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Midterm II (Solutions)
AY 2018/2019, Semester 1

Quantitative Research Society QNTU
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Overview

e Historical paper: the original paper was held in November 2018 with 90 minutes al-
lowed.

e Original instructions: answer all three questions; candidates could write anywhere on
the paper; one two-sided A4 page of handwritten notes was permitted.

e 2026 scope note: the current midterm scope ends at double integrals, including polar
coordinates. General Jacobian substitutions, triple integrals, cylindrical and spherical co-
ordinates, and line integrals are beyond that scope. They are retained and solved here
because they appear in the historical paper.

e Question themes: Q1 eight short integrals in Cartesian, polar, cylindrical and spheri-
cal coordinates and a Jacobian; Q2 reversing an order of integration, a linear change of
variables, and a triple integral; Q3 work, a scalar line integral, and a potential function.

Instructions to candidates (historical)

1. DO NOT TURN OVER PAPER UNTIL INSTRUCTED.
2. This midterm paper contains THREE (3) questions.

3. Answer ALL questions. The marks for each question are indicated at the beginning of
each question.

4. Candidates can write anywhere on this midterm paper.

5. A two-sided A4 piece of paper with handwritten notes is permitted.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1 (40 Marks)

(beyond 2026 midterm scope): Parts (iv)—(vii) use triple integrals, cylindri-
cal/spherical coordinates, or a general Jacobian substitution.

Circle (only) the correct answer for each question. Each question is worth 5 marks.
(i) Calculate the double integral [[,(62%y* —102%)dA where R = {(z,y) |0 <2 <1, 0 <

y < 4}.
(a) 190
(b) 170
(c) 130
(d) 150
(e) 120

(ii) Use polar coordinates to find the volume of the solid under the paraboloid z = x? + y?
and above the disk 2?2 + y* <9 (in the plane z = 0).

(iii) Evaluate the iterated integral by converting to polar coordinates:

5 /2542
/ / (2% 4+ 3?3 dx dy.
—5.J0

(a) 6257

(b) 12507

6257
2
6257
d) ===

O=

(e) None of the above

(iv) Evaluate the iterated integral:

T prl \/1—y2
/ / / 4y sinx dz dy dz.
o Jo Jo

WD Wk &= Wl
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(e) None of the above

(v) Use cylindrical coordinates to evaluate [[[. /22 +y*dV, where T is the solid bounded
by the cylinder 22 + 3? = 1 and the planes z = 4 and z = 8.
8T

() %
(b) 4w
4m
3
2m
3
(e) None of the above

(vi) Use spherical coordinates to evaluate [[[;(2* 4+ y* + 2*)*dV where B is the ball with
center the origin and radius 4.

655367

(e) None of the above

(vii) Find the Jacobian of the plane transformation given by x = businv and y = 4u cosv.

z,y) _

(a) o) 9u
(b) ggz z; = 36u
Nz, y) _

(c) Auv) —20u
® are =

(e) None of the above

(viii) Evaluate the iterated integral:

3 3
/ / 122y dz dy.
1 Jy

(a) 96

(b) 116

(c) 106

(d) 126
)
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Solution
Method 1: Iterated integration in the stated coordinates

(i) The integrand 6z%y® — 10z* is a polynomial, hence continuous on the rectangle R =
[0,1] x [0,4]. By Fubini’'s Theorem the double integral equals the iterated integral in
either order. Integrate first in y:

1 4
// (62°y* — 102*)dA = / / (62%y* — 102*) dy du.
R o Jo

With x held fixed, the inner integral is

4 2,4 y=4
6
/ (62%y> — 102*) dy = { vy 10x4y}
2 .
— 62”256 _ 102 .4
4
= 3842% — 40z

The outer integral is

1
2 4 _ 3 511
/0 (3842 — 40z") da = [1282° — 82°] |
=128 — 8 = 120.

Hence

Answer (e): 120.

(ii) The paraboloid z = z? + y? satisfies z > 0, so it lies above the plane z = 0, and the
volume of the solid over the disk D = {(z,y) : 2* + y*> < 9} is

V://]D(x2+y2)dA.

In polar coordinates x = rcosf, y = rsinf one has
v+t =12 dA = rdrdé,

and the disk is D = {(r,0) : 0 <r <3, 0 <6 < 2x}. Therefore

2r 3 2 r 3
V:/ / r“’-rdrd@:/ [—} do
0 0 0 41,

81 1 1
:/ 8l 8L o _ 81T
0

The value 817/2 is none of 81m, 1627, 3247w, 277, so

Answer (e): None of the above.

(ili) For each y € [—5, 5] the inner variable runs over 0 < x < /25 — y2. Squaring the upper
limit, the region of integration is

D={(a,y) :a* +y> <25, = 0},

bt


https://qrsntu.org

MH2100 Calculus IIT — Midterm 1T AY18/19 QRS@GNTU

the right half of the disk of radius 5. In polar coordinates the condition z = rcosf > 0
gives —m/2 < 0 < /2, and x* + y? < 25 gives 0 < r < 5. The integrand becomes

(l,2 + y2)3/2 _ (7,2)3/2 _ T3,

and dz dy = rdrdf. Therefore

5 25—y
/ / (2* +y )3/2dxdy—/ / r3 - rdrdf
—5J0 —7/2

™/2 5 5 /2
= {—} do :/ 625 dé
—7/2 5 0 —7/2
™ ™
a5 (-5)) -
625 5 5 6257

Hence

Answer (a): 6257.

