MH2100 Calculus III

Midterm II (Solutions)
AY 2022/2023, Semester 1

Quantitative Research Society QNTU
October 2022

Overview

e Historical paper: Midterm II, October 2022; 90 minutes were allowed.

e Current administration (AY2026/2027): Tuesday 6 October 2026, 16:30-18:20, venue
TBA. One double-sided typed A4 sheet is permitted; no attachments or sticky notes are
permitted.

e Original format: three questions worth 50 marks in total. ONE two-sided A4 piece of
paper with handwritten notes was permitted.

e 2026 scope note: the current midterm scope ends at double integrals, including polar
coordinates. Cylindrical and spherical coordinates, general Jacobian transformations, and
line integrals are beyond that scope; these historical questions are retained and labelled
accordingly.

e Source: MH2100 Midterm II, AY2022/2023 Semester 1. The instructions and questions
below reproduce the official paper; solutions and marking schemes are unofficial QRSQNTU
material.

Instructions to candidates (verbatim)

1. DO NOT TURN OVER PAPER UNTIL INSTRUCTED.
2. This midterm paper contains THREE (3) questions.

3. Answer ALL questions. The marks for each question are indicated at the beginning of
each question.

4. Candidates should write their answers in the separate answer book provided.

5. ONE two-sided A4 piece of paper with handwritten notes is permitted.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Question 1 (16 Marks)

QUESTION 1.

(i) [> marks] Find the mazimum and minimum values of xy satisfying the condition that
3z% 4 2y = 36. Also give the points (z,y) where the mazimum and minimum values are
achieved.

(ii) [3 marks] Evaluate the iterated integral.

1,1
/ / 2ye” dx dy.
-1Jo

(iii) [4 marks] By reversing the order of integration, evaluate the integral
\NT/2 pAST)2
/ / 2 cos(x?) dz dy.
0 y

(iv) [4 marks] Find the area of the region D (in the xy-plane) bounded by the cardioid
expressed in polar coordinates as

r=1-—sinb; and 0<8<2m.

1 —cos(20)

Hint: the formula sin®(6) 5

may be useful.

Solution
Method 1: Lagrange multipliers, iterated integrals and the polar area formula

(i) Let f(z,y) = zy and g(z,y) = 32% + 2y, and let C = {(z,y) : g(z,y) = 36}.

Ezistence (Extreme Value Theorem). The set C is closed, being the preimage of the
closed set {36} under the continuous function g. It is bounded, because every point of C
satisfies

302 <36 = 2| <2v3, 27 <36 = |y| <3V2

Hence C' is compact, f is continuous on (', and by the Extreme Value Theorem f attains
an absolute maximum and an absolute minimum on C'.

Partial derivatives.

fz =y, fy ==, gz = 6, gy = 4y.

Regularity. Vg = (6z,4y) = (0,0) only at (0,0), and ¢(0,0) = 0 # 36, so (0,0) ¢ C.
Therefore Vg # 0 at every point of C'; and by the Lagrange multiplier theorem every
extremum of f on C satisfies Vf = AVg for some A € R:

y = 6z, (1)
x = 4Ny, (2)
322 + 2y* = 36. (3)
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Case 1: ©* = 0. Then (1) gives y = 6\ -0 = 0, and (3) becomes 0 = 36, which is
impossible.

Case 2: y = 0. Then (2) gives z = 4\ -0 = 0, and (3) becomes 0 = 36, which is
impossible.

Case 3: © # 0 and y # 0. From (1) and (2),

= Y and A= i
6x 4y

Equating the two expressions and cross-multiplying,

izﬁ = 4y2:6;p2 — 2y2:31‘2.
6r 4y

Substituting 2y? = 322 into (3),

322 +3:2 =36 = 2°=6 — = +V6,

and then
202 =3-6=18 = * =9 — y = =+3.
This gives four candidate points, with A = Y _ j:i = j:@. Evaluate f at each:
6z 61/6 12
F(V6,-3) = =3V6, f(—v6.3) = —3V6.

By the Extreme Value Theorem the absolute extrema exist, and by the Lagrange multi-
plier theorem they occur among these candidates. Comparing the values,

max zy = 3v/6 at (V6,3), (=6, —3),

minzy = —3v6 at (vV6,—3), (—V6, 3).

