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Overview

e Historical paper: Midterm II, October 2021; 90 minutes were allowed.

e Original format: three questions worth 50 marks in total. One two-sided A4 piece of
handwritten notes was permitted.

e Current administration (AY2026/2027): Tuesday 6 October 2026, 16:30-18:20, venue
TBA. One double-sided typed A4 sheet is permitted; no attachments or sticky notes are
permitted.

e 2026 scope note: the current midterm scope ends at double integrals, including polar
coordinates. General Jacobian substitutions, cylindrical coordinates, and line integrals are
beyond that scope. Question 2(v) is retained as an in-scope volume calculation by a double
integral of vertical height.

e Source: MH2100 Midterm II, AY2021/2022 Semester 1. The questions and instructions are
transcribed from the official paper; solutions and marking schemes are unofficial QRS@QNTU
material.

Instructions to candidates (verbatim)

1. DO NOT TURN OVER PAPER UNTIL INSTRUCTED.
2. This midterm paper contains THREE (3) questions.

3. Answer ALL questions. The marks for each question are indicated at the beginning of
each question.

4. Candidates can write anywhere on this midterm paper.

5. One two-sided A4 piece of paper with handwritten notes is permitted.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1 (16 Marks)

QUESTION 1.

(i) [5 marks] Find the mazimum and minimum values of 4x 4+ 2y on the half disk given by
2? +y* <16 and y > 0. Also give the points (z,y) where the mazimum and minimum
values are achieved.

(The set of points (z,y) where x* + y* < 16 and y > 0 is a closed and bounded set so
both the maximum and minimum must be achieved.)

(ii) [3 marks] Evaluate the iterated integral.

1,1
/ / xy dx dy.
-1Jo

(iii) [4 marks| By reversing the order of integration, evaluate the integral

30 5
/ / e’ dx dy.
0 y/6

(iv) [4 marks] By reversing the order of integration, evaluate the integral

4 p3/y/4
/ / sin(22? — 2*) dz dy.
0 Jy/4

Solution

Method 1: Extreme Value Theorem with Lagrange multipliers; iterated integrals
and reversal of order by Fubini’s Theorem

(i) Let
fley)=4z+2y, D={(z,y):2°+y* <16, y > 0}.

The set D is closed and bounded, and f is a polynomial, hence continuous on D. By
the Extreme Value Theorem, f attains a maximum and a minimum on D. Each extreme
value occurs either at a critical point in the interior of D or on the boundary of D. The
boundary consists of the semicircular arc 2% + y> = 16, y > 0, and the diameter y = 0,
—4 <x <4

Interior. The partial derivatives are

0 0
fo=g-le+2y) =4, f, = a—y(4x +2y) =2

Since Vf = (4,2) # (0,0) at every point, f has no critical point in the interior of D.
Are. Let g(x,y) = 2% + 92, so the arc lies on g = 16. The partial derivatives of g are

9z = 2z, Gy = 2y, S0 Vg = (21‘” 2y)

Vg = (0,0) only at the origin, which is not on g = 16; hence Vg # 0 on the arc and the
Lagrange condition V f = AVg applies. The system is

4 =2\,
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2 =2)\y,
2 4+ y* = 16.
If A =0, the first equation reads 4 = 0, which is impossible. Hence A # 0 and
2 1
r=— ==
oo YT

Substituting into the constraint,

4 1 5 V5 V5
=1 M= — \=2Z )
el = 16 1

Case A = \/Tg:
2 8 1 4

r=—=—, = =
Eia V5 YT B B
SO (%, %) lies on the arc and is a candidate.

Case \ = _\/Tg:

T =——:,
V5
so this point is not in D and is rejected.
The endpoints (4, 0) of the arc are examined with the diameter.
Diameter. On y =0, —4 < x < 4,

h(z) = f(x,0) = 4x, h'(z) =4 +#0,

so h has no critical point in (—4,4) and only the endpoints = +4 are candidates.

Comparison. The candidate values are

8 4 32 8 40
f( > NG

NG 5 V5
f(4,0) = 16,
f(—4,0) = —16.

Since 8v5 = /320 > /256 = 16, the largest value is 8/5 and the smallest is —16.
Therefore

8 4
V5 V5

mDax(4x +2y) = 8V at < ) , mgn(élx +2y) = —16 at (—4,0).

The integrand zy is continuous on the rectangle [0, 1] x [—1,1], so the iterated integral
is evaluated from the inside out. With y fixed, the inner integral is

1 2172=1
T 1 Y
xydx:y{—} :y<——0>:—.
/0 21,0 2 2

The outer integral is

Therefore
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(i)

The region of integration is
D:{(x,y):0§y§30, %3155}.

The function e** has no elementary antiderivative in x, so the order is reversed. The left

boundary x = § is the line y = 6z, the right boundary is # = 5, and the line y = 6x

meets © = 5 at y = 30. Hence D is the triangle with vertices (0, 0), (5,0), (5,30).
For (z,y) € D we have 0 < <2 < 5,500 <z <5. For fixed z € [0,5], the conditions
¢ <wandy>0give 0 <y < 6z, and then y < 62 < 30 holds automatically. Therefore

D={(z,y):0<y <30, <z <5} ={(2,9):0< 2 <5 0<y<6a}.