(iv) The innermost integrand 4y sin z does not depend on z, so

2

1-y I~
/ dysinxdz = 4ysinx [z]o 1= ¢ 4y/1 —y? sinz.
0

For the middle integral let w = 1 — y?. Then dw = —2ydy, and the limits become
y=0—w=1,y=1—w=0:

1 0 1 1
/ 4y\/1—y2dy:/ 4v/w (—§> dw:2/ w'? dw
0 1 0

1
—9 gwi’)/? :%
3 0 3

So the middle integral equals %sin x, and the outer integral is

0

P
3

/Z—lsinxdx: [—cosxr:%(—cos7r+cos())
0 3 3

W Wik

Hence

W] oo

Answer (a):

(v) In cylindrical coordinates @ = rcosd, y = rsinf, z = z one has

VvVt +y? =, dV =rdzdrdé.

The solid inside the cylinder 2% 4+ y? = 1 and between the planes z = 4 and z = 8 is
T={(r6z2:0<r<1,0<60<2m 4<2<8}.

Therefore

///\/mdv /%//rrdzdrde—/%/ ® drdf
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(vi)

(vii)

(viii)

or ol 2m 14,371
:/ /4r2drd9:/ {i} 46
0 0 0 3 0

27!'4
:/'_wzéaW:ﬁ.
. 3 3 3

8
Answer (a): ?ﬂ

Hence

In spherical coordinates x = psin ¢ cosf, y = psinpsiné, z = pcos ¢ one has

o2+ 2 =P dV = p*sin ¢ dpde do,

and the ball of radius 4is B={0<p <4, 0<¢ <, 0<6<2r}. The integrand is

(p*)? = p", s0

2m ™ 4
///(a:2+y2~|—22)2dV:/ / / ot p?singdpde dé.
B o Jo Jo

The limits are constants and the integrand is the product p%-sin ¢, so the iterated integral

is a product of three single integrals:

27 T 4 774
i 6 dp— 27 - [— L
/0 d9-/0 smgbdqﬁ-/o p dp=2m [ cosqﬂo [7}0

5 16384 655367

ey 7
Hence
65536
Answer (a): i
7
The four partial derivatives are
0 0
a—i:5sinv, a—izSucosv, 8_Z:4COSU’ a—Z:—4usinv.

Expanding the determinant along the first row,

d(,y)

Hsinv  Ducosv
4cosv —4usinv

O(u,v) = (5sinv)(—4usinv) — (5ucosv)(4 cosv)

= —20usin® v — 20u cos® v = —20u(sin® v + cos? v) = —20u.

Hence

‘Answer (c): — 20u. ‘

With y held fixed, the inner integral is

3 27 2=3
/ 122y dz = 12y {%} = 6y(9 — y?) = 5y — 6y°.
Y

=y

The outer integral is

3 3
24
/ (54y — 6y%) dy = {27312 — §y4} = (243 — —3) — (27 — §)
. 27 |, 2 2

243 51 192
=5 T3 =%

Hence

Answer (a): 96.

QRS@NTU
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Method 2: Fubini in the other order (parts (i), (iv), (viii))

(i)

(viii)

The integrand is continuous on the rectangle [0, 1] x [0, 4], so by Fubini’s Theorem one
may integrate first in . With y held fixed,

1
/ (62°y® — 102*) da = [22°y° — 25”5]2:) = 2% — 2.
0
Then

4 4 4
256
/(2y3—2)dy= {y——Qy} :7—8:128—8:120.
0

Hence

Answer (e): 120.

For fixed z, the (y, z)-region of integration is

E={(y,2):0<y<1,0<z<V1—-92y={(y,2):y>0, 2>0, y°+ 2> <1},

the quarter of the unit disk in the first quadrant of the yz-plane. Described with z
outside,

E={(y,2):0<2<1, 0<y<V1-—22}.

The integrand 4y sin z is continuous on the closed bounded solid [0, 7] x E, so by Fubini’s

Theorem
T pl \/1—y2 T prl pV/1-22
/// 4ysinwdzdydx:/// 4ysinx dy dz dz.
o Jo Jo o Jo Jo

The inner integral is

V122 yz 1=z
/ dysinx dy = 4sinx {51 =2(1 — 2% sinz.
0 0

The middle integral is

1 371
2 4
/2(1—22)sinxd2—2sinx [z—z—} =2sinz - - = —sinx.
g 3], 33

The outer integral is

T4 4 _ 4
/0 gsinxdng[—cosx] —5.2_2'

Hence

w| co

Answer (a):

The region of integration is
T={(r,y):1<y<3, y<a<3}={(x,9): 1<y <z <3}
the triangle with vertices (1,1), (3,1), (3,3). Described with z outside,

T={(r,y):1<2x<3, 1<y<z}

8
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The integrand 12zy is continuous on 7', so by Fubini’s Theorem the two iterated integrals
agree. With z held fixed,

