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Midterm I (Solutions)
AY 2021/2022, Semester 1

Quantitative Research Society QNTU
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Overview

e Coverage: parametric curves and tangent lines; limits, continuity and partial derivatives;
directional derivatives, tangent planes, the Chain Rule, implicit differentiation, and critical
points.

e Format: three questions, 50 marks in total, 90 minutes (official paper: September 2021).

e Historical permitted material: the September 2021 paper permitted one two-sided
A4 piece of paper with handwritten notes. Consult current course materials for present
assessment rules.

e Source: MH2100 Midterm I, AY2021/2022 Semester 1. Questions are transcribed from
the official paper; solutions and marking schemes are unofficial QRS@QNTU material.

e Question themes: Q1 tangent lines to parametric curves and directional derivatives; Q2
two-variable limits, continuity, partial derivatives and differentiability; Q3 a directional
derivative from the definition, a tangent plane, the Chain Rule, implicit differentiation and
the classification of critical points.

Instructions (verbatim)

1. DO NOT TURN OVER PAPER UNTIL INSTRUCTED.
2. This midterm paper contains THREE (3) questions.

3. Answer ALL questions. The marks for each question are indicated at the beginning of
each question.

4. Candidates can write anywhere on this midterm paper.

5. ONE two-sided A4 piece of paper with handwritten notes is permitted.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1 (17 Marks)

QUESTION 1.
(i) [3 marks| Find parametric equations for the line that is tangent to the curve parametrised
by
osint
r(t)=| ¢ |,
4e3t

at the point (0,0,4).

(ii) [3 marks|] The cartesian equation y = ax + b describes the line tangent to the curve

{x(t) = sin(2¢),

y(t) = tcost
at the point defined by ¢ = /2. Find the values of a and b.
(iii) [3 marks] At the point defined by ¢ = a the tangent vector of the curve parametrised by
S tan ¢
r(t)=[ t*—10¢t |,
23
is othogonal to the vector (0,1,2). Find the value of a.
(iv) [3 marks] Find the directional derivative of the function
flz,y,2) =2 +1y* —42* + zInx
in the direction of the vector (1,4, 1).
(v) [5 marks| In which directions is the directional derivative of
floy) =2y —y + 2z

at (6, 1) equal to zero? Write the unit vector for each direction.

Solution
Method 1: Tangent vectors, the slope formula and the gradient dot product

(i) First find the parameter value of the point (0,0,4). The second component gives
=0 = t=0.
The other two components at t = 0 are
5sin0 = 0, 430 =4,

so r(0) = (0,0,4) and the point corresponds to t = 0.

Differentiate component by component:

d d d
E(5 sint) = 5cost, o (t%) = 3¢, P (4”) =4 - 3% = 12¢™.

3
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Hence
r'(t) = (5cost, 3t*, 12e*),

and at t =0
r'(0) = (5cos0, 3-0% 12e°) = (5,0,12) # 0.

Since 1'(0) # 0, it is a direction vector of the tangent line. The tangent line passes
through r(0) = (0,0, 4) with direction r’(0):

1(s) = (0,0,4) 4+ 5(5,0,12), s € R, |z =55, y=0, z=4+12s.

(ii) The point defined by t = 7/2 is
x(%):sinﬂzo, y(%)z%cos%z%-():(),

that is, the origin (0,0). Differentiate each coordinate (Chain Rule for z, Product Rule

for y):
'(t) = 2 cos(2t), y'(t) = cost — tsint.
At t =7/2,
1J(%)=2COS7T:—2, y/(%):COSg—gsin%ZO—gz_%

Since 2'(mw/2) = —2 # 0, the slope of the tangent line is

dy| Y _—mp
A2 |, o C2(w/2) =2 4

The tangent line through (0,0) with slope 7/4 is

y—Oz%(x—O) = yz%x—i—().

Comparing with y = ax + b:

(iii) Differentiate the first component with the Product Rule and the Chain Rule:

d . . 3 . .
T (esmt tan t) =M cost - tant + M sec? t = MY (sint + sec? t) )
The other two components give
d d
— (t* —10t) =2t — 10 —(23) =0.
o —a-n, e

Hence
r'(t) = ("' (sint +sec®t), 2t — 10, 0).