[

Since e*” is continuous on the closed bounded region D, Fubini’s Theorem gives
30 5 5 6
/ / e’ dxdy:/ / e’ dydx.
0o Jy/e 0o Jo

6z 2 2 =6 2
/ e’ dy =e” [y}y_ © = 6xe” .
0

The inner integral is
y=0

For the outer integral let u = 22, so du = 2xdx and 6z dz = 3du; when x = 0, u = 0,
and when x = 5, u = 25:

5 25
/ 6ae® dz = / et du = 3[eu]§5 =3(e® — &Y.
0 0
0 5 —
e’ dedy =[3(e™ — 1)
0 y/6

D:{(x,y)10§y§4,

Therefore

The region of integration is

%
\
e~

RS

<z <{/y/a}.

The boundary x = ¥ is the line y = 4z, and the boundary z = {/y/4 is the curve 2* = ¥,
i.e. y = 42%. They meet where

4o = 42® <= da(x —1)(z+1) =0,

and with 0 <y <4 (so x > 0) this gives the points (0,0) and (1,4). For 0 < s < 1 we

have s < /s, so with s = ¥ each horizontal segment ¥ < 2 < {/y/4 is nonempty.

For (z,y) € D we have 0 < ¥ <2 < {/y/4 < 1,500 <2 < 1. For fixed x € [0, 1]:

x>

RS

— y < 4x, xgxs/y/4<:>x3§%<:>y24x3,

where the middle step uses that cubing is increasing. Also 4x < 4 and 4z > 0, so the
conditions 0 < y < 4 hold automatically. Therefore

D={(z,y): 0<y<4, ¥ <a<y/at={(z,y):0<z <1, 42° <y <da}.
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Since sin(2z% —z*) is continuous on the closed bounded region D, Fubini’s Theorem gives

// sin(22% — z* dxdy—// sin(22* — 2) dy du.
y/4 4a3

The inner integral is

4x
/ sin(22” — z*) dy = sin(22* — 2*) [y] Zj; = (4z — 42°) sin(22? — z*).
43

For the outer integral let v = 222 — 2%, so du = (4 — 42%)dz; when x = 0, v = 0, and
whenz =1, u=2-1=1:

1 1
/ (47 — 42%) sin(22? — 2*) dz = / sinu du
0 0

= [— COSs ’U,](l)

= —cos 1+ cosO.

Therefore

4 p3/y/4
/ / sin(22? — o) dz dy =
0

y/4
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Method 2: Parametrising the constraint; Fubini in the other order; integration by
parts without reversing the order

(i)

Let f(z,y) = 4z + 2y and D = {(x,y) : 2* + y* < 16, y > 0}. As in Method 1, D is
closed and bounded and f is continuous, so by the Extreme Value Theorem both extreme
values are attained, in the interior or on the boundary.

Interior. f, =4 and f, = 2 are never both zero, so there is no interior critical point.

Arc. Parametrise the arc by
x = 4cost, y = 4sint, 0<t<m,
where 0 <t < 7 is exactly the condition y = 4sint > 0. Along the arc,
h(t) = f(4cost,4sint) = 16 cost + 8sint, h'(t) = —16sint + 8 cost.
Setting h/(t) = 0 gives 8cost = 16sint. If cost = 0 this would force sint = 0, which is

impossible, so we may divide:

tant = —.
2

On [0, ], tant > 0 only for 0 < ¢ < %, so the only solution is t, = arctan 5. In a right
triangle with legs 1 and 2 the hypotenuse is v/5, so

2 ) 1 8 4
Costozﬁ, smtozﬁ, (x,y) = %7% 7

2 1
h(to) =16 - — = 8V/5.

i

The endpoints of the parameter interval give

40
VB

h(0) =16 at (4,0),  h(x) = —16 at (—4,0).

In amplitude—phase form,

h(t) = 8v/5 (% cost + % sin t) =85 cos(t — to),

which equals 8v/5 exactly when ¢ = ¢, and is smallest on [0, 7] at the endpoint ¢t = ,
where 8v/5 cos(m — ty) = —8v/5 - \/lg = —16.

Diameter. On y = 0, f(x,0) = 4z is increasing on [—4, 4], with values —16 at x = —4
and 16 at x = 4.

Comparison. The candidates are 8v/5 ~ 17.89, 16 and —16. Therefore

8 4
V5 V5

mgx(élx +2y) = 8V at < ) , ml%n(élx +2y) = —16 at (—4,0).

The integrand xy is continuous on the rectangle [0, 1] x [—1, 1], so by Fubini’s Theorem
the integral may be computed with y innermost:

1,1 1 pl
/ / rydzdy :/ / xy dy dx.
-1Jo 0o J-1
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With x fixed, the inner integral is

1 27y=1
Y 1 1
xydy:x{—} :a:(———):O.
/_1 2|, 2 2

The outer integral is

Therefore

1 p1
/ / xyd:cdy:@
-1Jo

(iii) (does not reverse the order of integration; this method should be used only if the course
allows this interpretation)

Here the order is kept and the inner integral is handled through an antiderivative function.
Let

t
H(t):/ " dz.
0

Since e is continuous, the Fundamental Theorem of Calculus gives H'(t) = e/*. The

inner integral is
5
/ e dz = H(5) — H(Q) ,
y/6 6

I= /030 [H(5) - H(%)] dy = 30H (5) — /030H<%) dy.