T 27Y=2
/ 120y dy = 122 {%} = 6a(a® — 1) = 6% — 61
1

y=1
Then
3 3
3 243 3
3 4 2
- = |-2*—3 =(— =27 —-(=-3
/1(695 6x) dx [23: x]l ( 5 ) (2 )
189 3 192
= — 4+ -=— =96.
2 + 2 2
Hence

Answer (a): 96.



https://qrsntu.org

MH2100 Calculus IIT — Midterm 1T AY18/19 QRS@GNTU

Method 3: Shell and slice decompositions (parts (ii), (iii), (v), (vi))

When the integrand depends only on one distance s (or the region is cut by one height z),
integrate over all the other coordinates first. What remains is a single integral in s whose
weight is the size of a thin shell or slice. This is the polar, cylindrical or spherical formula with
the angular (and axial) integrations carried out first, or Fubini’s Theorem with z as the outer
variable.

Note: parts (ii), (iii), (v), (vi) name the coordinate system to use; this method should be
used only if the course allows this interpretation.

(i)

(i)

The solid is
S={(z.y,2):2* +y* <9, 0< 2z <2’ + ¢},

At height z the horizontal slice consists of the points of the disk with 22 +1? > z, namely
the annulus \/z < r < 3. This slice is non-empty exactly for 0 < z < 9, and its area is

AR) =73 —7(V2)* =7(9 — 2).

By Fubini’s Theorem with z outermost,
9 9 279
1 1
V:/ A(Z)dZ:/ 7r(9—z)dz:7r[92—z—] :71'(81—8—) :8—7T.
0 0 2 2 2

Answer (e): None of the above.

Hence

The region is the right half-disk D = {z% + y? < 25, x > 0} and the integrand (z? +
y?)%/?2 = r3 depends only on 7. The part of D with distance at most r from the origin is
a half-disk of area

1
A(r) = §7rr2, so  A(r)=nr,
which is the length of the half-circle of radius r (the area of a thin half-ring is 7r dr).
Therefore
5 575
3125
// (:c2+y2)3/2dA=/ rorrdr =7 [T—} =7 —— = 6257.
D 0 5 0 5

Hence

Answer (a): 6257.

The integrand /22 + y? = r depends only on the distance r from the z-axis. The part of
T with distance at most r is a solid cylinder of radius » and height 8 — 4 = 4, of volume

V(r) = 4nr?, so  V'(r)=8mr,

the volume per unit thickness of the thin cylindrical shell at radius r. Therefore

! 31t &
///\/w2+y2dV:/r-87rrdr:87r{—} = —.
T 0 3 3

0

Hence

Answer (a): 8—7T

10
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(vi) The integrand (2% + y* + 22)? = p* depends only on the distance p from the origin. The
part of B with distance at most p is a ball of volume

4
Vip) = gmp®,  so V'(p) = dmp”,

the surface area of the sphere of radius p (the thin spherical shell has volume 47p? dp).

Therefore
4 774
2 2 22 4 9 p 47 - 16384 655367
///B(:v—i—y+z) /Op wp°dp 7T|:7:|0 - -
Hence
65536
Answer (a): - T

11
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Method 4: Cartesian coordinates with a trigonometric substitution (part (ii))

Note: part (ii) asks for polar coordinates; this method should be used only if the course allows
this interpretation.

(ii) Describe the disk as a type I region:

D={(z,y): —3<2x<3, —vVI—22<y<V9I—uz?}

Write h(x) = v/9 — 22. The integrand z%+y? is continuous on D, so by Fubini’s Theorem

3 h(z)
V://(x2+y2)dA:/ / (2% + *) dy da.
D —3 J—h(z)

With x held fixed, the inner integral is

h Y3 h 92
/ (2* + %) dy = {x2y + —] = 22%h + §h3.

Hence 3
2
V= / (2:52\/9 — 22+ 5(9 — x2)3/2> dz.
-3
Let © = 3sint with —7/2 <t < 7/2. Then dx = 3costdt, the limits become x = —3 —
t=—m/2and x =3+t =m/2, and, because cost > 0 on this interval,

V9 — 22 = V9cos?t = 3cost.
Substituting term by term,

22%V9 — 22dx = 2 - 9sin®t - 3cost - 3costdt = 162sin® ¢ cos? t dt,

2 2
5(9 —22)*?dx = 3 27 cos®t - 3costdt = 5dcos* tdt.

Using the double-angle identities sin¢ cost = 3 sin 2¢ and cos? t = $(1 + cos 2t),
. 2 L. 1
sin“tcos“t = 7 5in 2t = §(1 — cos4t),

1 1 1 4t 3 1
COS4t = Z(l +COS2t)2 — Z (1 -+ 2C082t + ﬂ)

1
5 :§+§C082t+§0084t.

Since sin 2¢ and sin 4¢ vanish at ¢t = £7/2, the cosine terms integrate to 0 over [—7/2, /2],

and P p
T 1 T 3 3
/ sithcos2tdt:—-7r:E, / costtdt =2 . =28,
— 8 8 /2 8 8
Therefore 3t 162 1627 3247 81
T T T T T T
V=162 - +54- = = _ _ o
8 + 8 8 + 8 8 2
Hence

Answer (e): None of the above.

