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Overview

e Lecture coverage: Lectures 4-6 — the definition of the limit of a sequence, the Al-
gebraic Limit Theorem, the Order Limit Theorem, the Squeeze Theorem, and Cauchy
sequences.

e Questions: 8 questions from Tutorial Question Set No. 2 (main Q1-Q5, Additional
Questions A1-A3).

e Notation: as in lectures — N = {1,2,3,...} (does not include 0); a sequence is
{a,}; a limit is written value-first, a = lim a,,; a property holding eventually means
it holds on some tail ay,anyiq,. ...

e Running restriction: Q4 and Q5 explicitly forbid the Algebraic Limit Theorem
and (for Q5) the Cauchy Criterion; Method 1 and Method 2 in those two questions
are therefore built from the raw -V definitions only; a method that uses an excluded
tool carries a scope note.

e Question themes: Q1 examples and counterexamples for convergence; Q2 e-N
verification of three limits; Q3 bounded times null; Q4 definition-only limits of %,
Van, i; Q5 Cauchy sequences under scaling and squaring; Al a linear recurrence;
A2 Cesaro means; A3 double versus iterated limits.
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Question 1 (Eight true/false statements about conver-
gence and divergence)

Problem

Determine if each of the following statements is true.
(a) There is a sequence with an infinite number of 1’s and does not converge to 1.

(b) There is a sequence with an infinite number of 1’s and converges to a limit not
equal to 1.

(c) There is a divergent sequence such that for every n € N it is possible to find n
consecutive ones somewhere in the sequence.

(d) There are sequences {a,} and {b,}, which both diverge, but whose sum {a,, + b,}
converges.

(e) There are sequences {a,} and {b,}, where {a,} converges, {b,} diverges, and
{an + b,} converges.

(f) There is a convergent sequence {b,} with b, # 0 for each n € N such that {1/b,}
diverges.

(g) There is an unbounded sequence {a,} and a convergent sequence {b,} with
{a,, — b, } bounded.

(h) There are sequences {a,} and {b,}, where {a,b,} and {a,} converge but {b,} does
not.

(Tutorial 2, Q1.)

Solution

The eight statements are unrelated, so each part is solved on its own. Throughout, the
negation of “a = lima,” is used in the form: there is ¢ > 0 such that for every N € N
there is n > N with |a,, — a| > e.

Part (a): True

Method 1: Explicit example; divergence from the definition of limit. Define
a, := 1 for odd n and a,, := 0 for even n, so {a,} =1,0,1,0,.... Every odd n € N gives
a, = 1, and there are infinitely many odd natural numbers; hence {a,} has an infinite
number of 1’s.

Proof. We show that {a,} does not have the limit 1. Take ¢ := 3 and let N € N be

arbitrary. Put n :=2N. Then n > N and n is even, so a, = 0 and
a, =1 =10-1=1>1=¢.

Therefore for every N € N there is n > N with |a, — 1| > . Hence {a,} does not
converge to 1 (def. of limit). O

True; a,, = 1 (n odd), a, =0 (n even).

3
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Method 2: Consecutive terms and the Cauchy Criterion. Use the same sequence
a, =1 (n odd), a, =0 (n even).

Proof. Suppose, for contradiction, that {a,} converges. Then {a,} is Cauchy (Cauchy
Criterion, convergent —> Cauchy). Applying the definition of a Cauchy sequence with
e := 3, there is N € N such that |a, — a,,| < & for all n,m > N. Take n := N and
m := N + 1. Exactly one of N, N 4 1 is odd, so one of ay,any; equals 1 and the other
equals 0. Therefore

lay —ani1| =12 3,

which contradicts |ay — an+1] < 3. Hence {a,} diverges, and in particular {a,} does not
converge to 1. U

True; a, = 1 (n odd), a, =0 (n even).

Part (b): False

Method 1: Contradiction with ¢ = 3 |a — 1|. Let {a,} be any sequence with a, =1
for infinitely many n € N.