In the last integral let y = 6s, so dy = 6ds; when y =0, s = 0, and when y = 30, s = 5:

/030H<%) dy = 6/05}[(5) ds.

Integrate by parts with U = H(s), dV = ds, so dU = e’ ds and V = s:

/OBH(S)dS = [SH(S)]g —/()E)ses2 ds = 5H(5) _/058632 ds.

SO

Hence . .
I =30H(5) — 30H(5) + 6/ se’ ds = 6/ se® ds.
0 0

Let w = s, so dw = 2sds and 6sds = 3dw; when s = 0, w = 0, and when s = 5,
w = 25:

25 .

I = / 3" dw = 3[e”] ) = 3(e® —1).

0

Therefore

80 5
/ / e” drdy =|3(e* — 1)
0 y/6

(iv) (does not reverse the order of integration; this method should be used only if the course
allows this interpretation)

Again the order is kept. Let

t
K(t)= / sin(22? — 2*) dz,
0
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so K'(t) = sin(2t? — t*) by the Fundamental Theorem of Calculus. The inner integral is
K({/y/4) — K (%), hence

4 4 y
I=L -1 L :/ K({/y/Y)dy, I :/ K(Z) dy.
0 0

For I; let y = 4s, so dy = 4ds, with s from 0 to 1. Integrating by parts with U = K(s),
V =us:

I :4/1K(s)ds
= 4([3[((3)](1) - /01 sK'(s) ds>
=4K(1) — /1 4ssin(2s? — s*) ds.

For I let y = 4s® (so s = {/y/4; the map s — 4s% is increasing and continuously
differentiable on [0,1]), so dy = 12s?ds, with s from 0 to 1. Integrating by parts with
U=K(s), dV =12s*ds, V = 4s%:

1
I = / K(s)12s*ds
0
. 1
= [433K(s)}0 — / 45°K'(s) ds
0
1
=4K(1) — / 45 sin(2s* — s*) ds.
0
Subtracting, the 4K (1) terms cancel:
1
I=I-1,= / (4s — 45°) sin(2s* — s*) ds.
0
Let u = 2s* — s, so du = (45 — 4s3) ds; when s = 0, u = 0, and when s = 1, u = 1:
! 1
I = / sinudu = [—cosu}o =1—cosl.
0

Therefore

4 ,r3/y/4
/ / sin(22% — o) de dy =
0 y/4
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Method 3: Cauchy—Schwarz bound; odd symmetry in y
(i) Write 4z + 2y as the dot product of a = (4,2) and p = (x,y). Here

la| = V422 +22=+v20=2V5,  |p|=+/22+y><4 onD.

By the Cauchy-Schwarz inequality a - p < |a||p|,

dr+2y <2V5-4=8V5  forall (z,y) € D.

2

Equality requires p = ca with ¢ > 0 and |p| =4, i.e. ¢v/20 =4, ¢ = =

) = =42 = (S 7)),

and y = \/ig > 0, so this point is in D and the bound 8v/5 is attained.

For the lower bound, on D we have 22 < 2% 4+ 3% < 16, so x > —4, and y > 0. Hence
4z + 2y > 4(—4) + 2(0) = —16,

with equality exactly when z = —4 and y = 0; the point (—4,0) lies in D. Therefore

8 4
max(4z + 2y) = 8V/5 at (—,—), min(4x + 2y) = —16 at (—4,0).
Lax( v) N tin( v) (—4,0)
(ii) Let
1 1 pl 1
F(y) :/ xydx, SO / / rydx dy :/ F(y) dy.
0 -1J0 -1
For every v,

F(-y) = /le(—y)dx = —/Olwydx = —F(y),

so F'is odd. In the integral over [—1,0] substitute y = —w, dy = — dw:
0 0 1 1
/ F(y)dy = / F—w)(— dw) = / F—w) dw = —/ Fw) dw.
-1 1 0 0

Hence

/_1 F(y)dy:/OF(y)dy+/OIF(y)dy:_/Olp(w>dw+/OlF(y)dyzo_

1 -1
1 p1
/ / mydxdy:@
-1Jo

Therefore

Marking scheme (16 marks)
(i) (5 marks)

e 1 mark: uses the compactness/continuity remark or otherwise identifies that extrema
are attained.

e 2 marks: correctly finds the semicircular candidate by Lagrange multipliers or an
equivalent argument.

10
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e 1 mark:

e 1 mark:
(ii) (3 marks)

e 1 mark:

e 1 mark:

e 1 mark:
(iii) (4 marks)

e 2 marks:

e 1 mark:

e 1 mark:
(iv) (4 marks)

e 2 marks:

e 1 mark:

e 1 mark:

checks the diameter endpoints.

gives both extremal values and their points.

evaluates the inner integral correctly.
evaluates the outer integral or uses oddness correctly.

obtains 0.

gives the reversed bounds 0 < x <5, 0 <y < 6x.
integrates the y variable and makes the correct substitution.

obtains 3(e*® — 1).

gives the reversed bounds 0 < z < 1, 42 < y < 4.
obtains 4z(1 — z?) sin(2z* — z*) and substitutes correctly.

obtains 1 — cos 1.

11
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Question 2 (17 Marks)

QUESTION 2.
(i) [3 marks] Find the area of the region bounded by the lines y = 2? and y = 2x + 3.