12
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Method 5: Jacobian of a composition of maps (part (vii))

(vii) Write the transformation as the composition of

(u,v) = (p,q) = (usinv, ucosv) and (p,q) — (z,y) = (5p, 4q).

For the first map,

i sin i cos % cos % sin
— = SInv — =Uu v _— = v — = —UuSs1Inv
ou T v T Ou v ’
SO
d(p,q) sinv  wcosv .9 2
= . = —wusin“v — ucos*v = —u.
O(u,v) |cosv —usinv
For the second map,
0
(z,y) _ |5 0‘ _ 2.
dp.q) [0 4

By the Chain Rule the Jacobian matrix of a composition is the product of the Jacobian
matrices, and det(AB) = det Adet B. Therefore

O(z,y) _ 0(xy) 0p.a) _ o (—u) = —20u.

d(u,v)  9A(p,q) O(u,v)

Hence

Answer (c¢): — 20u.

13
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Method 6: Reflection symmetry (parts (iii), (viii))

(iii) Let D be the full disk 22 +y* < 25, D, = DN{z >0} and D_ = DN {x < 0}. The
reflection (z,y) — (—x,y) maps D, onto D_, has Jacobian of absolute value 1, and
leaves g(z,y) = (22 + y?)%/? unchanged. Hence

//D+gdA://ngA.

The two halves overlap only on the segment z = 0, which has zero area, so

[, sas=1 f[ saa

In polar coordinates D = {0 <r <5, 0 <6 <27} and g =13, so

1 IV 1 51°
—//gdA:—/ /rd-rdrdﬁz—-%r-[r—] — 7625 = 6257
2]/, 2 )y 2 5],

Answer (a): 6257.

Hence

(viii) The region T'= {1 < y < z < 3} and its mirror image 7" = {1 < z < y < 3} under
(z,y) — (y,z) together make up the square @ = [1,3]?, and they overlap only on the
diagonal x = y, which has zero area. The reflection has Jacobian of absolute value 1 and
the integrand satisfies 12zy = 12yx, so

// 12xydA:// 12:CydA:1// 12zxy dA.
T / 2 Q

On the square the integrand is a product of a function of x and a function of y, so the
integral factors:

3

1 3 3 2213 y?
—//12xydA:6/ xdx/ ydyzG{—} {—] =6-4-4=096.
2)J)g 1 1 21,12

Answer (a): 96.

Hence

Unofficial QRS marking scheme (40 marks)

(i) (5 marks) 2 marks for correct integration in y; 2 for integration in x; 1 for 120 and
answer (e).

(ii) (5 marks) 2 marks for polar volume setup; 2 for correct evaluation; 1 for recognising
that 817 /2 is answer (e).

(iii) (5 marks) 2 marks for the half-disk bounds; 2 for the polar integrand including the
Jacobian; 1 for answer (a).

(iv) (5 marks) 2 marks for integrating in z; 2 for the remaining integrations; 1 for answer
(a).

(v) (5 marks) 2 marks for cylindrical bounds; 2 for the integrand and volume factor; 1 for
answer (a).

14
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(vi) (5 marks) 2 marks for spherical conversion; 2 for all bounds and integrations; 1 for
answer (a).

(vii) (5 marks) 3 marks for the determinant; 1 for simplification; 1 for answer (c).

(viii) (5 marks) 3 marks for the inner integral; 1 for the outer integral; 1 for answer (a).

15
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Question 2 (30 Marks)

(beyond 2026 midterm scope): Part (b) uses a general Jacobian substitution and
part (c) is a triple integral.

(a) Evaluate the iterated integral

42
/ / e’ dxdy.
0 Jvy

(b) Use the transformation x = V2u — \/gv; Yy = V2ou + \/gv to evaluate the integral

//xg—xy+y2dA,
R

where R is the region bounded by the ellipse 22 — zy + y* = 2.

]

where R is the solid bounded by the sphere 2% + y? + 22 = 1, the cylinder 22 + % = 1,
and the plane z = 2.

(c) Evaluate the triple integral

Solution
Method 1: Reversed order, linear change of variables, cylindrical coordinates

(a) The function ¢** has no elementary antiderivative in z, so the inner integral cannot be
done in the given order. The limits describe the region

D={(z,y):0<y <4, Jy<az<2}

For y > 0 and z > 0, the inequality x > ,/y is equivalent to y < 2%, As y ranges over
[0, 4], x ranges over [0, 2], so with z outside,

D={(z,y):0<2<2, 0<y<a?}

The integrand ¢ is continuous on the closed bounded region D, which is both of type I
and of type II, so by Fubini’s Theorem

4 2 2 pa? s
//ew dxdy—// e’ dydx.
o Jyy o Jo
i 23 a3 z? 2 a3
e dy=e [y}o =z"e" .
0

For the outer integral let w = x3. Then dw = 3z?dx, and the limits become z = 0
w=0r=2—~w=_§8:

2 1 8 1 8 _1
/OxQexgdx:g/o ewdw:§[ew]§:e T

The inner integral is

Hence
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(b)

Write a = v2u and b = \/%v, so that z = a — b and y = a + b. Then
z? = a® — 2ab + b, y? = a® + 2ab + b*, Ty = a® — b,
and
2 —xy +y? = (a® — 2ab + b*) — (a® — b*) + (a® + 2ab + b*) = a® + 3b*
= 2u®+3- 202 = 2u? + 202
So the ellipse 22 — zy + y? = 2 corresponds to 2u? + 2v? = 2, that is u? + v?> = 1, and
its interior 22 — zy + y? < 2 corresponds to u? +v?* < 1. Thus R is the image of the unit

disk
D = {(u,v) : u® +0v* < 1}.

