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QUESTION 1 (15 marks)

An urn contains 4 blue balls and 3 red balls. A fair die is rolled. If the number shown on
the dieis ¢ (i = 1,2,--- ,6), then i balls are drawn from the urn uniformly at random
without replacement.

(a) (5 marks) When ¢ = 3, what is the probability that all balls drawn are red?

(b) (10 marks) Given that all balls drawn are red, what is the probability that the

remaining balls in the urn are all blue?
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QUESTION 2
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For each 6 € [0,7/2), we define a planar region Ay as
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(a) (5 marks) Find the marginal distribution of X. 2039 - Yot §
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(b) (5 marks) Find the conditional density function of Y given X = z.
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(e) (5 marks) Find Var(Y').

(f) (5 marks) Are X and Y correlated? If they are correlated, are they positively or
negatively correlated? if they are not correlated, are they independent? State your
reason.
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QUESTION 3 (20 marks)

Suppose that a fair die is rolled n times independently. For each ¢ = 1,--- ,6, let X; denote
the number of times 7 appears.

(a) (2 marks) Find the probability mass function of Xo.

(d) (4 marks) Find the probability mass function of X, + Xj.
(e) (10 marks) Find Cov(Xs, X4).
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QUESTION 4 (20 marks)
For each integer m > 1, we define 2m numbers by, 1, - - , by 2m as follows:
3 Conster !

Let Y}, Y5, --- be ii.d. random variables such that Pr{Y; =0} = Pr{}i’,l =1}=1/2.

. ) 1 <1< m;
e 1—1, m+1<i<2m.

(a) (10 marks) Show that there exists a constant ¢; > 0 (which does not depend on m)
such that for all m > 1,
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(b) (10 marks) Show that there exists a constant ¢y > 0 (which does not depend on m)
suich that for all m
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