Proof. Suppose, for contradiction, that a = lima, with a # 1. Then |a — 1| > 0, so
e := 1 ]a— 1| > 0. By the definition of @ = lima,, there is N € N such that |a, — a| < ¢
for all n > N. The set {n € N : a,, = 1} is infinite and {1,..., N — 1} is finite, so there

is ng > N with a,, = 1. Therefore

o = 1| = [an, —al (@n, = 1)
<e=12la—1| (ng > N)

—> 1]a—1| <0, which contradicts |a — 1| > 0. Hence {a,} has no limit a # 1. O

False; a sequence with infinitely many 1’s can only converge to 1, never to
another limit.

Method 2: Direct proof that |a — 1| < ¢ for every ¢ > 0. Let {a,} have a,, = 1 for
infinitely many n, and suppose {a,} converges, with a = lima,,. We show a = 1.

Proof. Let ¢ > 0. By the definition of @ = lim a,,, there is N € N such that |a, —a| < ¢
for all n > N. As in Method 1, there is ny > N with a,, = 1. Hence

11 —a| =|ay, —al <e.

Therefore 0 < |a — 1| < ¢ for every € > 0. If |a — 1| > 0, then the choice ¢ := |a — 1|
gives |a — 1| < |a — 1|, which is false; hence |a — 1| = 0, i.e. @ = 1. Thus every limit of
such a sequence equals 1. Il

False; a sequence with infinitely many 1’s can only converge to 1, never to
another limit.

Method 3: Constant subsequence and Subsequential Limits. (Uses Lecture 7:
Subsequential Limits; beyond the Lectures 4-6 scope of this tutorial.)

4
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Proof. Let {a,} have a, = 1 for infinitely many n, and suppose a = lima,. Let n; be
the least n € N with a,, = 1, and for each k € N let ng,; be the least n > ny with a,, = 1;
such an n exists because infinitely many indices carry the value 1. Then ny < ng < ---,
so {an, } is a subsequence of {a,}, and a,, = 1 for every k € N. For every ¢ > 0 and
every k > 1, |a,, — 1| =0 < ¢; hence 1 = lima,,. By Subsequential Limits, a = lima,, .
Therefore a = 1 (Uniqueness of Limits). O

False; a sequence with infinitely many 1’s can only converge to 1, never to
another limit.

Part (c): True

k(k+3)

Construction. Put py := 0 and p;, := for £ € N. Then for every k € N,

k(k+3)—(k—1)(k+2 k2 +3k) — (K> +k—2
ooy = HEED = ED) (30— ) i

so0=py < p1 <py <---,with p; =2, po =5, p3 = 9. Define a,, := 0 if n = p, for some
k € N, and a,, := 1 otherwise:

{a,}: 1,0,1,1,0,1,1,1,0,...

Runs of ones. Let n € N. The n indices p,_1 + 1,...,p,—1 + n lie strictly between p,,_;
and p, = p,—1 + n + 1. Since the p; are strictly increasing, none of these indices equals
any pi. Hence a; =1for j =p,_1+1,...,pp—1 +n, ie. {a,} contains n consecutive 1’s.

Two neighbouring indices. For each N € N, a,, =0, and py —1 =py_; + N is the
last index of the run just described (with n = N), so a,,-1 = 1. Moreover

_ N?4+3N—-2-2N (N-1)(N+2) S

—1)—N

so both py — 1> N and py > N.
Method 1: Divergence from the definition with ¢ = %

Proof. Suppose, for contradiction, that a = lima, for some a € R. Applying the
definition with e := 3, there is N € N such that |a, —a| < % for all n > N. By the
paragraph above, the indices py — 1 and py are both > N, with ap, 1 = 1 and a,, = 0.
Therefore

1= |apN—1 - ale

<apy—1—al +]a—apy| (Triangle Inequality)
i.e. 1 <1, a contradiction. Hence {a,} diverges. O

True; growing runs of 1’s (length n) separated by single 0’s, diverging by
the argument above.
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Method 2: Cauchy Criterion on the neighbouring indices py — 1, py. Use the
same sequence and the neighbouring indices from the construction.

Proof. Suppose, for contradiction, that {a,} converges. Then {a,} is Cauchy (Cauchy
Criterion), so for ¢ := 1 there is N € N such that |a, — ay,| < 3 for all n,m > N. Take
n:=py — 1 and m := py; both are > N. Then

|, — ap| =11-0/=12> 1,

which contradicts |a, — a,,| < 1. Hence {a,} diverges. O

True; growing runs of 1’s (length n) separated by single 0’s, diverging by
the argument above.