ANz,y,2)

(ii) (beyond 2026 midterm scope) [2 marks] Find the Jacobian ( )
U, v, W

r=—-2u+5y=50+4, and z = 3w — 4.

using the equations

(ili) (beyond 2026 midterm scope) [4 marks| Use the transformation v = x4y and v = —2x+y

to evaluate the integral
/ / 3rdA,
R

where R is the parallelogram bounded by the lines

y=—x+1, y=—-x+4, y=2r+2 and y=2zx+05.

(iv) (beyond 2026 midterm scope) [4 marks] Use cylindrical coordinates to evaluate

fl o

where E is the solid that lies between the cylinders 22 + y? = 2 and 22 + y? = 4, above
the xy-plane and below the plane z = y.

(v) [4 marks| Find the volume of the region bounded above by the sphere
4yt +22=9

and below by the cone z = /22 + 2.

Solution

Method 1: Type I area integral, Jacobian determinant, change of variables, cylin-
drical and polar coordinates

(i) The curves meet where
?=20+3 <= ¥ -20-3=0 < (r-3)(z+1)=0 <= v=—-1lorz =3,
i.e. at (—1,1) and (3,9). For -1 <z < 3,
2 +3)—2*=—(x-3)(z+1) =B —a)(x+1) >0,

so the line lies above the parabola. The region is D = {(x,y) : =1 <2 <3, 22 <y <

2z + 3} and
3 2z+3 3
A://ldA:/ / dydx:/ (22 +3) — 2*] da.
D -1 Jz2 -1

12
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. . . . 3
An antiderivative is #? 4+ 3z — £, and

$3
{x2+3x——} =94+9-9=09,
3 =3

3 3

5\ [32
A=9—(-2)=|=
(55)-15

(ii) From x = —2u+5, y = 5v + 4, z = 3w — 4, the partial derivatives are

3 1 5
{x2+3x—x—} =1-34+==—-.
r=—1 3

Therefore

Ty = —2, T, =0, Ty =0,
Yu =0, Yy =9, Yuw =0,
2 =0, 2y =0, Zw = 3.

Expanding the determinant along the first row,

5 0
0 3

=—2(5-3-0-0)=|-30]

(iii) Solve u =z +y, v = —2x + y for x and y. Subtracting,

0 0
0 3

O(z,y,2)

0 5
v = s+l o

0 0
=10 502—2‘
0 0 3 00

u—nv
3 )

u—v=(x+y)—(—2x+y)=3r = =

and then
u—v 2u+v

3 3

Y=uU—oT=1u—

The partial derivatives are

Yu = 5, yv:§>
SO
_1

3

228 -3 d-ied s

399 3
The map is linear with nonzero determinant, hence one-to-one. The boundary lines
become

Wl Wl
=

y=-c+1 <= rv+y=1 <= u=1, y=—-c+4 <= u=4,
y=2r+2 &< 204+y=2 & v=2, y=2r+95 &< v=>.

R lies between each pair of parallel lines, so its image is the rectangle S = {(u,v) : 1 <
u <4, 2 <wv <5} The integrand is 3z = u — v. By the change of variables formula,

/L3di:/[g(u—v) dUdU:/14/25<U_'U)'%dUdU.

Y

d(z,y)
O(u,v)

13
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(iv)

The inner integral is

’ 21" 25 21
/2 (u—wv)dv [uv 2] (5u 5 ) (2u —2) = 3u 5

v=2

S0 % f;(u —v)dv =u — %. The outer integral is

[[(o-3) = [5-%) ~e-10-(3-3) =03

//sdi:
R

Use cylindrical coordinates = rcos@, y = rsinf, z = z, with dV = rdzdr df. Between
the cylinders, 2 < r? < 4, i.e. V2 < r < 2. Above the xy-plane and below z = y means
0 < z <y = rsin#, which is nonempty only when sinf > 0, i.e. 0 < 6 < 7. Hence

Therefore

E={(r0,2):0<0<m, \/§§r§2, 0 <z <rsinb}.

The integrand is 2%y = 72 cos? 0 - rsin @ = 13 cos? #sin 6, and with the factor » from dV/,

T 2 rsin 6
/// 2y dV :/ / / r* cos? @ sin O dz dr db.
E o Jv2Jo

The z-integral is
rsin@
/ r*cos?@sinfdz = r*cos?0sinf - rsinf = r° cos® O sin? 4.
0

The remaining integrand is a product of a function of # and a function of r over a

rectangle, so
s 2
/// 22y dV = (/ COS2(9$in2(9d9) (/ r5d7“> )
E 0 V2

For the f-integral, cos@siné = 1 sin 26 and sin”260 = (1 — cos 46), so

811140}7r o
o 8

/0082981n29d9:/ 1(1—(:0549)d9:1{9—
; ) 8 8 4

For the r-integral,

Therefore

28 7T
2 dV:E._: —_
//[Exy 8 3 |6

In polar coordinates the upper hemisphere is z = \/9 — 22 — y2 = v/9 — 72 and the cone
is z = /22 4+ y? = r. They meet where

r=v9—1r2 = =97 —= ?=

N ©
SIS

14
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For 0 <r < \% we have 9 — 72 > r2 so v/9 — 2 > r and the sphere is above the cone.

The solid lies over the disk D = {r < %} with vertical height v/9 — 72 — r, so

V://D(m_r)dA:/OQW/O?)/ﬁ(\/W—T)TdrdH:QW(Jl—Jg),

where

3/V2 3/V2
J = rv9 — r2dr, Joy = / r2dr.