The partial derivatives of the transformation are

ox B ox B 2 oy B oy s
ou V2, o 37 ou V2, \/;’

so, using v/2+/2/3 = \/4/3 = 2//3,
8($7y)_\/§ _\/m_ 2_(_./2 —i i:i
a(uw)“ﬁ m“ﬁff (@ﬁ‘ﬁ*ﬁ V3

The map (u,v) + (z,y) is linear with non-zero determinant, hence C'!' and one-to-one
dudv =

from D onto R, so the Change of Variables Theorem applies with dA = ‘%

\/ig du dv:

//R(xz_$y+y2)df4://l)(2“2+2“2)'%dUd“:%//l)(u2+02)dudv.

In polar coordinates u = pcosf, v = psinf, the disk is 0 < p < 1, 0 < 0 < 27,
u? +v% = p? and dudv = pdpdb:

1

8 2w 12 8/271’|:p4:| 8 1 A
o pdpdd = — Plag=""2 on="T,
\/3/ /op VY A RN PRV A BV

47

V3

The wording is ambiguous. On the sphere 22 + y* + 22 = 1 one has |z| < 1, so the plane
z = 2 does not meet the sphere; the sphere lies inside the cylinder 22 +4? = 1 and touches
it along the circle z = 0. Inside the cylinder and outside the sphere there are two pieces:
the piece above the upper hemisphere, which the plane z = 2 closes off, and the piece
below the lower hemisphere, which is unbounded. Take the bounded piece:

R={(z,y,2): 2>+ <1, V1 —22—y2 < 2<2}

In cylindrical coordinates, with dV = rdzdrd#,

Hence

R={(r0,2):0<r<1,0<60<2m vV1—-1r2<2z<2}.

17
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The inner integral is

? 2 217 1 2\3/2
de = | = = (8- (1-— .
/mz ) [31 = 30

The #-integral contributes a factor 27, so

o 1 p2 9 1
/// 2dV = / / / 2rdzdrdd = 28 (87“ —r(l— 7"2)3/2) dr.
R o Jo Jvisz 3 Jo

The first term gives fol &rdr = [47“2](1) = 4. For the second let w = 1—72, so dw = —2rdr
andr=0—w=1r=1—=w=0:

1 0 1 1
/ r(1—7‘2)3/2dr:/ w3/? 1 dwzl/ w3/2dw:1 gw5/2 :1.
; ! 2 2 Js 215" ], 5

Therefore

Hence

38T
15
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Method 2: Integration by parts (a), completing the square (b), slicing in z (c)

(a) Keep the given order and let

2
F(y):/ e dr,  0<y<d,
VY

so that the required integral is f04 F(y)dy. Since *’ is continuous, the Fundamental
Theorem of Calculus with the Chain Rule gives, for 0 <y < 4,

3/2
F,(y> — _oV¥*. i = ¢’

dy B 2./y
Also F(4) = f; e dz =0, and 0 < F(y) < 2¢° because the interval [,/y, 2] has length at

most 2 and e’ < €% on it. Fix 0 < ¢ < 4 and integrate by parts on [, 4] with U = F(y)
and dV = dy, V =y:

/ Fly)dy = [yF(y)]* - / yF(y) dy

/2

=4F(4) — eF(¢) +/ yf/g

Let ¢ — 0. Then 0 < eF(g) < 2e¥¢ — 0, and both integrands are continuous on [0, 4],

SO
4 4
/ F(y)dy = / gey?ﬂ dy.
0 0

Letw:y3/2.Thendw:%\/gdy,so‘/?'ﬂdy:%dw,andyzolﬁwzo,y:4»—>w:8:
4 8 8
VY e 1/ 1.8 € —1
/0 Fetay = [ e = 5[y = 5

e —1
5

4 P
dy = —eF(e) + / \/7@6;/3/2 dy.

Hence

(b) Note: part (b) asks for the given transformation; this method should be used only if the
course allows this interpretation.

Complete the square in y:
3

2 3 2

A point lies in R when (y — %)2 + %xQ < 2. This needs %mQ < 2, that is |z| < ¢ with

c=+/8/3= %5, and then |y — £| < h(z) with h(z) = /2 — 222. So

R:{(x,y):—cgscgc, g—h(x)gygg—i—h(x)}.

The integrand is continuous on R, so by Fubini’s Theorem integrate first in y. With x
fixed let s =y — §; then ds = dy and y = § £ h+— s = =/

z/2+h N2 3 h 3 3 3 h
Yy — —) + —:L‘2:| dy = / (32 + —:132) ds = {— + —:L‘28:|
/x/2h [( 2 4 _h 4 3 4 _a
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2.5 3,
—3h +29ch.

//R(arz —zy+y?)dA = /_CC (gh(a:)?’ + g$2h<x>> du.