Part (d): True

Method 1: Unboundedness via the Archimedean Property. Let a, := n and
b, := —n for n € N.

Proof. Let M > 0. By the Archimedean Property there is n € N with n > M, so
la,| = |bn] = n > M. Hence no M > 0 satisfies |a,| < M for all n, ie. {a,} and
{b,} are unbounded. Every convergent sequence is bounded (Boundedness of Convergent
Sequences); therefore {a,} and {b,} both diverge. Moreover a,,+b, = n—n = 0 for every
n € N, so for every € > 0 and all n > 1, |(a, + b,) — 0] = 0 < e. Hence 0 = lim(a,, + b,)
(def. of limit). d

‘True; a, =n, b, =—n, a, + b, =0 for all n.

Method 2: Consecutive differences and the Cauchy Criterion. Use the same
a, =n, b, = —n.

Proof. Suppose, for contradiction, that {a,} converges. Then {a,} is Cauchy (Cauchy
Criterion), so for € :=  there is N € N such that |a,, — a,,| < § for all n,m > N. Taking

n:= N+1and m := N gives |ay41 —ay| = |(N+1) — N| =1 > 3, a contradiction.

Hence {a,} diverges. The same argument with |by;; — by| = |—(N + 1) + N| = 1 shows

that {b,} diverges. Finally a, + b, = 0 for every n, so |(a, + b,) — 0] = 0 < ¢ for every

e >0 and all n > 1; hence 0 = lim(a,, + b,) (def. of limit). O
‘True; a, =n, b, =-n, a, +b, =0 for all n‘

Part (e): False
Method 1: Algebraic Limit Theorem applied to b, = (a, + b,) — a,.

Proof. Suppose, for contradiction, that a = lima,, s = lim(a, +b,), and {b,} diverges.
For every n € N,
by, = (ay, + b,) + (—1) ay,.

By the Algebraic Limit Theorem, part (1) with ¢ = —1, —a = lim(—a,). By part (2),
applied to {a, + b,} and {—a,}, s —a = lim((a, +b,) + (—a,)) = limb,. Therefore {b,}
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converges, which contradicts the assumption that {b,} diverges. U

False; if {a,} and {a, + b,} converge then {b,} = {(a, + b,) — a,} converges,
by the Algebraic Limit Theorem.

Method 2: Direct e-N proof that s — a = limb,.

Proof. Let a = lima, and s = lim(a, + b,), and let ¢ > 0. By the definition of
s = lim(a, + by), there is Ny € N such that [(a, +b,) — s| < § for all n > N;. By the
definition of a = lima,, there is No € N such that |a, —a| < § for all n > Nj. Let
N := max{Ny, No}. For all n > N,

b, — (s —a)| = ’((an—i-bn)—s) —(an—a)|
|

< |(an + by) — s| + |an, — al (Triangle Inequality)
<%+%:€ (nle,nzNg)
Therefore s —a = limb,, (def. of limit), so {b,,} cannot diverge. O

False; if {a,} and {a, + b,} converge then {b,} = {(a, + b,) — a,} converges,
by the Algebraic Limit Theorem.

Method 3: Cauchy Criterion.

Proof. Let {a,} and {s,}, s, := a, + b,, converge. By the Cauchy Criterion both are
Cauchy. Let € > 0. There is N; € N such that |s,, — s,,| < § for all n,m > Ny, and there
is N € N such that |a, — a,,| < § for all n,m > N,. Let N := max{Ny, Np}. For all
n,m> N,

|bn—bm|:|(sn—5m)—(an—am)\§|5n—5m|+|an—am]<§+§:a

Therefore {b,} is Cauchy, and hence {b,} converges (Cauchy Criterion). So {b,} cannot
diverge. U

False; if {a,} and {a, + b,} converge then {b,} = {(a, + b,) — a,} converges,
by the Algebraic Limit Theorem.

Part (f): True
Method 1: b, = 1/n; convergence from the definition, divergence by unbound-

1
edness. Let b, := — for n € N; then b,, # 0 for every n.
n

1
Proof. Let ¢ > 0. By the Archimedean Property choose N € N with N > —. For all
€
n>N,
b, — 0] =

<1<
— <e.
N

S|
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1
Hence 0 = limb, (def. of limit). Next, =N for every n. For every M > 0 the

Archimedean Property gives n € N with n> M , so {1/b,} is unbounded. Every con-
vergent sequence is bounded (Boundedness of Convergent Sequences); therefore {1/b,}
diverges. U

True; b, =1/n — 0, b, # 0, but 1/b, = n diverges (unbounded).