(ii) Integrate in x first, with y held fixed:

1
/ 2ye” dr =2y [e"”]é = 2y(e! —e") =2y(e — 1).
0

Then integrate in y:

1 1 1
/ / 2ye” de dy = / 2y(e — 1) dy
~1Jo -1

= (e—1)[y].,
=(e=1D(1*= (1))
=(e—1)-0=10]

(iii) Write ¢ = y/m/2. The inner integral [ cos(z?)dz has no elementary antiderivative, so
the order is reversed. The given limits describe the region as a Type II region:

D={(x,y):0<y<c, y<az<c},

4


https://qrsntu.org

MH2100 Calculus IIT — Midterm 1T AY22/23 QRS@GNTU

which is the triangle with vertices (0, 0), (¢, 0), (¢, ¢), bounded by y = 0, z = ¢ and y = x.
For a fixed x € [0, ¢], the vertical segment through D runs from y = 0 up to the line
y = x, so the same region as a Type I region is

D={(z,y):0<z<¢, 0<y <z}

The integrand 2 cos(x?) is continuous on D, so by Fubini’s theorem on Type I and Type
IT regions both iterated integrals equal [, 2cos(x?) dA:

//2cos(m2)dxdy:/ / 2 cos(x?) dy du.
0 Jy 0 Jo

The inner integral in y treats 2 cos(x?) as a constant:

/Ow 2 cos(x?) dy = 2 cos(z?) [y]g = 21 cos(x?).

2

For the outer integral substitute v = x°, du = 2xdx; when = 0, u = 0, and when

v =c=\/r/2, u="1/2:
/\/7T_/2

/2
22 cos(x?) dx = / cosudu
0 0

w/2
0

:sing—sinO:

(iv) Since sinf < 1, r =1 —sinf > 0 for every #, and the cardioid is traced once as 6 runs
over [0, 2rr]. Hence the polar area formula applies:

1 2w 1 2
A:—/ T2d6’:—/ (1 —sin6)*de.
2 Jo 2 Jo

(1 —sinf)? =1—2sind + sin 0.

Integrate term by term over [0, 27]:

2w
/ 1d0 = 27,
0

2
/ 2sinfdf = [—20050](2)7r = —2cos2m +2cos0=—-2+4+2=0,
0

= [sin u}

Expand the square:

1—cos 26
2 Y

27 27 1 — 20
/ sin? 0 dg = / ST CO8Y g
0 0 2

B H_Sin29 2m
]2 4 |,

B sin 4 0 sin 0 B
=[x 1 1 = T.

Therefore A = 3(2r — 0+ ), that is,

and, using the hint sin?4 =

1 3
A==(2 _ T
2(7r+7r) 5
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Method 2: Completing the square; Fubini in the other order; integration by parts;
polar double integral

(i) From the constraint,

Let a = 2. Since y? > 0, we need 36 — 3a >0, so 0 < a < 12. Then

(wy)? = 2yt = a2 5 50 18a - gaQ.
Complete the square in a:
18a — ;aQ = —; (a2 — 12a)
=3 06?3
=54 — g(a —6)%

Since 3(a — 6)? > 0, every point of the ellipse satisfies

(zy)? <54 = |zy| < VB4 =3V6 — —3V6 < 2y < 3V6,

with (zy)? = 54 if and only if @ = 6, which lies in [0,12]. At a = 6,

36 — 18
y? = =

9
2 J

so x = ++/6 and y = £3. Then 2y = 3v/6 when z,y have the same sign and zy = —3v/6
when they have opposite signs. Both bounds are attained, so

max zy = 3v6 at (v6,3), (—V6, —3),

minzy = —3v6 at (vV6,—3), (—=V6, 3).

(ii)) The integrand 2ye” is continuous on the rectangle R = [0,1] x [—1,1], so by Fubini’s
theorem on a rectangle the order of integration may be swapped:

1 1 1 1
/ / 2ye” dxdy = / / 2ye” dy dzx.
-1Jo 0o J-1

Inner integral in y, with x held fixed:

1
/ 2ye” dy = e” [yQ]l_l = ex(l — 1) = 0.

1

Outer integral:

/Olde:@

(iii) This method should be used only if the course allows this interpretation (it evaluates the
integral without reversing the order).
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Write ¢ = /m/2 and define
F(y) = / 2 cos(z?) dz, 0<y<ec
Yy
By the Fundamental Theorem of Calculus (2 cos(z?) is continuous), F' is differentiable
with .
F'(y) = —2cos(y?), and F(c) = / 2 cos(x?) dz = 0.

The given integral is foc F(y)dy. Integrate by parts with p = F(y), dg = dy, so dp =
F'(y)dy and ¢ = y:

/ F(y)dy = [yF(y)], — / yF'(y) dy
0 0
= (c-F(c) = 0-F(0)) — / y(—2cos(y?)) dy
0
=0+ / 2y cos(y?) dy.
0
Substitute w = y?, dw = 2y dy; when y = 0, w = 0, and when y = ¢, w = 7/2:
c /2
/ 2y cos(y?) dy = / cosw dw
0 0
= [Sinw]g/Q =1-0=

(iv) In polar coordinates x = rcosf, y = rsind, the area element is dA = rdrdf. Since
1 —sinf > 0 for every 6, the region is

D={(r0):0<6<2m, 0<r<1-—sinb}.