Orthogonality to (0, 1,2) means a zero dot product:
r'(t)-(0,1,2) = 0-e™" (sint +sec*t) + 1+ (2t — 10) +2- 0 = 2¢ — 10.
Setting this equal to 0 at t = a:

20 —10=0 = a=>5.

The tangent vector exists at ¢ = 5, because cosb # 0 (37” < 5 < 2. It is non-zero,

because sec?5 > 1 and sinb > —1 give sin 5 + sec? 5 > 0. Hence

4
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(iv) Compute the three partial derivatives (the term zInz contributes z/x to f, and Inz to

f2):
fx:3$2+i, fy =2y, f.=-8z+Inx.
x

These are continuous on the domain x > 0, so f is differentiable there and D,f =V f-u
for a unit vector u. Normalise the direction:

1,4,1
(1,4,1)| = VI2 1 22 + 12 = V18, g (b4l

VI8
Then )
1-(32°+2)4+4-2y+1-(—82+1
by e L) LB L )
V18
that is,
322 +z/x +8y— 8z +Inzx
Dll xa 7Z - ZE>0
f(z,y,2) s (z > 0)

(v) Compute the partial derivatives:
fo =22y +2, fy=2*—8y".
At (6,1):
Fo(6,1)=2-6-1+2=14,  f,(6,1)=6>—8 17 =368 = 28,

" Vf(6,1) = (14,28) = 14(1,2).

Since f is a polynomial, it is differentiable, and for a unit vector u = (uy, us)
Duf(6,1) =V f(6,1) u=14u; + 28us = 14(ug + 2us).

Hence
Duf(G, 1) =0 <= u; +2uy =0 <= u; = —2us.

Substitute into the unit condition u? + u3 = 1:

1
(—2uo)? +us =5u; =1 = uy = +——.
V5
For uy = —\L@, Uy = \/lg; for uy = \/ig, U = —\/lg. Therefore
1 1
u=—(2,—1) or u=—(—2,1).
-1 (2.1
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Method 2: First-order expansion about the point

This method applies to parts (i), (ii) and (iv). The tangent line, or the directional derivative,
is the part of the expansion that is of first order in the increment of the parameter.

(i) The point (0,0,4) corresponds to t = 0, since t3 = 0 forces t = 0 and
r(0) = (5sin0, 0, 4e°) = (0,0,4).

Recall the Maclaurin series

3 w2
sint:t—g+---7 ew:1+w+7+...'
With w = 3t,
. 54 ,
5smt=5t—6t +-=0+5t+0(t”),
£ =0+0-t+0(),
9
4e3t:4(1+3t+§t2+---> =4+ 12t + O(t?).
Hence

r(t) = (0,0,4) +(5,0,12) + O(t?).
The tangent line is the first-order part. Writing s for the parameter of the line,

1(s) =(0,0,4) + s(5,0,12), s €R, ‘x:5s, y=0, 2 =4+ 12s.

(ii) Let t = § +s. Then
r = sin(2t) = sin(7 + 2s) = —sin(2s) = —2s + O(s?),
and, using cos (g + s) = —sins,
y=tcost=—(Z+s)sins=—(3+s)(s+0(s°)) = =25+ O(s*).
The first-order part is the line

(z,y) :s<—2,—%>, s €R,

which passes through the origin. Eliminate s: from z = —2s, s = —x/2, so
o ( x) oo
Y= M) Tt

Comparing with y = ax + b:

(iv) Fix (z,9,2) with z > 0 and let u = (1,4,1)/4/18 (since |(1,4,1)] = v/18). Put § =
h/\/1_8, so that
(x,y,2) + hu=(x+46, y+ 46, z+9).

Expand each term of f:
(x+6)° = 2% + 3220 + 326 + 6 = 2° + 32°6 + O(6°),

6
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(y + 46)% = 3> + 8yd + 166% = 4 + 8yd + O(6?),
—4(z 4 6)? = —42* — 820 — 46* = —42* — 820 + O(8?).