Let © = csint with —7/2 <t < 7/2. Then dx = ccostdt, 2 = 8sin’t, %xz = 2sin’t,

3
and, since cost > 0,
=/2—2sin’t = V2 cost.

Substituting term by term,

2 . 2 44/2 3 3 8
§h5:§-2\/§cos3t:%cos3t, éxzhzé § sin?¢ - V2 cost = 4v2sin® ¢ cost.

Multiplying by dz = ccostdt with ¢ = f and using Z‘f A2 =

1 1
// v —zy+y°)dA = \/6_ / (—COS t + sin® ¢ cos® t) dt.
—7/2

From cos*t = %—i—% CcOS 2t+% cos 4t and sin®t cos® t =
and since sin 2t, sin 4¢ vanish at t = +7/2,

/2 3 /2
/ cos* tdt = g / sintcos’?tdt = =
—7/2 —7/2

fliw-moua 543 45) -

47
V3

(c) Use the same region R as in Method 1 and slice it horizontally (Fubini’s Theorem with
z outermost). At height z the slice is

R.={(z,y): 2+ 9 <1, V1 —a?2—y? <z},
e If 2 <0, then /1 — 22 —92>0> 2, so R, is empty.

e If0<2<1,then /1 —22—9y2 <z <= 22+ y*>>1— 22 so R, is the annulus
1—22<a2?+y*<1l,ofarearm-1—7(l—2%) =mz2

e If 1 <2z <2 then /1 —22—19? <1 < z for every point of the unit disk, so R, is
the whole unit disk, of area 7.

% % cos 4t (double-angle identities),

Therefore

IS

4
75

Hence

The integrand 22 is constant on each slice, so

1 2 55 1 53 2
///ZQdV:/ 22-7rz2dz+/ 22-7sz:71'|:—:| +7T|:—:|
R 0 1 9 | 314

_m Im 3m+3bm 38w
“5T3 T T 15 15
Hence
387
15
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Method 3: Sublevel ellipses (b), subtraction of a half-ball in spherical coordinates

(c)

(b) Note: part (b) asks for the given transformation; this method should be used only if the

course allows this interpretation.
Write Q(z,y) = 22 —xy +y?> > 0 and Q(z,y) = OQ(I’y) dt. Then [, QdA is the volume
of
W={(z,y,t) : (x,y) € R, 0 <t < Q(z,y)}.
By Fubini’s Theorem with ¢ outermost (0 < ¢ < 2 on R), the slice of W at level ¢ is

{(z,y) : t < Q(z,y) < 2}, of area A(2) — A(t), where A(t) is the area of {Q) < t}. By the
completed square of Method 2,

{Qst}z{(y—§)2+§lx2st}-

The shear (z,y) — (z,s) = (z, y — 5) has Jacobian _11 (1)‘ = 1, so it preserves area,
2
and it maps {Q < t} onto the ellipse
s N z? 1
t o 4t/3 7

with semi-axes v/t and %’? The area of an ellipse with semi-axes a, b is wab, so

A(t):wﬁ.%zz—g.
Therefore
2 o [? 27 1% or 4
//RQdA:/O (A(2)_A(t))dt:%/o (2—t)dt:ﬁ {Qt—ﬂozﬁazﬁ.
Hence
4_7r
V3

With R as in Method 1, let C' = {2? + 3? < 1, 0 < z < 2} be the solid cylinder and
H={z>+3y?+ 22 <1, 2> 0} the upper half-ball. Then C = RU H, and RN H is the
upper hemisphere, which has zero volume. Hence

o0 flf ol

In cylindrical coordinates C ={0<r <1, 0 <6 <27, 0<z<2}, s0

2 1 2 1
///Z2dv:/ de/ 'rdr/ Z2dZ:27T._.§:8_7T'
c 0 0 0 2 3 3

In spherical coordinates z = pcos¢, dV = p?singdpdepdf and H = {0 < p <1, 0 <
¢ <m/2, 0<0 <2}, s0

27 1 /2 1 w/2
/// z2dV:/ d¢9/ p4dp/ cosQ<bsin¢d¢:27r-—-/ cos? ¢ sin ¢ do.
H 0 0 0 5 Jo
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For the last integral let w = cos ¢, so dw = —singdp and p =0~ w =1, ¢ = 7/2 —

w = 0:
/2 0 1 1
/ cos2¢sin¢d¢:/ w2(—dw):/ wrdw = .
0 1 0 3

So [ 4V = 2a- 4§ = 3, and
///deV—S_W_Q_W_@_E_gg_W
R ~ 3 15 15 15 15

3n
15

Hence

Unofficial QRS marking scheme (30 marks)

(a) (10 marks) 3 marks for the reversed region; 3 for the reversed integral; 3 for the substi-
tution u = 3; 1 for the final value.

(b) (10 marks) 3 marks for diagonalising the ellipse; 3 for the Jacobian; 3 for the unit-disk
polar integral; 1 for 47/v/3.

(c) (10 marks) 2 marks for identifying the literal ambiguity; 3 for an explicit bounded-
component interpretation and bounds; 3 for the cylindrical integral; 2 for 387 /15 under
that interpretation.
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Question 3 (30 Marks)

(beyond 2026 midterm scope): All parts involve vector fields or line integrals.