Method 2: Contradiction through the product b, - (1/b,) = 1. Use the same
1

b, = —, with 0 = lim b,, as in Method 1.
n

1
Proof. Suppose, for contradiction, that L = lim ™ for some L € R. For every n € N,

1 1
by, - b 1. By the Algebraic Limit Theorem, part (3), lim (bn . b_> =0-L=0. The
constgnt sequence 1,1,1,... also has the limit 1, because |1 — 1] :% < ¢ for every € > 0

and all n. By Uniqueness of Limits, 1 = 0, a contradiction. Therefore {1/b,} diverges.
0J

True; b, = 1/n — 0, b, # 0, but 1/b, = n diverges (unbounded).

Part (g): False
Method 1: Contradiction through the Triangle Inequality.

Proof. Suppose, for contradiction, that {a,} is unbounded, {b,} converges, and
{an — by} is bounded. Since {a, — b,} is bounded, there is M; > 0 with |a,, — b,| < M,
for all n € N. Since {b,} converges, it is bounded (Boundedness of Convergent
Sequences), so there is My > 0 with |b,| < M, for all n € N. Therefore, for all n € N,

|an| = [(an — by) + byl
<|ay, — by| + || (Triangle Inequality)
< M, + M.

Hence {a,} is bounded by M; + M, > 0, which contradicts the assumption that {a,} is
unbounded. i

False; a,, = (a,, — b,) + b, is bounded whenever {a, — b,} and {b,} are, by the
triangle inequality.

Part (h): True

Method 1: Divergence of (—1)" from the definition with ¢ = 1. Let a, := 0 and
b, == (—1)" for n € N.

Proof. Since a,, = 0 for every n, |a, — 0| = 0 < ¢ for every € > 0 and all n, so 0 = lim a,,.
Likewise a,,b,, = 0 for every n, so 0 = lim a,,b,,. Suppose, for contradiction, that b = lim b,,.
Applying the definition with e := 1, there is N € N such that |b, — b| < 1 for all n > N.
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Take ny := 2N (even, so b,, = 1) and ny := 2N + 1 (odd, so b,, = —1); both are > N.
Then

2= |bn1 o bnz’
< |bp, — b + |b— by, (Triangle Inequality)
<1l+4+1=2, (nl,nQZN)
i.e. 2 < 2, a contradiction. Hence {b,,} diverges. O

True; a, =0 (— 0), b, = (—1)" (diverges), a,b, =0 (— 0).

Method 2: Consecutive differences and the Cauchy Criterion. Use the same
a, =0, b, =(=1)"; 0 =lima, and 0 = lim a,b, as in Method 1.

Proof. Suppose, for contradiction, that {b,} converges. Then {b,} is Cauchy (Cauchy
Criterion), so for € := 1 there is N € N such that |b, — b,,| < 1 for all n,m > N. Taking
n:=Nand m:= N + 1,

by — bya| = ‘(—1)]\7} 1—-(-D[=22>1,

a contradiction. Hence {b,} diverges. O

True; a, =0 (— 0), b, = (=1)" (diverges), a,b, =0 (= 0).

Method 3: Two subsequences with different limits (Divergence Criterion).
(Uses Lecture 7: the Divergence Criterion; beyond the Lectures 4-6 scope of this tutorial.)

Proof. The sequence {b,} is bounded, since |b,| = 1 < 1 for all n. The even-indexed
subsequence (ny = 2k, strictly increasing) satisfies bor, = 1 for all k, so 1 = lim bog. The
odd-indexed subsequence (my = 2k — 1, strictly increasing) satisfies by, = —1 for all &,
so —1 = limbg_1. Since 1 # —1, the bounded sequence {b,} has two subsequences con-
verging to different limits; therefore {b,} diverges (Divergence Criterion). As in Method
1, 0 =lima, and 0 = lim a,b,. ]

True; a, =0 (— 0), b, = (—1)" (diverges), a,b, =0 (= 0).



https://qrsntu.org

MH3100 Real Analysis I — Tutorial 2 QRSQNTU

Question 2 (e-N verification of three limits)

Problem

Verify, using the definition of limits of sequences, that the following sequences converge
to the proposed limits.