2 1—siné
A://ldA:/ / rdrdé.
D o Jo
Inner integral:

/1—sin9 [7«2} sl (1 _ging)? 11— 2sin6 +sin®6
rdr = = = .
0 2 2

Hence

2

0

For the outer integral, use the following evaluations on [0, 27]. First,
2 9
/ sinfdf = [—COSG]O7r =—14+1=0.
0

Second, evaluate fo% sin? @ dd by periodicity instead of the half-angle formula. The func-
tion sin?@ has period 27, so its integral over any interval of length 27 is the same.
Substituting 0 = ¢ + 7, with sin (gp + g) = cos ,

2m 3m/2 2w
/ sin? 0 df = / cos® pdyp = / cos® pde.
0 —r/2 0

Adding fozTr sin? 0 df to both sides,

2w 2 2w
2/ sin?fdf = / (sin2 6 + cos? (9) do = / 1d0 = 27,
0 0 0

7
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SO fo% sin? @ df = 7. Therefore
1 27 27 27 1
A:—</ 1d9—2/ Sin@d@—l—/ Sin20d9>:—(27r—0—|—7r),
2 \Jo 0 0 2

1 T
A==(2 _ T
2(7r+7r) 5

that is,
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Method 3: Parametrising the constraint; odd symmetry

(i) Divide the constraint by 36:

This ellipse is parametrised once by
x:2\/§cost, y:3\/§sint, 0<t<2m,
since 3(2v/3 cost)? + 2(3v/2sint)? = 36 cos?t + 36sin?t = 36. Along the ellipse,
h(t) = zy = (2v/3)(3V/2) costsint = 6+/6sint cost = 3v/6 sin 2t.
The function h is continuous on the closed interval [0, 27]. Its derivative is
K (t) = 6v/6 cos 2t,

which vanishes when 2t € {’2’, 32”, 52”, 72”} that is, t € {Z, 31, 51, 71} Evaluate h and the

point at each critical number and at the endpoints:

( ):(2\/5“75,3\/5-@):(\/6,3), h=3V6sinT = 3v6,

(e.y) = (~2v3- %2, 8v2- ) = (-V6.:3),  h=3VGsin% = -3V,
t=% (@) = (-2v3 L —3v2.2) = (f ~3), h=3V6sin = =36,

(e.) = (23§, -3v2- §) = ( h = 3v6sin = = —3V/6,
t=0, 21 ( ):(2@0), h=0.

Comparing these values (closed interval method),

max zy = 3v/6 at (V6,3), (—V6, —3),

min zy = —3v6 at (V6, —3), (=6, 3).

(ii) The integrand 2ye® changes sign under y — —y, and the y-interval [—1, 1] is symmetric
about 0. Let I = f_ll fol 2ye” dx dy. In the outer integral substitute y = —w, dy = — dw;
when y = —1, w =1, and when y =1, w = —1:

]—/ / Je¥ dx (— dw)
—/ /Zwe’”dxdw
1 0
1 1
—/ / 2we drdw = —1.
—1Jo

r=[0]

Hence 21 =0, so
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Method 4: AM-GM

(i) For real numbers p,q > 0, the AM-GM inequality states p + ¢ > 2.,/pq, with equality if
and only if p = ¢q. Take p = 322 > 0 and ¢ = 2y* > 0:

36 = 322 + 2% > 24/322 - 242 = 21/622y% = 26 |xy|.

Hence

2y < 36 18

T —_— =
= 2v6 V6

Equality holds if and only if 322 = 2y?. Together with 322 + 2y? = 36 this gives

3V6 = —3\/63 ry < 3v/6.

3x2:2y2:18 <— x2:6, y2=9 <~ xzi\/é, y = +3.

The value zy = 3v/6 needs z,y of the same sign, and zy = —3+/6 needs opposite signs.
Therefore

max zy = 3v6 at (V6,3), (—V6,—3),

min zy = —3v6 at (V6, —3), (=6, 3).

Marking scheme (16 marks)
(i) (5 marks)
e 2 marks: reduces the constraint to a correct one-variable expression for (zy)?2.
e 1 mark: maximises that expression at 22 = 6, y*> = 9.
e 2 marks: gives both extrema and all four attaining points.
(i1) (3 marks)
e 1 mark: evaluates the inner integral correctly.
e 1 mark: recognises the odd outer factor or completes the outer integral.
e 1 mark: obtains 0.
(iii) (4 marks)
e 2 marks: reverses the order with correct bounds.
e 1 mark: reduces to [ 2z cos(a?) dz.
e 1 mark: obtains 1.
(iv) (4 marks)
e 1 mark: states the polar area formula.

e 2 marks: expands and integrates the square correctly.

e 1 mark: obtains 37/2.