0 0

For Jy let u =9 — 1% so du = —2rdr and rdr = —%du; when r = 0, u = 9, and when
_ 3 _ 9.
T = 757 u = 5°
9/2
J1=/ ul/? 1 duzl/ u1/2du—1 g[u?’ﬂr

27

-3(7- %) =3

using (%)3/2 = 2% For J,,

2v/2
J_[r3r/ﬂ_1 27 9
T3], 3 2v2 22
Hence 9 9 9
V=orlo9- - " J=927(9- 2 ) =187 - 9v2r.
( 2/2 2\/§> ( \/5)
Therefore
V =|97(2 - v2)

15
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Method 2: Horizontal strips; inverse Jacobian; Cartesian vertical strips; reduction
to a polar double integral; spherical coordinates

(i) Describe the region with y as the outer variable. For fixed y, the condition x* < y gives
-y <z <,/y,and y < 2x + 3 gives x > %3 The region spans 0 < y < 9. To decide
which left boundary is active, compare

y—3  y+2yy-3  (V+3)(y-1)
_\/E_T__ 2 T 2 ’

which is > 0 for 0 <y < land < 0O for 1 <y < 9. Ontheright,\/_—y—j’:
—w >0 for 0 <y <9, so,/y is the right boundary. Hence

D={0<y<1, —\y<z< ytu{l<y<9 L <z<y},

Azfol(ﬂ—<—¢§>)dy+/19 (f—?) dy.
The first integral is
a1 -

For the second, an antiderivative is §y3/ 2_ vy 32—y and

S 27 45
-y =8-S
y:

4 2 4’
2,82 _ i 3_y] _2 1,95 23
[Sy Tt2) 73717 T
so the second integral is @ — % = % = %. Therefore
4 2
a_ B3
3 3 3
(ii) Invert the transformation:
5—x y—4 z+4
U= , V=) w = :
2 5 3
Its partial derivatives are u, = —%, vy = %, w, = % and all others 0, so, expanding along
the first row,
1 00
O0(u,v,w) 2 1 11 1
=10 £ Ol=—2 -2 =——.
d(z,y, z) 0 0 1 5 3 30
3

By the Chain Rule, the Jacobian matrices of a map and its inverse multiply to the identity
matrix, so their determinants multiply to 1:

8(3:,3/,,2) a(uuv7w> 8(:6,3/,2) 1
. -1 — —[=
O(u,v,w) 9I(z,y,z) — J(u,v,w) —1/30

(iii) (does not use the prescribed transformation; this method should be used only if the course
allows this interpretation)
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Work directly in x,y. The regionis 1 < x4y <4, 2 <y — 2z < 5. Its vertices are the
intersections of adjacent sides:

r4+y=1y=2r+5 = 3z =—-4:

A=

r4+y=1y=2r+2 = 3rv=-1: B (

r+y=4, y=20+2 = 3x=2: C= (3%
D=

~—

ol Lol
Wik W~
SN—

r4+y=4y=2r+5 = 3r=-1:

wl; ~—
SN—

For fixed z, y > max(1 —z, 20+2) and y < min(4—=z, 2 +5). Since 1 —x > 22 +2 <=
xﬁ—% and 4 —x <2r+5H <— xZ—%,thestripssplit atx:—%:

R={-4<zs<-i 1-s<y<2e+5}U{-t<2<? 2s+2<y<4-uz}.

The strip lengths are (2o +5) — (1 —z) =3z +4 and (4 — z) — (22 + 2) = 2 — 3z. Hence

-1/3 2/3
// 3rxdA = / 3x(3z +4)dx + / 3x(2 — 3z) dx.
R ~4/3 ~1/3

The first integral is

/_1/3(9x2 + 12z)dz = [3x3 + 6x2}1/3 = _1 +2 =~ _% + % _ § . 2 _ _3
—4/3 —4/3 9 3 9

The second integral is

2/3 2/3 4 8 1 1 4 4
62 — 92)d :[32—33} (oS (242)=2_Z20,
/_1/3(33 v)dr=13 =30 =379 379) 7979
Therefore

//3di=—3+0=
R

(iv) (integrates in z first and then uses polar coordinates in the zy-plane; this method should
be used only if the course accepts it as the cylindrical-coordinates computation)

This route stays within double integrals. The solid is E = {(z,y,2) : (z,y) € D, 0 <
z <y} over the half-annulus

D={(v,y):2< 2 +y* <4, y >0},

where y > 0 is needed for 0 < z < y to be nonempty. Integrating in z first,

///Ea:?ydvz//D (/Oya:?ydz) dA://Dx?y.ydA://szfdA.