(a) 2 = lim 22t

5  bhn+4
2n?

b) 0 = i .
(b) 1m77,3—|—2’>
: 2

(¢) 0= lim S”i;%)

(Tutorial 2, Q2.)

Solution
Method 1: Definition of limit; bound |a, — a| by C/n? and choose
N by the Archimedean Property

Recall the definition: ¢ = lima, means Ve > 0 thereis N € N such that Vn >
N, la, —al < e. In each part we simplify |a, — a|, bound it above by a multiple of
a power of %, and then choose N so large that this bound is below €.

2 2 1
(a) = lim 5n i 1 For every n € N, put both terms over the common denominator
n
5(bn + 4):
2n+1 2 5(2n+1)—-2(n+4) 10n+5-10n-8 -3
Sn+4 5 5(5n + 4) B 5(5n + 4) ~ 5(5n+4)

Since 5n +4 > 5n > 0, we have 5(5n +4) > 25n > 0, and therefore

2n+1 2

Sn+4 5

3 _3
- 5(5n+4)  25n

for every n € N.

Proof. Let ¢ > 0. By the Archimedean Property, choose N € N with N > f;
€

3
equivalently, BN < e. Let n € N with n > N. Then

M1 2 3 (computation above)
_— = — computation above
Snt+4 5| 5(bn+4) P
3
<o (5(5n + 4) > 25n)
3
< = >N
= BN (n 2 N)
<e. (N>2i5s>

10
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2 1 2 2 1
Therefore for all n > N, 5Z 1 1 5‘ < e. Since ¢ > 0 was arbitrary, == lim SZ 1 1
(def. of limit). O
2 . 2n+1 .
g:hm5n+4 <anyN€NW1thN>2—::’)€>.
. 2 In2 o2n? 2n? .
(b)O:llmn3+3. For every n € N, n3+3>0’ ol et ‘_n3+3' Since

nd+3>n>0,
o2n? <2n2 2 ‘ N
—_— == or every n )
n+3 n3 n Y

2
Proof. Let ¢ > 0. By the Archimedean Property, choose N € N with N > —; equiva-
€

2
lently, ~ < e. Let n € N with n > N. Then

2n? 2n? (positive)
—0| = ositive
n3 + 3 n3 +3 P
2
<= (n®+3 > n?)
n
<2 (n> N)
— n
SN >
<e. <N > §>
2n? ) ) . 2n?
Therefore for all n > N, — 0| < e. Since € > 0 was arbitrary, 0 = lim
n3 + 3 n3+3
(def. of limit). O

2

2
Ozlimng—ijL3 (anyNGNwithN> g)

sin(n?)

n
the cube root is strictly increasing on (0,00): if 0 < < y and /z > ¥y > 0, then
cubing gives x > y, which is false; hence 0 <z <y = o < ¥/y.

(c) 0 =lim . Two facts are used. First, |sin(n?)] < 1 for every n € N. Second,

1
Proof. Let ¢ > 0. By the Archimedean Property, choose N € N with N > —. Since
5
1 1
the cube root is increasing, VN > /1/e? = — i.e. TN <e. Let n € N with n > N;
£
then ¢/n > /N > 0. Therefore

sin(n?) 0' _ sin(m)]

< (|sin(n®)] < 1)
1 , ;

S (¥/n > VN)

<e. (W > %)

11
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. 2 . 2
Therefore for all n > N, sin(’) _ 0| < e. Since € > 0 was arbitrary, 0 = lim sin(r’)
Vn n
(def. of limit). 0
. sin(n?) ' )
0 = lim I (anyNENw1thN>€—3>.

12
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Method 2: Squeeze Theorem with comparison sequences

The question asks for the definition of limit; this method cites the Algebraic Limit The-
orem and the Squeeze Theorem (Lecture 5) and should be used only if the course allows
this interpretation.