For the logarithm, In(z 4+ 6) =lnz +In (1+2) =Inz + ¢ + 0(6?), so
(z4+0)In(x+9) =zlnz+46 (lnx + 2) + O(8%).
Adding the four expansions,
F((2,y,2) + hu) = f(z,y,2) + 6 <3a:2 + g 48y — 82+ 1nm> 4O,

By the definition of the directional derivative, with 6/h = 1/4/18 and O(6%)/h — 0,

hu) — 1
—
that is,
322+ z/x +8y — 8z +1Inx
Duf(x,y,2) = x> 0).
f(z,y,2) s (z > 0)



https://qrsntu.org

MH2100 Calculus IIT — Midterm I AY21/22 QRS@QNTU

Method 3: Differentiating the dot product and completing the square
This method applies to part (iii). Let n = (0, 1,2) and
gt) =r(t) n=0-e""tant +1- (t* — 10t) + 223 = ¢> — 10t + 46.
Since n is constant, the Product Rule for dot products gives
gt)=r'(t) - n+r(t)-0=1'(t) n.
So the tangent vector at ¢ = a is orthogonal to n exactly when ¢’(a) = 0. Complete the square:
g(t) =t* — 10t + 25+ 21 = (t — 5)* + 21.

Then
gt)y=2(t—5)=0 < t =5,

the vertex of the parabola. The tangent vector at t = 5 exists and is non-zero: cosb # 0

because 3 < 5 < 2, and its first component "% (sin 5 + sec? 5) is positive because sec? 5 >

1 > —sin 5. Hence
a=2>.

Method 4: Angle parametrisation of the unit direction
This method applies to part (v). The partial derivatives f, = 2xy + 2 and f, = 2% — 8y" give
VF6,1)=(2-6-1+2, 62 —8-17) = (14,28).

Every unit vector in R? is u = (cos 6, sin §) for some 6 € [0, 27). Since f is a polynomial, it is
differentiable, and

Dyf(6,1) = 14 cosf + 28sinf = 14(cos 6 + 2sin 0).

Setting this equal to zero gives cos = —2sinf. If sinf = 0 this would force cosf = 0 as well,
which is impossible; so sinf # 0, cos € # 0 and

1
tanf = —=.
an 5

Then

1 1 4 N 0 4 2 00 cos
= = - cosf = +— sinf = —
l1+tan’d 1+1 5 V5 2

cos?f = =F

-

The two angles (one in the fourth quadrant, one in the second) give

1 1
u= E(Z, —1) or u= %<—2, 1).
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Method 5: Quarter-turn rotation of the gradient

This method applies to part (v). As in Method 4, f,(6,1) =2-6-1+2 = 14 and f,(6,1) =
62 —8-17 =28, s0 Vf(6,1) = (14,28). For a non-zero vector {p,q) € R?,

(p,q) - {¢,—p) =pg —qp =0,

and the vectors orthogonal to {p,q) form a line in R?, so they are exactly the multiples of
(¢, —p). With (p, q) = (14,28):

(28, —14) = 14(2,-1),  |(2,-1)| =v4+ 1= 5.

The unit vectors on this line are (2, —1)//5, and Dy f(6,1) = Vf(6,1) - u = 0 exactly for
these:

u=—=(2,-1) or u=—=(-2,1).

1
V5

S
V5

Unofficial QRS marking scheme (17 marks)

(i) (3 marks) 1: identifies ¢ = 0; 1: obtains 1'(0) = (5,0,12); 1: gives the line through
(0,0,4).

(ii) (3 marks) 1: finds the point (0,0); 1: computes slope 7/4; 1: gives a = 7/4, b = 0.

(iii) (3 marks) 1: differentiates the relevant components; 1: imposes orthogonality; 1: obtains
a=>9.

(iv) (3 marks) 1: computes the gradient; 1: normalizes the direction; 1: takes the correct
dot product.

(v) (5 marks) 2: computes Vf(6,1) = (14,28); 1: states orthogonality; 1: obtains one
correct unit direction; 1: obtains the opposite direction.
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Question 2 (16 Marks)

QUESTION 2.

(i) [8 marks] Evaluate each of the following limits or show that the limit does not exist.
Justify your answers.