10
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Question 2 (17 Marks)
(beyond 2026 midterm scope)

QUESTION 2.

(i) (beyond 2026 midterm scope) [4 marks] Use cylindrical coordinates to evaluate

[l

where F is the solid bounded by the cylinder 22 +y? = 1 and the planes z = 1 and z = 2.
(ii) (beyond 2026 midterm scope) Consider the transformation u = x + 4y and v = y — x.

O(u, v)
O(x,y)’
(b) [5 marks] Use the transformation to evaluate the iterated integral

1 pb—dy
/ / (x + 4y)eY " dx dy.
0 Jy

e (ax — 1)
2

(a) [3 marks| Calculate the Jacobian

Hint: you can use / xe®dx = +C.

a

(iii) (beyond 2026 midterm scope) |5 marks] Use spherical coordinates to find the volume of
the region inside the sphere 22 + 4% + 22 = 4 and outside the cone 2% = 2% + y?. That is,
the volume of the region E given by

E={(z,y,2) | 2°+y*+2* <4 and 2* <z’ +y°}.

Solution
Method 1: Cylindrical coordinates, the given transformation, spherical coordinates

(i) Use cylindrical coordinates © = rcosf, y = rsinf, z = z with » > 0. The Jacobian
determinant, expanded along the third row, is

(v, 2) cos@ —rsinf 0
I 2) sinfd rcosf 0 :1-(r00529+rsin20):r,
6(7”,9,2’) 0 O ]_

so dV = rdzdrdf. The cylinder 22 + 3> =1isr =1, so
E={(r0,2):0<r<1,0<60<2m 1<z<2}
and the integrand is /22 + 42 = V72 = r (since r > 0). Hence

o 12
/// \/x2+y2dV—/ / / r-rdzdrdf.
E o Jo J1

Innermost integral in z:
2 2
/ rPdz=r?[z]] =r}(2-1) =r%
1

11
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Middle integral in r:
1

1 3
1
/ 7’2dr:{r—} = —,
0 3 0 3
S| 1o 2w
—dé =10 = —.

///E\/md‘/: 27/3

(ii) (a) With v =z + 4y and v = y — z, the partial derivatives are

Outer integral in 6:

Therefore

@:1, @:47 @:_17 @:1
Ox oy ox Jy
Hence O(u.v)
U, v Uy Uy 1 4
= = =1-1-4-(-1)=144=1|5
o el DA R S R B
(b) Inverse transformation. From u = x + 4y and v = y — x,
u — 4v
u—4dv=x+4y—4y+4r =5 = x = =
u—+v
utv=c+4dy+y—xr =5 — y= F
Jacobian. With z, = %, Ty = —%, Yu = %, Yo = %,
8(m,y)_‘% ~4 11 (4) 11 4 ]
= 1 —_ — . — — _—— - = — — = -,
du,w) |1 1| 55 \'5)/5 25 25 5
0
0 (x,9) = —, the reciprocal of the value 5 found in (a).
O(u,v) 5

Region. The limits describe
D={(z,y):0<y <1, y<z<5-—4y}.

Its boundary consists of the lines z = y, x +4y = 5 and y = 0; at y = 1 the two
z-limits meet at the single point (1,1). So D is the triangle with vertices (0,0),
(5,0), (1,1). Map each boundary line:

r=y — v=y—x =0,
r+4y=5 = u=>5,
y=0 = u=z, v=—10 = v=—u.

The vertices map as
Hence the image is the triangle with vertices (0,0), (5, —5), (5,0):

S={(u,v):0<u<5b, —u<v<0}

12
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(C§he<clg x;vith the interior point (2,1) € D: it maps to (u,v) = (4,—3), and —4 <
5 < 0.

Integrand. (z + 4y)e¥V™" = ue".

Change of variables. The map (u,v) +— (z,y) is linear, so it has continuous first

partial derivatives, and its Jacobian % is nonzero, so it is one-to-one from S onto D.