(a) Find the work done by the force field F(z,y) = xsin(y)i + yj on a particle that moves
along the curve y = z? from (0,0) to (v/7, 7).

(b) Evaluate the line integral 6 fc yz cosx ds where C' has parametrisation x = t, y = cost
and z = sint, with 0 <t < 7.

5C4

(c) Let F(z,y) = 2% + y (7 — Q)j and let C' be a curve with parametrisation r(t) =
Vi + (1 +1%)j with 0 <t < 1 (starting at r(0) and terminating at r(1)).
(i) Find a function f such that F =V f.

(ii) Hence, or otherwise, evaluate the line integral [, F - dr.

Solution

Method 1: Parametrisation by x, potential from the x-partial, Fundamental The-
orem for Line Integrals

(a) Parametrise the curve y = 2% by z = t:
r(t) = (t,t%), 0<t<+/m,
which starts at r(0) = (0,0) and ends at r(y/7) = (y/7, 7). Then
r'(t)=(1,2t),  F(r(t)) = (¢tsin(t?), ¢7),

SO
F(r(t)) - r'(t) = tsin(t?) - 1 4+ t* - 2t = tsin(t?) + 265

The work is s
W= / F-dr= / (tsin(¢?) + 2¢%) dt.
c 0

For the first term let w = t2. Then dw = 2tdt, and t =0+ w =0, t = /7T —~ w = 7

/ﬁtsin(tz)dt = 1/7r:sirlzt)(iuj = 1[—Cosw]7r = 1(1 +1) =1
; 2/, 2 073 ‘
The second term is
ﬁ t4_ ﬁ 7T2
/ 263 dt = {— =—.
0 21, 2
Therefore W =1+ %2, that is,
2
7r
14+ —
+ 2
(b) With r(t) = (¢, cost,sint),
r'(t) = (1, —sint, cost), It ()] = V1 +sin2t + cos?t = /2,

so ds = [|r'(t)|| dt = v/2dt. Along C' the integrand is

yzcosx = cost -sint - cost = cos® tsint.
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Hence

6/yzcosxds—6/ cosztsint-\/idt—fi\/ﬁ/ cos® tsintdt.
c 0 0

Let w = cost. Then dw = —sintdt, andt=0—w=1,t =71+ w = —1:

" - ! w?]! 2
/ cos? tsin t dt :/ w?(— dw) :/ w? dw = {_] ——
0 1 -1 3 1 3

2
6/yzcosxds:6\/_-§:4\/§,
c

Therefore

that is,

42

(¢) (i) Write F = Pi+ Qj with

1‘4 x4y
P(r,y) =™, Qr.y) =y (7 B 2> -5
First check that a potential exists. The partial derivatives are
opP 0Q  4x3y
— =9 3 hhi 2 —_9 3 .
dy oy Ox 2 vy

They are equal and continuous on all of R?, which is open and simply connected, so
F is conservative. Now integrate f, = P with respect to x, holding y fixed:
4,2

f(z,y) :/xBdexz 2L y),

4

where h depends on y only. Differentiate with respect to y and match with Q:

xty xty
fo== +WW) == -2 = W) =-2 = h(y) = -y’ + K.
Taking K = 0 gives f(z,y) = 33443,2 —y?. Check: f, =12%*=Pand f, = 2347?’ —2y =
. Hence

f(l'ay) :&_yQ'

(ii) The endpoints of C' are
r(0) = (V0, 1+0% =(0,1), r(1)=(V1, 1+1%) =(1,2).

The Fundamental Theorem for Line Integrals requires a C* function f and a C* (or
piecewise C'') parametrisation of C. Here r'(t) = (ﬁ, 3152) is undefined at ¢t = 0,
so reparametrise with t = 52, 0 < s < 1:

t(s) =r(s%) = (s, 1+ %), ¥ (s) = (1, 65°).

This is C! on [0, 1], traces the same curve in the same direction (since s — s? is
increasing), and runs from (0,1) to (1,2). The potential f from (i) is a polynomial,

hence C1, and F = V f. Therefore

/CF- dr = f(1,2) — £(0,1) = (1;1—4—4) —(0-1)=-3+1=-2

Hence
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Method 2: Parametrisation by y (a), triple-angle identity (b), potential from the
y-partial and direct line integral (c)

(a) On C one has v = /y > 0, so parametrise by y:

r(y) =y y), 0<y<m,
from (0,0) to (y/m,m). For y > 0,

Y(y) = (ﬁ 1) CFGW) = (visiny. 9).

SO
1

) 1 .
F(r(y))-r'(y) = ysiny - ——= +y-1= =siny + .

2y 2
The derivative r’(y) is unbounded as y — 0T, but for each 0 < & < 7 the line integral
over the arc from (1/2,¢) to (y/7, ) is the same in either parametrisation (both are C'
and increasing there). As ¢ — 07 both sides tend to the full integral, because the dot
product above extends continuously to y = 0. Hence

71 1 - 1T 1 2 72
W_/o (ismyﬂLy) dy—ﬁ[—cosy}o—l—{?}0—52—1—7—1—1——.