(a)

. 5x2%y + 10
(@y)—=(5,0) /22 + y?
(b)
) 3y
lim

(2,)=(0,0) /22 4 12

()

32 + x2y + xy3 + 3y2

lim
(,y)—(0,0) 2+ y?
(ii) [8 marks] Define
By+yt L,
fla,y) =4 By SRR Ao
0; if 22 +9% = 0.

(a) Is f continuous at (0,0)? Justify your answer.
(b) Find £,(0,0) and f,(0,0).
(c) Is f differentiable at (0,0)7 Justify your answer.

Solution
Method 1: Continuity of quotients, path test and squeeze bounds

(i) (a) The numerator N(z,y) = 5z%y + 10 is a polynomial, so it is continuous on R?. The
denominator D(z,y) = v/x2 + y? is the composition of the polynomial 2% + y? with
the square root, so it is continuous on R?. At (5,0),

N(,0)=5-52-0+10=10, D(5,0) = V52 + 0% =5 £ 0.

A quotient of continuous functions is continuous wherever the denominator is non-
zero, so N/D is continuous at (5,0) and its limit there equals its value:

2410 1
fim 22y 1010

(x»y)%(g)vo) \/ x2 + y2 5

for (z,y) # (0,0). Approach (0,0) along two paths.

3y

(b) Let g(z,y) = ———
Va?+y?
Path 1, the z-axis (y =0, z # 0):
3-0 .
g(x,0) = Nz =0 for every z # 0, SO ilir(l) g(z,0) = 0.

Path 2, the positive y-axis (r = 0, y > 0), where \/y? = |y| = y:

3 3
oY 3 for every y > 0, SO lim ¢(0,y) = 3.

\/? N Yy y—0+

10

9(0,y) =
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(On the negative y-axis, ¢(0,y) = 3y/(—y) = —3.) Two paths give the different
limits 0 and 3, so

\the limit does not exist. ‘

Split the numerator as 32 + 3y? = 3(z? + »?) plus the remaining two terms. For

(z,y) # (0,0),

3z + 2%y +xy® + 3y* 3(2? +y?) 22y xy3 z2y Ty’
.I'2 +y2 .I'2 +y2 .I'2 +y2 x2 +y2 33'2 +y2 1'2 +y2
2
For the first remaining term, 2% < 22 + y? gives T <1, so0
xr2 + y2
%y x?
= < .
eyl ey lyl <yl

For the second, let r = /22 + y2. Then |z| <7 and |y| < r, so |zy3| <r-rd =1t

and
xy?

2 +y?
As (z,y) — (0,0), both |y| — 0 and 7? — 0, so by the Squeeze Theorem both terms
tend to 0. Therefore the limit is 3 + 0 + 0:

r
< — =7
r2

, 32% + 2%y + 2y + 3y?
lim =

3.
(z,)—(0,0) x? 4 y?

By definition f(0,0) =0, so f is continuous at (0,0) only if f(z,y) — 0 as (z,y) —
(0,0). Test two paths.
Path 1, the y-axis (z =0, y # 0):

0B.ytyt o
0,y)=——— ===y —0 —0).

f(0,y) Fipg g Y (y = 0)

Path 2, the curve y = 2 (z # 0). The numerator is z° - 23 + (2%)% = 2° + 2% and

the denominator is 2 + (%) = 22°, so

x6+x9_1—1—x3 1

[z, 2*) = 576 5 —>§ (x — 0).

The two path limits 0 and % differ, so lim, )00y f(2, y) does not exist; in particular
it is not f(0,0) = 0. Hence

f is not continuous at (0, 0).

h3_ 3
For h # 0, f(h,0) = # = 0. By definition,
/{33
For k # 0, £(0, k) = gikﬁ — k. By definition,
L FOR =00 k-0
RO =T T T Tt

Hence

£00,00=0,  £,(0,0)=1.

11
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(c) A function that is differentiable at a point is continuous at that point. By the
contrapositive, since part (a) shows that f is not continuous at (0, 0),

f is not differentiable at (0,0).

12
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Method 2: Polar coordinates centred at the limit point

This method applies to part (i).