The integrand is continuous on D. By the change of variables theorem,

15—y 1 (5 (0
/ / (x +4y)e! *drdy = // ue’ oz, y) dA = —/ / ue’ dv du.
0 y S 5 0 —u

O(u,v)
Inner integral in v:
0
/ ue’ dv = u[e”}(iu =u(l—e™)=u—ue"

5 2715
25
/udu:{u—} = —,
0 2, 2

Second, the hint with a = —1 gives [ue " du =

Outer integral: first,

SO
5 5
/ ue " du = [—(u + 1)6_“] =—6e " —(=1)=1—6e".
0 0
Therefore
1 5—4y 1 2
/ / ($+4y)eyxdxdy——<—5—(1—6 5))
0 Jy 5\ 2
123
== 5 <7 -+ 66 )
B,
110 5ed

(iii) Use spherical coordinates x = psingcosf, y = psingsinf, z = pcos¢o, with p > 0,
0 < ¢ < m measured from the +z-axis, 0 < # < 27. Expanding the Jacobian determinant
along the third row,

0(z,y, 2) singcosf pcospcosf —psin@sinf
a’—y’e = |sin¢sinf pcos¢sinf  psin@cosl
(p; ¢, cos ¢ —psin ¢ 0

= cos gb(p2 sin ¢ cos ¢ cos? 6 4 p? sin ¢ cos ¢ sin? 9)
+ psin gb(p sin? ¢ cos® 0 + psin® ¢ sin? 8)
= p?sin ¢ cos® ¢ + p*sin® ¢ = p*sin ¢,
which is > 0 for 0 < ¢ < ;50 dV = p?sin ¢ dpde do.
Region. x* +y*+ 22 = p* < 4 gives 0 < p < 2. For p > 0,

3
2 <Pty = pPcos’d < pPsin®¢p <= |cosg| <sing — £§¢§Zﬂ,
using sin¢ > 0 on [0, 7]. There is no restriction on 6. Hence
3
Ez{(p,¢,0):0§p§2, T<e<T 0§9§2w}.

13
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Volume.

2 p3w/4 2
V:/ / / p?sin ¢ dp dep db.
0 w/4 0

2 103 2 8
/ p’singdp = sin ¢ {—] = —sin ¢.
0 31, 3

Innermost integral in p:

Middle integral in ¢:

m/
/3 4§Sin¢dgb:§[—cosgb]3ﬂ/4:§(£+£):%.
x4 3 3 i 3

Outer integral in 6:

27
/ —8\/5 df = 27 - —8\/5.
0 3 3
Therefore
v 16\?{%'

14
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Method 2: Slicing with a polar double integral; inverse Jacobian; direct integration
by parts; complement in the ball

(i) Slice E' by the planes z = const. For each z € [1,2] the cross-section is the disk D =
{z% + y* < 1}, and the integrand does not depend on z. By Fubini’s theorem with 2z

outermost,
2
[ vasrav= [ ([[ v a
E 1 D

Evaluate the double integral in polar coordinates, dA = rdrdf, D ={0<r <1, 0 <
6 < 2rm}:

2 1 27 371 27
1 2
// \/:L‘z—l—y?dA:/ /r-rdrde):/ {’"—] de:/ Sqp =2
D 0 0 0 3 0 0 3 3

/ —dz— z]f 2;(2—1) 27/3

Then

(ii) (a) Solve for z,y: v —4v = 5z and u + v = by, so

u — 4v U+

Tr =

The partial derivatives are

SO

Oz,y) 1 1 [ 4 1_1+4_1
5 5 5/ 5 25 25 5

The maps (z,y) — (u,v) and (u,v) — (x,y) are inverse to each other, so by the
Chain Rule the product of their Jacobian matrices is the identity matrix, and taking
determinants,

0 0 0 1

(u7v)' (x’y)zl — (U,U):_:

Iz,y) I(u,v) O(z,y) 1

(b) This method should be used only if the course allows this interpretation (it integrates
directly in = and y without the transformation).

x

Inner integral in x. With y fixed, write e~ = eYe™ and integrate by parts with

p=x+4y, dg=e*dx,so dp= dxr and ¢ = —e™*:

/(:c +4y)e P dr = —(x +4y)e " + /e’” dz
=—(r4+4y)e " —e"+C=—(r+4y+1)e*+C.
Multiplying by €Y, an antiderivative of (z + 4y)eV™" in x is —(z + 4y + 1)eV*. At

r=5—4y r+4dy+1=6andy—xr=5y—5. Atz =y: x+4y+1=>5y+1 and
y —x = 0. Hence
r=5—4y

5—4y
/ (x +4y)e?"de = |—(x + 4y + 1)ey’x] = —6e”° 4+ (5y + 1).
y =y

15
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Outer integral in y. First,

1 2 1
oY ) 7
5y + 1) dy = |22 =2 41="
/O(y+)y [2+y10 5 1=3

Second, substitute s = 5y — 5, ds = 5dy; when y = 0, s = —5, and when y = 1,

s=0:
! 5y—>5 6 0 s 6 510 6 —5
/Oﬁey dyzE/_se ds:g[e}_5:g(1—e ).
Therefore
1 p5—dy 76
// (z+4y)e’ “dzdy == — - (1 —e™)
0 Jy 2 5
3 12 6
T 10 105
123 6
“l10 e

(iii) The region E is the ball B = {z?+y*+2? < 4} with the two solid cones {2? > z?+y?, z >
0} and {2? > z? + y?, 2z < 0} (inside the ball) removed. In the spherical coordinates of
Method 1, with dV = p?sin ¢ dpde¢ df, these pieces are 0 < ¢ < 7 (ball), 0 < ¢ < 7/4
(upper cone) and 37/4 < ¢ < 7 (lower cone), each with 0 < p <2, 0 <60 < 27. The p
and 6 integrals contribute f02 p*dp =5 and f027r df = 27 in each case.