Hence

7T2

14—
+2

(b) Asin Method 1, ds = v/2dt and the integrand along C' is cos?¢sin¢. Rewrite it without
powers. From cos?’t = 1 — sin?¢ and the triple-angle identity sin3t = 3sint — 4sin®¢,
that is sin®¢t = (3sint — sin 3t),

3 1 1
cos’tsint = sint — sin®t = sint — Zsint + ZsinBt = Z(sint+sin3t).

Then
T 1 ﬂ cos3t]”™ 1 1+1 1 8 2
2, X _ _ _

/0 cos tsmtdt—z ([—Cost]0+ [— 3 L) =1 <2+T> =133

Therefore 5
G/yzcosxds:(i\/ﬁ-gzélx/i,
c

that is,

4V2

(c) (i) The equality P/dy = 2x3y = 9Q/Ox on R? was checked in Method 1, so a potential
exists. This time integrate f, = @) with respect to y, holding x fixed:

2ty oy
ten = [ (5 -2) =" 4 gt
where g depends on z only. Differentiate with respect to x and match with P:
fo=2'P +g(x) = 2% = ¢ (1) =0 = g(2) = K.

Taking K = 0,
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(i) Compute the line integral directly with the C! parametrisation t(s) = (s, 1+ s%),
0 < s <1, from Method 1, for which ¥'(s) = (1, 6s°). Along the curve,

P=3s%(1+s%? Q= (1+s% (%4—2).

Expand each term of F - ¥/ = P -1+ Q - 65°:

3 (1 + 8% = s%(1 + 25 + 5'2) = 5% +25° 4 5'°,

g4 54 510
6s°(1 + s°) (5 — 2) = 6s° (5 —24+ 5 - 256) = 35’ — 125° 4 35" — 12s'.
Adding,
F(t(s)) - ¥/(s) = s* — 125° + 5s” — 125! + 45",
Therefore
/ / s —128° + 5s? — 125! + 4315) ds
0
s 516 1
2946 24 2
{ 1 s + + 1,
= 1 2 + 1+ L = -2
4 2 4 7
Hence

26


https://qrsntu.org

MH2100 Calculus IIT — Midterm 1T AY18/19 QRS@GNTU

Method 3: Splitting off a gradient (a), path independence along a broken line (c)

(a)

(c)

Split F = G + H with

G(r,y) = wsin(y)i, Hlzy) =4i=V (%) |

The field F itself is not conservative: d(zsiny)/dy = xcosy while d(y)/0x = 0. Only
the part H has a potential, and by the Fundamental Theorem for Line Integrals (with
the C' parametrisation r(t) = (¢,1%)),

2
/H-dr—y—
. 2

For G, with r(t) = (¢,t*) and v/(t) = (1,2t), one has G(r(t)) - '(t) = tsin(¢t?). With
w=t} dw=2tdt, t=0—w=0,t=/7T—w=m,

VT L 1 "
G- dr= tsin(t*)dt = = [ sinwdw = = [—cosw]; = 1.
c 0 2 Jo 2 0

- —0=".

(Vm,m) 2 2

Therefore

2
W:/G-dr+/H-dr:1+1,
C C 2

2

T
N
+2

that is,

(i) Integrate F along the segment from the origin to (z,y), c(t) = (tz,ty), 0 <t < 1,
with ¢/(t) = (z,y). Since F is conservative on R? (Method 1), this defines a potential
with £(0,0) = 0:

fla) = [ Fltn.ty)- @) dr

Here F(tx,ty) = <t5x3y2, % - 2ty>, SO

) 45,42 t5x4y2_ 27%542_ 2
F(tz, ty) - (z,y) = t’xy +—2 2ty = 2t xty® — 2ty°.

Therefore . .
3 49 0 2 t? x4y2 2
- = 1 =9 N — a2
f(z,y) 5Ly [6]0 vl =7 Y
Hence
o4y
flz,y) == -y

(ii) Since F = Vf on R?, the line integral depends only on the endpoints (0,1) and
(1,2), so replace C' by the broken line C from (0,1) to (1, 1) followed by Cj from
(1,1) to (1,2).

On Cp: ri(t) = (¢,1),0<t <1, 1r)(t) = (1,0),s0 F - v} = P(¢,1) = 3 and

1 1
/ F~dr—/ 2dt = ~.
o 0 4
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On Cy: ro(t) = (1,8), 1 <t <2, 15(t) = (0,1),s0 F -, = Q(1,t) =t (1 —2) = -3¢

and , )
2
/ F. dr:/ (_§t) g — 3 [t_} __33__9
Cs 1 2 212], 2 2 4
Therefore L 9
/F-dr:———:—2.
c 4 4
Hence

Unofficial QRS marking scheme (30 marks)

(a) (10 marks) 3 marks for a valid parametrisation; 3 for F - r’; 3 for integration; 1 for
1+ m2/2.

(b) (10 marks) 3 marks for ds = v/2dt; 3 for substitution into the scalar line integral; 3
for integration; 1 for 4v/2.

(c¢) (10 marks)

(i) 5 marks: 3 for integrating f, and 2 for determining h(y).

(ii) 5 marks: 2 for endpoints, 2 for the potential-difference theorem, and 1 for —2.
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