(i) (a) Write x = 54 rcosf, y = rsinf with » > 0, so that (x,y) — (5,0) exactly when
r — 0, whatever 6 does. Let p = y/2? + y2. By the triangle inequality,

o =51 =[(z,9)| = 1(5,0)] | < [(z,y) — (5,0)] =

For r < 1 this gives

p>5—r>4, lz] <5471 <6, ly| = r|sind| <r.
Now
51:23/—1-10_2_5x2y—|—10—2p_5x2y+2(5—p)
p p p ’

so, for r < 1,

5x2y+10_2’<5~36-r+2r_182r 91r

p 4 4 2
The bound does not depend on 6 and tends to 0 as » — 0, so by the Squeeze
Theorem
S’y +10

2.

lim @——
(z.9)=(5,0) /22 4 12

(b) Write z = rcos, y = rsin with r > 0. Then /2% 4+ y?> = r and

3y _ 3rsinf
V2 +y? o

The value depends on the direction only. Along # = 0 (positive z-axis) it equals
3sin0 = 0 for every r, and along 6 = 7/2 (positive y-axis) it equals 3sin 5 = 3 for
every r. Letting r — 0 gives 0 and 3 respectively, so

= 3siné.

| the limit does not exist. |

(c) Write z = rcos@, y = rsin@ with r > 0. Then 22 + y* = r? and
322 + 3y* = 3r?, z*y = r3 cos? O sin b, zy® = r* cosfsin® 6.
Hence

32% + 2%y + ay® + 3y 3r? + 18 cos? Osinf + r* cos O sin® 0
x2 + 12 - r2
= 3+ rcos®0sinf + r? cos 0 sin® 6.

Each trigonometric product has absolute value at most 1, so

322 + xzy + xy3 + 3y2

2
PN — 3| <r+r
The bound does not depend on 6 and tends to 0 as » — 0, so by the Squeeze
Theorem
, 32% + 2%y + xy® + 3y?
lim = 3.
(2,9)~(0,0) z? + y?

13
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Method 3: Splitting off a squeezable term, a one-parameter curve family, and axis
restrictions

This method applies to parts (ii)(a) and (ii)(b).

(i)

(a)

For (z,y) # (0,0) split

3 3
-y Yy
x, = + .
9(z,y)
Since y? < 2% + 92,
3 2
Y Yy
.I'6+y2 _:c6+y2’y‘§|y’_>0’

so the second term tendsgto 0 by the Squeeze Theorem. Hence if f had a limit L
at (0,0), then g = f — szTyQ would have the limit L as well. On the curve y = ma3
(x # 0, m e R fixed),

I3 : mx3 mx6 m

3 p— p— p—
g(w,ma”) = 20 +m228  (1+m?)ab 14+ m?

a constant along each curve. For m = 0 the value is 0, and for m =1 it is % So g
has no limit at (0,0), hence neither has f, and f(x,y) 4 f(0,0):

f is not continuous at (0,0).

Restrict f to the axes. On the z-axis, p(z) = f(z,0) = % = 0 for z # 0 and
x
©(0) = £(0,0) =0, so ¢ =0 and

1:(0,0) = ¢'(0) = 0.
On the y-axis, ¥(y) = f(0,y) = ‘Z—z =y for y # 0 and ¥(0) = f(0,0) = 0, so

Y(y) =y for every y and
f4(0,0) = 4'(0) = 1.

Hence

f:(0,0)=0,  f,(0,0)=1.

Method 4: Linearisation error from the definition of differentiability

This method applies to part (ii)(c). By definition, f is differentiable at (0,0) if and only if

i @) = F0.0) = £,0.0)2 — £,0,0)y _

(z,y)—(0,0) Va2 +y?

0.

With f(0,0) =0, f,(0,0) =0 and f,(0,0) =1 from part (b), the numerator is

Along y = 2® with z > 0, f(z,2?) =

E(r,y) = f(z,y) —0-0-2—1-y= f(z,y) — .
26+ 2 B 1+ 23
206 2

, SO

1 3 1 — 3
E(z,2*) = —;x — 2% = 2$, Va2 + 26 =azv1+ 2t

14
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Therefore 5 5 5
]_ _
(@) _ AN (x — 07%),

V2 + 25 221+ 24

which is not 0. Hence

f is not differentiable at (0, 0).

Unofficial QRS marking scheme (16 marks)
(i) (8 marks)

(a) (2 marks) 1: continuity/substitution justification; 1: final value 2.