In polar coordinates D = {v/2 < r < 2, 0 < 0 < 7}, 2%? = r*cos’fsin’6 and

dA = rdrdé:
fl e
D 0
6

= [T—] / cos? fsin? 6 do
61

2.0
2 s
= —8/ (sin2 6 — sin? 9) de,
3 Jo
17

2
/ r® cos® @ sin® 0 dr d6
V2
2 T
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1—cos 26
2

3—4 cos 260+cos 40
] 3

T 0 sin20]" 7 T 30 sin20 sin401" 37
in0dd = |- — = — / in*edo = | = — = —.
/Osm {2 1 L 2 s 1 T Tm |, %

using cos?f = 1 — sin?§. Using sin? 6 = and sin? =

31

Hence the f-integral is 5 — <

_ T
= 3, and

28 7 7T
ZydV =" . = =| —
//[Exy 38 |6

(v) (uses spherical coordinates / beyond the 2026 midterm scope)

In spherical coordinates x = psin¢cosf, y = psingsinf, z = pcos¢, with dV =
p?sinpdpdepdf. The sphere is p = 3. The cone z = /a2 + 92 is pcosp = psin ¢, i.e.
tan¢ = 1, ¢ = 7, and the region above it is 0 < ¢ < 7. Hence

V:/Ozw/oﬂ/4/03p251n¢dpd¢d9: (/0% d9) (/Oﬂ/4sin¢dqb> (/ngde).

The three factors are

2 w/4 /4
/ df = 2, / singpdg = [— cos (b}o
0 0

2 3
1—£, / p*dp
2 0

Hence V=27-9 (1 — \/7§> = 187 — 9v/2 7. Therefore

I
| —
w|=,
_ 1
o w
I
©

V =97(2 - V2)

18
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Method 3: Parabola—chord area formula; centroid of the parallelogram; volume by
cross-sections

(i)

(iii)

The vertical gap between line and parabola factors through the intersection abscissae
r=—1and z = 3:

(22 +3)—2>=—(2>-22—-3) = (v +1)(3 — 2).
Let s=xz+1,s0 ds=dx,3—x=4—3s; when x = —1, s =0, and when x = 3, s = 4:

A:/3(x+1)(3—x)dx:/043(4—s)ds: {232—%3}4:32—%:2

. . 3 3

This is the parabola—chord formula fab(x —a)(b—z)dr = @ with a = =1, b = 3:

3
% = % Therefore

A=|Z
3

(does not use the prescribed transformation; this method should be used only if the course
allows this interpretation)

With the vertices A = (—%, %), B = (—%, %), C = (%, %), D = (—%, 13—3) found in Method

2, the diagonals AC' and BD have the common midpoint
+

o (TR BEEY 1y (-iod ey
2 376 2 2

The point reflection (z,y) + (=2 — 2, L — y) through M sends z+y to 5 — (z +y) and

y— 2z to 7 — (y — 2x), so it swaps the lines x +y = 1, x + y = 4 and swaps the lines
y—2x = 2, y—2x = 5. Hence it maps the parallelogram R onto itself, and it sends = + %

to —(z + 3), so
1
// (x—l——) dA = 0.
R 3
Since 313:3(1’—1-%) -1,

//RSdi:B//R(x+%) dA—//RldA:—Area(R).

The edge vectors from A are AB = (1,—1) and AD — (1,2), so

w

[\)

Area(R) = ‘det (_11 ;)‘ 121 (=1)| = 3.

Therefore

//R 3z dA = — Area(R) =

Slice the solid by horizontal planes (Cavalieri’s principle, a single-variable integral of cross-
sectional area). At height z > 0 the cross-section consists of the points with » < z (on
or above the cone) and r? < 9 — 2? (inside the sphere), a disk of radius min(z, v/9 — 22).

Since z < V9 — 22 «— 22 < g — 2z < \%, the cross-sectional area is

A(2) w22, ngg%,
Z) =
(9 — 2%), \%Szﬁ&
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The first piece gives

3/V2 373/V2
/ m2dzzﬂ{z_} _m 2T _ 91
0 3 1o 3 2v2 2V2

The second piece gives

/3jﬁ7r(9—z2)dz =7 {92«— %SE/@ =7 [(27—9) — <\2/—7§ — %)}

Adding,

4 1
Vo T pgr BT g 3T e BT e ovan

2v2 2v2 2v2 V2

Therefore

V =|97(2 — v2)

Marking scheme (17 marks)

(i) (3 marks) 1 mark: finds both intersections; 1 mark: supplies the correct area integral;
1 mark: obtains 32/3.

(ii) (2 marks) 1 mark: forms the Jacobian matrix; 1 mark: obtains —30.
(ili) (4 marks)
e 1 mark: solves for z,y and finds the absolute Jacobian 1/3.
e 2 marks: maps Rto 1 <wu <4, 2 <wv <5 and transforms the integrand.
e 1 mark: evaluates the integral as —3.
(iv) (4 marks)
e 1 mark: gives correct cylindrical bounds, including 0 < 0 < 7.
e 1 mark: transforms the integrand and volume element correctly.
e 1 mark: integrates correctly.
e 1 mark: obtains 77 /6.
(v) (4 marks)
e 1 mark: finds the intersection radius 3/v/2.

e 2 marks: sets up and evaluates the polar double integral of vertical height.
e 1 mark: obtains 97(2 — v/2).
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Question 3 (17 Marks)
(beyond 2026 midterm scope)

QUESTION 3.
(i) (beyond 2026 midterm scope) [4 marks| Evaluate the line integral

/ 3y ds,
c

where C is the part of the curve y = 2%/3 where 0 < x < 2.

(ii) (beyond 2026 midterm scope) [4 marks| Find the work done by the force field F(z,y) =
(y — x)i+ 2%j on a particle that moves along the curve given by x = 3t, y =t — 1 from
(0,—1) to (6, 3).