Ball:
167

Vo= 2m -2 [ cosg]] = 0 (~(-1) +1) = .

Upper cone:

Lower cone:

8 x
V_ :27T'§|:—COS¢]3W/4: T

The cone surfaces ¢ = w/4, ¢ = 3w /4 have zero volume, so

321 32 2\ 321 V2
V:VB—V+—V_:—7T——7T<1 f) T V2

3 3 2 3 27
that is,
v 16\?{%.
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Method 3: Fubini in the other order in the uv-plane; cylindrical coordinates

(ii) (b) Use the inverse transformation, the Jacobian |0(x,y)/8(u,v)| = £ and the image

triangle S with vertices (0,0), (5,—5), (5,0) exactly as in Method 1. Describe S
with v outermost: for each v € [—5, 0], the horizontal segment through S runs from
the line v = —u (that is, u = —v) to the line u = 5, so

S ={(u,v): =5 <v <0, —v<u<5}.

By Fubini’s theorem (the integrand ue’ is continuous on S),

5—4y
// (x +4y)e’*dedy = - / / ue’ du dv.
—5J—v

Inner integral in wu:
5 275 v 2
u e’ (25 — v?)
v d =V | — = "\
/_ we au=e { 2 ]U 2

v

1 0
So the integral equals 0 / (25 — 112) e’ dv. First,
-5

0
/ 25¢" dv = 25[¢’]”, =25 (1 — 7).

-5

Second, integrate by parts twice. With p = v?, dg = e? dv:

/1126” dv = v?%e¥ — /2ve” dv,

and the hint with a = 1 gives [veVdv =e"(v — 1)+ C, so
/UQGUdU =0’ —2e"(v— 1)+ C =¢e" (¥ =20 +2) + C.
Hence

0 0
/U2€vdU2[6v<U2—2U+2)i| =2—-e¢?(25+10+2)=2—37e".

_5 5

Therefore
1 5—4y 1
/ / (x +4y)e’ *dedy = 1 (25 — 25" — 24 37e™°)
0 Jy
1

=1 (3 +12e7)

23 6

E+5e5’

(iii) This method should be used only if the course allows this interpretation (the question asks
for spherical coordinates; this route uses cylindrical coordinates).

Use cylindrical coordinates, dV' = rdzdrdf (Jacobian computed in part (i) of Method
1). The conditions become

422 <4 = |2] < V412 2 <r? = |zl <

17
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So for fixed r € [0,2], |2| < min (r, v4 — r?). Since
r<Vi—1? = P <4—1? = P <2 = r<V2,

the region splits at r = /2:

2 Va—r2
/ / /szdrdﬁ—i-/ // rdzdrdé.

First piece. The z-integral is r[z} ir = 2r% and

0 13y, 3 37

4f 8v2m

so the first piece is 27 - —— = 3

Second piece. The z-integral is r[z} f/r_— = 2rv/4 — r2. Substitute w = 4 — r?, dw =

—2rdr; when r = v/2, w = 2, and when r = 2, w = 0:

2 0 2 2 29 44/2
/ 2rvV4 —r2dr = / w1/2(— dw) = / w'’? dw = {—wgﬂ} =>.2V/2= L_7
V2 2 0 3 o 3 3

so the second piece is 27 - —— =

4f 8?”. Adding,

that is,

_16v2r

Marking scheme (17 marks)

(i) (4 marks) 1 mark: correct cylindrical bounds; 1 mark: correct integrand and Jacobian;
1 mark: correct integration; 1 mark: obtains 27/3.

(ii) (8 marks)
(a) (3 marks) 2 marks: forms the determinant; 1 mark: obtains 5.

(b) (5 marks) 1 mark: inverts the transformation and finds |0(z,y)/0(u, v)|; 2 marks:
maps the region correctly; 1 mark: transforms the integral; 1 mark: obtains 23/10+

6/(5e°).

(iii) (5 marks) 2 marks: correct spherical bounds; 2 marks: correct volume integral; 1 mark:
obtains 16\/57/3.

18
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Question 3 (17 Marks)
(beyond 2026 midterm scope)

QUESTION 3.
(i) (beyond 2026 midterm scope) [4 marks| Let C' be the curve parametrised by x = 3t and

y = t* where 0 < ¢t < 1. Evaluate /(5’33 +y)ds.
c

(ii) (beyond 2026 midterm scope) [4 marks] Find the work done by the vector field F =
(x3 — y3, 2y?) along the curve parametrised by z = ¢? and y = t> from ¢t = —1 to ¢t = 0.

