vy—v) =y—y) +2u"* =)

Antiderivatives:

: G211 2 1) _ 2 1 2 _ 5+4.
Addlng,vvlthg—i——andQ(g—g)_ﬁ,so5+1—5_W,
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(b) Region in polar coordinates. Let x = rcosf, y = rsin@ with r > 0. The conditions
x>0,y >0 give the first quadrant 0 < 0§ < 2, and 1 < 2® +y* < 4 gives 1 < 7% < 4,
that is 1 <r < 2:

D={(r0):1<r<2 0<0<73}.
Jacobian. o(z.y) . )
T,y) cosf —rsin B 9 9,
Y = det (sin9 rcos@) =rcos“ 0+ rsin“f0 =r,
so dA = rdrdd.

Height. On D, 2? + y? = r? < 4, so the height 6 — 22 — 4> =6 — 72 > 2 > 0. The solid
lies between z = 0 and z = 6 — 72, and its volume is the double integral of the height:

w/2 P2
V—//(6—x2—y2)dA—/ /(6—r2)rdrd9.
D 0 1
Inner integral.

2 472
, , T 1 11 21
/1 (6r —r°)dr [37" 4] ( ) <3 4) 1 1

1

Outer integral. The inner value does not depend on 6:

/2 91 2 ;o 21 7w |[2Ix
V= de =[] = o =
[oTe-TE =5
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Method 2: Iterated integral in the given order; Cartesian height integral

(a)

Note: part (a) asks for the reversed order; this method evaluates the given iterated
integral in its original order dydxz and should be used only as a check on the reversed
computation. The regionis R={0<z <1, 2 <y <z}

Inner integral. An antiderivative of 1 + 2y in y is y + y*:

/x(1+2y)dy= ly+v2""0, = (x +2?) — (2 +2t) =2 — 2.

—2
2 y=r

Outer integral.

Hence

/01 Ux:““y)dy} dr =

Note: the marking scheme accepts equivalent correct Cartesian work.

Fora > 01let Q, = {(z,y) : @ >0, y > 0, 2> + 3> < a*} be the closed quarter disc of
radius a. Then Q, = QU D, and Q; N D is the arc 2® +y? = 1, x,y > 0, which has zero
area. The integrand is continuous, so by additivity of the double integral 1(2) = I(1)+V/,
that is

V=12 -101), ()= // (6 — 2% —y?) dA.

Cartesian description. @, = {0 <z <a, 0 <y < +Va? — 22}. Write s = va? — 22.

Inner integral.
s y3 S 83
[e-a=a=[o-an-2| —6-s-3
0 3 3

Since s* = (a® — z?)s,

Outer integral. Hence

I(a) = <6 . %) Jo(a) — = Ja(a),

where

Jo(a) = / va? — x?dx, Jo(a) = / r*Va? — 22 dx.
0 0

Substitute x = asiny, dz = acospdy; new limits z =0 ¢ =0, x =a — ¢ = 7; and
va? — 22 = acos p because cosp > 0 on [0, 7]. Then

w/2 w/2 1 2
Jo(a) = / a’cos® pdp = a2/ w dy
0 0

. [@ N sin 2@]7#2 ma?
= Qa =

4

2 4

0
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/2 a’ /2
Jo(a) = / a*sin? g cos® pdp = Z/ sin? 2 dy
0 0
at /”/21—cos4g0 al {(p sin4g0} /
4 /o 2 4 12 8 0
B at w B ra
4 4 16
Therefore
a?\ ma? 2 wat 3ra?  wa*  mwat 3ra®  wat
I(a)=|6—— ) ——= = - - = )
3 4 3 16 2 12 24 2 8
Evaluation.
3rm-4 16w 3r 7 117
1(2) = — =6 —2n=14 J(1) = 2= — 2 — 2—=°
Hence
11 21
V=12 -10)=dr - 5 =| ="
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Method 3: Volume by horizontal cross-sections

This method applies to part (b). This method should be used only if the course allows this
interpretation.

The solid is S = {(z,y,2) : (z,y) € D, 0 < z < 6 — 2> —y*}. On D the height 6 — r?
ranges from 6 —4 =2 (at r=2)to6—1 =75 (at r = 1), so S lies in 0 < z < 5. For fixed z,
the cross-section is

AZ)={(z,y) €D : 2* +y* <6 -2y ={r >0, y>0, 1 <2 +y*> <min(4, 6 — 2)}.

A quarter annulus {z,y >0, 1 <2+ y? < p?} has area ;w(p* — 1).
For 0 <2<2:6—22>4,s0 A(z) = D and

area A(z) = iﬁ(él —-1)= %TW

For 2 < z <5: 6 — z <4, so the outer radius squared is 6 — z and

7r(5—z)'

area A(z) = iw((G —2) — 1) — ;

Integrate the areas over z (Cavalieri’s principle):

2 2715
3 (5 —2) 3m T z
/0 1 z+/2 1 A —i—ll{z QL

4
3w 25 3= w®™ 9 127 97
= — 25 — — (10 — 2 —t - == — 4+ —
L (m-F) —a0-2) - TSR

Hence

217

V=|—

8

UNOFFICIAL QRS marking scheme (25 marks)
(a) (10 marks)
(i) (3 marks) reversed region;
(ii) (3 marks) bounds;
(iii) (2 marks) inner integral;
(iv) (2 marks) value 3/10.
(b) (15 marks)
(i) (4 marks) polar region;
(ii) (3 marks) height and Jacobian;
(iii) (5 marks) double integral;
)

(iv) (3 marks) value 217/8. Equivalent correct Cartesian work receives full credit.
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