(b) (3 marks) 1: computes the y = 0 path; 1: uses x = 0 to obtain distinct one-sided
values; 1: concludes nonexistence.

(c) (3 marks) 1: separates the constant term; 1: bounds both remaining terms; 1:
concludes 3.

(ii) (8 marks)
(a) (3 marks) 1: path z = 0; 1: path y = 2%; 1: concludes non-continuity.

(b) (3 marks) 1: correct difference quotient for f,; 1: correct difference quotient for
fy; 1: states both values.

(¢) (2 marks)

e 1 mark: invokes differentiability implies continuity.
e 1 mark: concludes non-differentiability.

15
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Question 3 (17 Marks)

QUESTION 3.

(i) [3 marks] Find the directional derivative of the function

al:y—l—y2 e 9 9
;if xt 4 0,
flx,y) = ¢ 22 +y? v
0; if 22 4+ 9?2 =0,

in the direction of the vector (3,4) at the point (0,0).
(ii) [3 marks| Find an equation for the tangent plane to the surface given by the equation

z = 5z% — 10y? at the point (2,1, 10).

(iii) [3 marks] Use the Chain Rule to find % when v = 0 and v = 2 for
u

z = sin(zy) + sin(y), r = 2u® + 307, y = 2uv.
0
(iv) [3 marks] Find a—z at the point (7,27, 7/2) where z is defined implicitly by
Y
3cos(x + 2y) + 3cos(z + 2z) 4 cos(2y + z) = 0.

(v) [5 marks| Let
f(z,y) = 272% — 81a + 2% + 8y — 17.

Find and classify all critical points of f. (For each critical point, determine whether or
not it is a local max/min or a saddle point.)

Solution
Method 1: Definitions and standard formulas
(i) Normalise the direction:
(3, 4)| =V9+16=5, u=(%1).

The formula D, f = Vf - u requires f to be differentiable at (0,0), which is not known
here, so use the definition

Duf(0.0) = lim LW = /(0.0

t—0 t
For t # 0, the point tu = (%, %) is not the origin, and
3t 4t 12 , 16t y 5 9 1682
WS s T s YT s ST
Hence 12¢2 16t2
e+ 5 28
t _ _25 25 _ = t 0
and the difference quotient is
f(tw) — f(0.0) 3 -0_ 28
t St 25t
As t — 07 this tends to +oo, and as t — 0~ it tends to —oo; it has no finite limit.

Therefore

D, f(0,0) does not exist.
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(i)

(iii)

(iv)

The surface is the graph z = g(x,y) with g(z,y) = 522 — 10y*. The point lies on it, since
g(2,1) =5-4—10-1 = 10. The function g is a polynomial, hence differentiable, so the
tangent plane is

2 — 20 = Gu(T0,Y0)(x — 7o) + gy(0, %0) (¥ — o).
The partial derivatives are

9. =10z, g, =20y = g.(2,1) =20,  g,(2,1) = —20.
Substituting (xo, yo, 20) = (2, 1, 10):
2 —10=20(z — 2) — 20(y — 1) = 20z — 40 — 20y + 20 = 20z — 20y — 20.
So z = 20z — 20y — 10, that is,

20z — 20y — = = 10.

The function z = sin(zy) + siny has continuous partial derivatives in (z,y), and z =
2u? + 3v?, y = 2uv are polynomials in (u,v), so the Chain Rule applies:

0z 0z0x 0z0y

du drdu ' dyou
The four partial derivatives are
2, = ycos(xy), 2z, = x cos(zy) + cosy, T, = 4u, Yy = 20.
At (u,v) = (0,2) the intermediate variables are
r=2-024+3-22=12, y=2-0-2=0, ry =0,
SO
2, =0-cos0 =0, 2y = 12cos0 + cos 0 = 13, T, =4-0=0, Yo =2-2=4.

Hence

0z

M =0-0+13-4=52.
U (u,v)=(0,2)

Let F(x,y,z) = 3cos(z 4 2y) + 3 cos(x + 2z) + cos(2y + z). The point lies on the surface
F=0:
F(?T,QTI‘,%) = 3cos57r+300827r+cos%7r =—-3+3+0=0.