(iii) (beyond 2026 midterm scope) [4 marks] Determine if the vector field F = (3z%y? +
e”, 223y + sin(y)) is conservative. If so, find a potential function f for F.

(iv) (beyond 2026 midterm scope) [5 marks| Let C' be part of the curve (in the xy-plane)
described by polar coordinates as r = sin(f) where 0 < # < 7. Find the length of C.

Solution
Method 1: Parametric line integrals, the cross-partial test, polar arc length
(i) With z(t) = 3t and y(t) = 13,
7' (t) = 3, Y (t) = 3t%,
so the arc-length element is

ds = /7' ()2 + /()2 dt = V9 + 9t1dt = 3v/1 + 1 dt.

Along C the integrand is
¥y = (313 + 13 =273 - 13 = 2843,

Hence

1 1
/(a:3+y)ds=/ 28t3-3\/1+t4dt=84/ tV1+ ¢t dt.
C 0

0
Substitute v = 1 + ¢4, du = 4t3d¢t, so t3dt = idu; when t =0, v = 1, and when t =1,
u =2

2

1 1 [? 2
84/ t3\/1+t4dt:84-1/ w2 du = 21 [gu?’ﬂ}
0 1

=14(2%% —1) =[14(2v2 - 1)

1

(ii) Let r(t) = (t*,¢*), —1 <t < 0. Then
r'(t) = (2t,3t%).
On the curve, 23 =%, y3 = ¢° and zy? =2 - t5 = %, s0

F(r(t)) = (t° =7, t%).
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(iii)

The dot product is
F(r(t)) - r'(t) = (t° —2)(2t) + 3(3t%) = 2¢7 — 2! 4 310 = 2" + +°.

Hence the work is

W= j F(r(t)) - r'(t)dt = /_01(2157 +t10)dt = E T %}:
=0- ((_41)8 + (_111)11) - G N %)
_ _114_;4 —[—7/44

Write F = (P, Q) with P = 32%y* + e and Q = 223y + siny. The partial derivatives are

Py = a% (327" +e7) =627y,  Qu= % (22%y + siny) = 62y.

P and @ have continuous first partial derivatives on R?, which is open and simply con-
nected, and P, = (), everywhere. By the cross-partial test for conservative fields, F is
conservative.

To find f with Vf = F, integrate f, = P in x:
fz,y) = / (32%y* + €*) da = 2°y* + * + h(y).
Differentiate in y and match with Q:

fy =22% + W (y) = 22°y +siny = K(y) =siny = h(y) = —cosy + K.

Taking K = 0 and checking, f, = 32?y> + ¢” = P and f, = 223y + siny = Q). Hence F
is conservative with potential

f(z,y) = 23y* + e* — cosy.

For a polar curve r = r(), a < 6 < 3, traced once, the arc length is

B dr\?
L= 2 —
/a T+(d0) do

dr
d6

Here
r =siné, = cosf,
SO

r? 4 ﬂ 2:sir128—|—cos26’:1
d6 '

The curve is traced once on [0, 7]: for 0 < § < 7 we have r = sin# > 0, so different values
of 8 give points in different directions from the origin, and only = 0 and 6 = 7 give the
origin. Hence

L:/ Vido = [0]; =,
0
that is,

L=mn
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Method 2: Reparametrisation by z; potential for one component; integrating @
first; Cartesian parametric arc length

(i) The scalar line integral [,hds does not depend on the parametrisation of C. Since
r=3tt=x/3 and y = t3 = 23/27, so C is the graph

y=p(r)=— 0<xz<3.

Then ¢'(z) = ~ and

— ! 2 — p—
V1+ ¢ (x)?de \/1+81dx

Along C the integrand is

N N a3 28:63
vy =att o=
xt 4a3 3 81
Substitute w =1 + — Tk dw = gdx so z°dx = Zdw when z = 0, w = 1, and when

x:3,w:1+8—1—2

4 2 1
/x +v) ds-/ \/ %dx—zi SZ w'? dw

— 91 E /21 — 14 (2\/5 - 1) = 14(2v2 — 1)

(ii) Split F = G + H with
G = <[E3,O> H= <_y37 l’y2>

The field G. G = Vi with ¢(z,y) = %, since ¥, = 2* and ¢, = 0. The curve starts
at r(—1) = (1,—1) and ends at r(0) = (0,0). By the Fundamental Theorem for line
integrals,

/G dr = (0, 0) — ¢(1,—1):o—i:—}1.
The field H. With r(t) = (t2,13), v'(t) = (2t,3t?) and H(r(t)) = (—t°, %),