(ili) (beyond 2026 midterm scope) [3 marks] Evaluate the line integral
/ 82%yzdx + 5z dy — 4xy dz,
c
where C' has parametrisation x = t, y = t? and z = 3, going from the point (0,0,0) to
(1,1,1).
(iv) (beyond 2026 midterm scope) Let F(x,y, z) = (42?)i + (cos 2)j + (822 — ysinz + 1)k.

(1) [3 marks] Show that F is conservative by finding a potential function f such that
F=Vf.

(2) [3 marks] Evaluate the line integral [, F- dr where C is the helix r(t) = (cost, sint, t)
starting at the point with ¢t = 0 and ending at the point with ¢ = .

Solution
Method 1: Parametrisation and the Fundamental Theorem for Line Integrals

(i) Beyond 2026 midterm scope. Parametrise C' by

Then
r'(z) = (1,2%), It (z)| = V1 + 2%, ds = v1+ztde,

and the integrand is 3y = 3 - % = 23. Hence

2
/3yds:/ 23V1 4 a4 dx.
C 0

Let u =1+ 2%, so du = 42®dx and 2®dx = idu; when x = 0, u = 1, and when =z = 2,
u=1T7:

2 3/2:| 17
3 [u 1

A

2 17
; 1
/xdx/1+x4da::zl/ u'?du =
0 1
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(172 — 1) = é (17\/1_7 - 1) .

=

Therefore

17v/17 -1
c 6

(ii) Beyond 2026 midterm scope. Let r(t) = (3t,t* — 1). The start (0, —1) corresponds to
3t=0,t=0 (and t* — 1 = —1), and the end (6,3) to 3t =6, t = 2 (and t* — 1 = 3), so0
0 <t <2 Then

r'(t) = (3,2t), F(r(t)) = ((t* — 1) — 3t, (3t)*) = (t* =3t — 1, 9¢%),

F(r(t))-r'(t) =3(t* = 3t — 1) + 2t - 9t* = 18¢> + 3t> — 9t — 3.

Hence

2 9 9 2
W_/(18t3+3t2—9t—3)dt_ A g 1/
0 2 2 0
9 9
=—-16+8—=-4—-—6=72+8—-18—0.

2 2

Therefore

W =[56]

(iii) Beyond 2026 midterm scope. With x = t, y = t?, z = 3, the point (0,0,0) is ¢ = 0 and
(1,1,1)ist =1, and

dzr = dt, dy = 2t dt, dz = 3t dt.
Each term becomes

8x%yzde = 8t - 2 - 3 dt = 8¢" dt,
5zdy = 5t% - 2t dt = 10t* d¢,
—daydz = —4t -t 37 dt = —12£° dt.

Hence

1 1
/ 8z%yzda + 5z dy — dzy dz = / (8t + 10t* — 126°) dt = [tg + 2t° — 2t6] =142-2.
c 0 0
Therefore
/ 82%yzde + 52dy — 4wy dz =
c
(iv) Beyond 2026 midterm scope.

(1) Write F = Pi+ Qj + Rk with P = 422, Q = cosz, R = 8vz — ysinz + 1. The
cross-partials are

P, =0=(Q,, P.=82=R,, Q.= —sinz =R,

so curl F = 0 on R?, which is simply connected; by the curl test F is conservative.
To find f with Vf = F, integrate f, = 422 with respect to x:

flz,y,2) = /422 dr = 422 + h(y, 2).
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Differentiate in y and compare with Q:
fy=hy(y,z) =cosz = h(y,z) =ycosz+ k(z).
Differentiate f = 4x2% + ycosz + k(z) in z and compare with R:
f.=8rz—ysinz+ k' (z) =8rz—ysinz+1 = k(2)=1 = k(z)=2+C.
Taking C' = 0 and checking every partial derivative,
fo =422, fy =cosz, f.=8xz—ysinz + 1,

so Vf =F and F is conservative, with potential

f(z,y,2) = 4x2*> + ycosz + z

The endpoints of the helix are
r(0) = (cos0,sin0,0) = (1,0,0), r(m) = (cosm,sinm, ) = (—1,0, ).

Since F = Vf with f continuously differentiable on R? and C' is smooth, the Fun-
damental Theorem for Line Integrals (FTLI) applies:

| Fdr=-1,0.0) - 1(1,0,0)
C
The two values are

f(=1,0,7) =4(=1)7* + 0 - cos 7 + 7 = —47* + ,
f(1,0,0) = 4(1)(0)* +0-cos0+0 = 0.

/F-dr:(—47r2+7r)—02
c

Therefore
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Method 2: Eliminating the parameter; coordinate-wise parametrisation; integra-
tion along a polygonal path; direct parametrisation of the helix

z z?

(ii) Eliminate t: from r = 3t, ¢t = 3 and y = % — 1. As ¢ runs from 0 to 2, x increases from
0 to 6, so z is an orientation-preserving parameter, and

2
dy = Exdx.