Compute the partial derivatives (the middle term does not contain y):

F, = —3sin(x + 2y) - 2 —sin(2y + z) - 2 = —6sin(x + 2y) — 2sin(2y + 2),
F, = =3sin(z +22) - 2 —sin(2y + 2) - 1 = —6sin(z + 22) — sin(2y + z).

At (m, 27, 7/2): x + 2y = 57, x + 2z = 27 and 2y—|—z:97”:47r—|—§,so

sin b = 0, sin 27 = 0, sin%7r =sing =1,
and
Fy=-6-0—-2-1=-2, F,=-6-0—-1=-1.

Implicit Function Theorem: F' has continuous partial derivatives, F(m, 27, 7/2) = 0
and F, = —1 # 0 there, so near this point z is a differentiable function of (z,y) with
2y =—F,/F,:

0 F,

o v o

dy F,
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(v) Compute the first partial derivatives:
fe =812? — 81 = 81(z* — 1), f, =4y +38.
Since f is a polynomial, the critical points are the solutions of f, = f, = 0:
81(z° — 1) =0 <= z = =1, dy+8=0 <= y=—2.
The critical points are (1, —2) and (—1,—2). The second partial derivatives are

fa:x:162x> fxy:fyxzoa fyy:4>

SO
D(x,y) = foafyy — [oy = 162z - 4 — 0° = 648z.
The function f has continuous second partial derivatives, so the Second Derivative Test

applies.

e At (1,—2): D =648 > 0 and f,, = 162 > 0, so (1,—2) is a local minimum, with
F(1,—2) =27 — 81 +8 — 16 — 17 = —79.

o At (—1,—-2): D = —648 < 0, so (—1,—2) is a saddle point, with f(—1,—-2) =
—274+81+8—-16—-17=29.

Therefore

(1,—2) is a local minimum; (—1, —2) is a saddle point.
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Method 2: Substitute first, then differentiate

This method applies to parts (i), (iii) and (iv).
(i) With u = (3,4)/5 = (2, 2), define the one-variable function g(t) = f (%, %). By the

definition of the directional derivative, D, f(0,0) = ¢'(0). For ¢t # 0,
mow e mpw g

5 —
()7 + ()7 BB

while g(0) = f(0,0) = 0. So
. 28
limg(t) = o # 0= 9(0),

and ¢ is not continuous at 0. A function that is differentiable at a point is continuous
there, so ¢'(0) does not exist:

Dy f(0,0) does not exist.

(iii) The question asks for the multivariable Chain Rule; this method should be used only if
the course allows this interpretation.

Substitute z = 2u? + 3v? and y = 2uw into z before differentiating:
ry = (2u? + 3v%)(2uw) = 4uv + 6un?, z(u, v) = sin (4u*v + 6uv®) + sin(2uv).
Differentiate with respect to u, holding v fixed (one-variable Chain Rule):
0
O_Z = cos (4u’v + 6uv?®) - (12uv + 6v°) + cos(2uv) - 2v.
u
At (u,v) = (0,2): 4duv + 6uv® =0, 12u%0 + 6v3 =0+ 6 - 8 = 48 and 2uv = 0, so

%:COSO'48+COSO'2'2,
ou

that is,

0z

Ul (u)=(0,2)

(iv) The Implicit Function Theorem applies at (m, 27, 7/2): the left-hand side F' has contin-
uous partial derivatives, F(m,2m,7/2) = 3cosbm + 3 cos 2w + cos 97” =-34+3+0=0,
and F, = —6sin(z+ 2z) —sin(2y + z) = —6sin 27 —sin % = —1 # 0. So z = z(z,y) near
this point, and

3cos(x + 2y) + 3cos (x + 2z(x,y)) + cos (2y + z(x,y)) =0
holds identically. Differentiate this identity with respect to y, holding x fixed:
—3sin(zr + 2y) - 2 — 3sin(x + 22) - 22, —sin(2y + 2) - (2 + 2,) = 0.
At (7,27, 7/2), sinbm = 0, sin27 = 0 and Sin%7r =1, so

—6-0—6-0-2,—1-(242,)=0 = 242, =0.