H(r(t)) - r'(t) = (—1°)(2t) + t*(3t%) = —2t'0 + 310 = ¢,

0 1170
/H-dr:/twdt:{t—} :o—<_i>:i.
c _1 11 1 11 11

Adding the two pieces,

SO

1+ 1 —11+4
4 11 44

—|—7/44

(iii) The cross-partial test is the same as in Method 1: P, = 6z*y = @, on the simply
connected domain R?, so F is conservative. Now integrate f, = @ in y first:

flz,y) = / (2x3y + sin y) dy = 2°y* — cosy + g(x).
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Differentiate in z and match with P:
fo =32 + ¢ () =327 + " = ¢ (v) =e¢" = g(x) =" + K.

Taking K =0,

f(z,y) = 23y? 4+ e — cosy.

(iv) In Cartesian form, x = rcosf and y = rsinf with r = sin§ give

1 — cos 20

1
z(f) = sinf cosh = 5 sin 26, y(0) = sin®f = 5 : 0<6<m.

Differentiate:
/ 1 / 1 . .
37(9)25-20082(9:C0829, y(9)25-2sm29:sm29.

The speed is

V' (0)2 +y/(0)2 = v/ cos2 20 + sin? 260 = 1.

The point (z,y) = 3(sin20, 1 — cos26) is determined by the angle 26, which runs over
0, 27) exactly once for 6 € [0, 7), so no arc is counted twice. Hence

L:/ 1d0 =,
0

L=mx

that is,
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Method 3: Elimination of the parameter; potential by integration along a path;
circle circumference

(ii) Write the work as W = [, Pdz + Qdy with P = 2* —y?, Q = xy?, and use = as the
parameter. For —1 <t < 0 we have t <0 and z = {?, so t = —/x and

3
y=t==a'2  dy=- o'

As t runs from —1 to 0, z = 2 runs from 1 to 0. On the curve,

P:x3—(—x3/2)3:x3+x9/2, Q:x(—x3/2)2:x.x3:x4‘
Hence
3 9/2 4 3 12 5 1 ogp
de+Qdy:(x +x )dx—I—a: —Em der =[xz —§x dz,
and

0 1 ! 1
W= / <x3 - —x9/2> do = —/ (x3 . —:109/2) dz
1 2 0 2

12 ] 11
— | S22 (2 ) =|—7/44
[4 2 11" }0 (4 11) 7/

(iii) Define f(x,y) as the line integral of F from (0,0) along the segment to (z,0) and then
along the segment to (z,y).

First segment. r1(s) = (s,0), s from 0 to x, ri(s) = (1,0):

/ P(s,0)ds = / (32 -0+¢€°) ds = [es]z =e’ — 1.
0 0
Second segment. ro(s) = (x,s), s from 0 to y, rh(s) = (0,1):

= 23y* — cosy + 1.

v Y
0 0

/Oy Q(z,s)ds = / (22°s +sins) ds = [m3s2 — cos 3}

Adding,
flr,y) =¢" =1 +x3y2 —cosy+1= x3y2 +e” —cosy.

Verification of Vf = F'
fe = 3x2y2 +e* =P, fy = 2x3y +siny = Q.

So F has a potential on R? and is therefore conservative, with

f(z,y) = 2°y* + " — cosy.

(iv) Multiply r = sin by r: r? = rsin 6, that is, 2% +y* = y (this adds only the origin, which
is already on the curve at §# = 0). Complete the square in y:

z® +y? +1—1<:>:U2+ 12— Ly’
y=9y7Ty=1 ¥=5) =\3) -

23


https://qrsntu.org

MH2100 Calculus IIT — Midterm 1T AY22/23 QRS@GNTU

1—cos 260

So C' lies on the circle with centre (O, %) and radius % Using x = % sin 20 and y = ===,

1 1, .
(m, Y — 5) =3 (sin20, —cos20).

As 0 runs over [0, ), the angle 26 runs over [0, 27) exactly once, so each point of the circle
is reached exactly once (and 6 = 7 returns to the start). Hence L is the circumference:

that is,

Marking scheme (17 marks)

(i) (4 marks) 1 mark: obtains ds; 1 mark: substitutes the integrand; 1 mark: uses a valid
substitution; 1 mark: obtains 14(2y/2 — 1).

(ii) (4 marks) 1 mark: finds r’; 2 marks: forms the work integrand; 1 mark: obtains —7/44.

(iii) (4 marks) 1 mark: checks P, = @),; 2 marks: constructs a potential; 1 mark: gives a
valid final potential.

(iv) (5 marks) 2 marks: states the polar arc-length formula; 2 marks: simplifies its integrand,;
1 mark: obtains .
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