The work is [,(y — x) dz + 2 dy, so

6 2 6 3 2
€T 2x 2x €T
W = N 2. 2% de = T _r—-1)d
w2 a? 6 1206 216 36
_ - T 6=724+8—18—6.
{ xL 8 T27 2 *

Therefore

W =56

(iii) Along C the points are (¢,¢%,¢3) with 0 < ¢ < 1, and each of z, y, 2z increases from 0 to 1.
Hence each term may be integrated with its own coordinate as an orientation-preserving
parameter:

C: (:L,,IQ’IS) = (yl/Z’y’y?,/Q) = (21/3’ 22/37 Z) :

The three terms are

1 1 )
/8x2yzdx:/ 8x2~w2-x3dx:/ 8z dx = [:L*S} =1,
C 0 0 0
1 9 .
/5zdy:/ 5y3/2dy:5~—[y5/2] =2,
C 0 5! 0

1 1 1
/(—4xy) dz = / —421323 4z = / —4zdz = [—222} = -2
c 0 0 0

/8x2yzdx+5zdy—4xydz:1+2—2:
c

Adding,

(iv) (1) With P,Q, R as in Method 1, the cross-partials agree: P, =0 = Q,, P, =82 = R,,
Q. = —sinz = R,. Hence curlF = 0 on R*  which is simply connected, so F is
conservative and f(z,y,z) = [ F - dr along any path from (0,0,0) to (z,y,2) is a
potential. Take the polygonal path

(0,0,0) = (x,0,0) = (x,y,0) = (z,y, 2).

On the first leg (s,0,0), 0 < s <z, dr = (1,0,0)ds and P(s,0,0) = 4-0%=0:

/ 0ds = 0.
0

On the second leg (x,s,0),0<s <y, dr =(0,1,0)ds and Q(x,s,0) = cos0 = 1:

y
/ lds =y.
0
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On the third leg (z,y,s),0 < s < z, dr = (0,0,1)ds and R(z,y, s) = 8zs—ysin s+1:
/ (8xs —ysins+ 1)ds = [41‘82 + ycoss —i—s} = 4x2® +ycosz+ 2z — .
0 0

Adding the three legs,
flz,y,2) =0+y+ (43322 +ycosz+ 2z — y) = 422° + ycosz + 2.

Checking, f, = 4z%, f, =cosz, f, =8zz —ysinz+1,s0 Vf =F and

f(z,y,2) = 4x2* + ycosz + z

(2) Compute the line integral directly. For r(t) = (cost,sint, t), 0 <t <,
r'(t) = (—sint, cost, 1), F(r(t)) = (4t*, cost, 8tcost —sin’ ¢ + 1),
F(r(t)) -r'(t) = —4t?sint + cos®t + 8t cost — sin®t + 1
= —4t?sint + 8t cost + cos 2t + 1.

By parts with U =t, dV = costdt:

/ tcostdt = [tsint]w—/ sintdt =0 — [—cost]ﬂz—(l—l—l):—z
0 0 0

By parts with U =2, dV = sintdt:

/tzsintdt:[—tQ(:ost] +/ 2tcostdt = % +2(—2) = 7 — 4.
0 0 0

Also
S in2t]" T
/ cos2tdt = {sm } =0, / 1dt =m.
0 2 0 0
Hence
/F- dr = —4(7* —4) +8(~=2) + 0+ 7 = —47° + 16 — 16 + 7.
C
Therefore

7=
C
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Method 3: Splitting off a gradient field; path independence along a straight seg-
ment

(ii) Let p(z,y) = zy — % Its partial derivatives are

P =Y — T, Py = L,
SO
F=Vyp+G, G=F-Vp=(0, 2> —2).
By the Fundamental Theorem for Line Integrals applied to Ve,

W = (6.3) — p(0, ~1) + /C (4 — ) dy,

with
©(6,3) =18 — 18 = 0, v(0,-1)=0—-0=0.
On C, x =3t and dy = 2tdt with 0 <t < 2, so

2

2 2
/(x2 —z)dy = / (9t — 3t) 2t dt = / (18¢% — 6t*) dt = Et“ — 2t3] = 72— 16.
C 0 0

0

Therefore
W=0-0+56=

iv) (2) By part (1), F =V fonR? so [,F-dr depends only on the endpoints (1,0, 0) and
c
(—1,0,7). Replace the helix by the segment

r(s) = (1-2s, 0, ws), 0<s<1, r'(s) = (=2,0,7).
Along the segment z =1 —2s, y =0, z = 7s, so

F(r(s)) = (4n%s%, cosms, 8(1 — 2s)ms + 1),

F(r(s)) -1'(s) = —8n°s” + 0 + 7 (87s — 16ms”* + 1)
= —247%s® + 8n%s + 7.

Hence

1 1
/ F-dr = / (—247?232 —l—87r23+7r) ds = [—87233+47r252+775} = 81 +4n’ 4.
c 0 0

Therefore

[r =l
c

Marking scheme (17 marks)

(i) (4 marks) 1 mark: parametrises C; 1 mark: obtains ds = v/1 + z*dz; 1 mark: makes
the correct substitution; 1 mark: obtains (17+/17 — 1)/6.

(ii) (4 marks) 1 mark: supplies the parameter interval and derivatives; 2 marks: forms F -1’
correctly; 1 mark: obtains 56.

(iii) (3 marks) 1 mark: obtains dx, dy, dz; 1 mark: substitutes correctly; 1 mark: obtains
1.
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(iv) (6 marks)

(1) (3 marks) 1 mark: integrates f,; 1 mark: determines the y dependence; 1 mark:
determines the z dependence and supplies a valid potential.

(2) (3 marks) 1 mark: finds the endpoints; 1 mark: applies the potential-difference
theorem; 1 mark: obtains m — 472,
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