Hence

0z
a—y = 2.
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Method 3: Increment expansion about the point

This method applies to parts (ii) and (v).

(i)

Write vt =2+ h, y =1+ k. Then

5(24 h)? =5 (44 4h + h*) = 20 + 20h + 5h%,
10(1 4 k)* =10 (1 4 2k + k?) = 10 4 20k + 102,
SO
z =52 — 10y* = 10 + 20h — 20k + (5h° — 10k?) .
The remainder satisfies
5h% — 10k%| _ 10 (h* + k?)
< =10V h? + k? — 0,
‘/h2_+_k:2 - ,/h2+k2

so the tangent plane is the constant-plus-linear part z = 10 4+ 20h — 20k. Substituting
h=x—-2k=y—1:

2 =10+ 20(z — 2) — 20(y — 1) = 20z — 20y — 10.

Hence

20z — 20y — z = 10. |

Complete the square in y:
20> + 8y — 17=2(y> +4y) — 17 =2(y +2)> — 8 — 17 = 2(y + 2)* — 25,

SO
f(z,y) = 272% — 81x + 2(y + 2)* — 25.

The critical points come from f, = 8122 —81 =0 and f, = 4(y+ 2) = 0, giving x = +1,
y = —2: the points (1, —-2) and (-1, —2).

Near (1, —2) write x = 1+ h, y = —2 + k. Expand:
27(1 4+ h)® — 81(1 + h) = (27 + 81h + 81h* + 27h%) — 81 — 81h = —54 + 81h* + 27h°.
Hence
f(L+h, =2+ k) = =54 + 81h* + 27Th®> + 2k* — 25 = —79 + 2Th*(3 + h) + 2k>.

For |h| < 3,3+ h > 0, so 27Th*(3 + h) > 0; also 2k? > 0. Therefore f(1+ h,—2+ k) >
—79 = f(1,-2) for all (h, k) with |h| < 3, and (1, —2) is a local minimum.

Near (=1, —2) write z = —1 + h, y = —2 + k. Expand:
27(=1+h)® —81(—1+ h) = (—27 + 81h — 81h* + 27h®) + 81 — 81h = 54 — 81h* + 27h°.
Hence

f(=1+4h, =2+ k) =54 — 81h* + 27h* + 2k* — 25 = 29 — 27h*(3 — h) + 2k>.

Along k = 0 with 0 < |h] < 3, f =29 — 27h?(3 — h) < 29. Along h = 0 with k # 0,
f =29+ 2k? > 29. Every neighbourhood of (—1,—2) contains values above and below
f(=1,-2) =29, so (—1,—2) is a saddle point. Therefore

(1,—2) is a local minimum; (—1,—2) is a saddle point.
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Method 4: Gradient of the level-surface function as a normal vector

This method applies to part (ii). Write the surface as the level set F'(x,y, z) = 0 with
F(z,y,2) = 52% — 10y* — z, F(2,1,10) =20 — 10 — 10 = 0.
The partial derivatives are
F, =10z, F,=-20y, F,=—1,

SO
VF(2,1,10) = (20, —20, —1) # 0.

A non-zero gradient is normal to the level surface, so the tangent plane is
20(x —2)—20(y — 1) — (¢ — 10) = 0,
which expands to
200 —40—-20y+20— 24+ 10=0 <= 20 — 20y — 2 — 10 =0,

that is,

20z — 20y — 2 = 10.|

Unofficial QRS marking scheme (17 marks)

(i) (3 marks) 1: normalizes the direction; 1: evaluates the function along that ray; 1:
concludes that the directional derivative does not exist.

(ii) (3 marks) 1: finds both partial derivatives; 1: evaluates the slopes at (2,1); 1: gives the
correct plane.

(iii) (3 marks) 1: writes the Chain Rule; 1: evaluates the intermediate variables and deriva-
tives; 1: obtains 52.

(iv) (3 marks) 1: forms F, and F; 1: evaluates them at the stated point; 1: obtains z, = —2.

(v) (5 marks)

e 2 marks: computes and solves f, = f, = 0.
e 1 mark: computes the Hessian entries and discriminant.
e 1 mark: classifies (1, —2).

e 1 mark: classifies (—1,—2).
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