1 1
Two null sequences. 0 = lim—: given ¢ > 0, choose N € N with N > -
n €
1 1 1
(Archimedean); then for all n > N, |[—= —0] = — < — < e. Also 0 = lim —: given
n n~— N N
1 1
e > 0, choose N € N with N > 5—3; then for all n > N, I < TN < g, exactly as in
Method 1(c).
2n+1 2 -3 3 3
. F Method 1 ——=——and0< < fi N.
(a). From Method 1, 2= =2 = g =y and 0 < =y < g5, foreveryn €
Proof. For every n € N,
2 3 1 2 3 _2n+1 - 2
5 25 n 5 5(n+4) bn+4d 5
2 3 1 2 3 2
By the Algebraic Limit Theorem, parts (1) and (2), ( ————— ):———~0:—.
y the Algebraic Limit Theorem, parts (1) and (2), lim E % o 25 125 :
The constant sequence —, —,... has the limit —. Therefore - = lim r (Squeeze
55 5 5 on + 4
Theorem). O
. 2n+1
— =lim
5 on + 4
(b).
Proof. For every n € N, n3 + 3 > n3 > 0, hence
0< 2n? <2n2_2 1
n+3 nd T on

1
By the Algebraic Limit Theorem, part (1) with ¢ = 2, lim (2 . —> =2-0=0, and the
n,

constant sequence 0,0, ... has the limit 0. Therefore 0 = lim

O

13 (Squeeze Theorem).

o2n?
n3+3

0 = lim

(c).
Proof. For every n € N, —1 <sin(n?) < 1 and ¥/n > 0; dividing by /n gives

1 sin(n?) 1

< < —.
="n S n

B
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1
By the two null sequences above, 0 = lim —=, and by the Algebraic Limit Theorem, part

In

1
(1) withc=—-1,0= lim<—?>. Therefore 0 = lim
n

sin(n?)

Jn

(Squeeze Theorem). d

0 = lim

sin(n?) .

14
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Method 3: Algebraic Limit Theorem after dividing by the dom-
inant power; bounded times null

The question asks for the definition of limit; this method cites the Algebraic Limit The-
orem (Lecture 5) and Question 3(a) and should be used only if the course allows this

interpretation. The null sequences {%} and {g/iﬁ} are as in Method 2.

(a).

Proof. Dividing numerator and denominator by n > 0, for every n € N,

n+1 242 _( 1) 1
bn+4  544-1 n/ 544-5
Since 0 = lim 1, the Algebraic Limit Theorem gives: lim(2+ 1) =2+ 0 = 2 (part (2));
lim(5+4-2) =5+4-0=5 (parts (1), (2)). Since 544 -1 >0 for every n and 5 # 0,

n

1 2 1 1 2

part (4) gives limm = By part (3), lim 5214 =2- E=E O

2 . 2n+1

— = lim

5 on + 4
(b).
Proof. Dividing numerator and denominator by n® > 0, for every n € N,

2n? 2.1 (2 1> 1
W3 1ts (1) no13()°
By the Algebraic Limit Theorem: lim(%)3 =0-0-0 = 0 (part (3) twice); lim(143(1)?) =
1
1+3-0=1 (parts (1), (2)); since 1 +3(£)3 > 0 for every n and 1 # 0, limﬁ(l)3 =1
o2 !
(part (4)); lim(2- £) =0 (part (1)). By part (3), lim 31 5= 0-1=0. O
n
2n?
0=1 .
R
(c).
Proof. F en, ) _ ey L {sin(n?)} is bounded
roof. For every n ——= = sin(n?) - . The sequence {sin(n?)} is bounde
y ) \B/ﬁ \3/ﬁ q Y
since |sin(n?)| < 1 for all n, and 0 = lim T By Question 3(a) (a bounded sequence
n
(2
times a sequence with limit 0 has limit 0), 0 = lim sin(n”) Il
NAD
. sin(n?)
0 = lim I

15
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Question 3 (Bounded times null, and a warning when
the limit is nonzero)

Problem

In this question, {a,} is a bounded sequence and {b,} is a convergent sequence.
(a) Prove that if {b,} has limit 0, then the sequence {a,b,} has limit 0.

(b) Give an example to show that the sequence {a,b,} may not have a limit if {b, } has
a limit different from 0.

(Tutorial 2, Q)3.)

Solution

Method 1: Squeeze Theorem (a); divergence from the definition
(b)
(a).

Proof. Since {a,} is bounded, there is M > 0 such that |a,| < M for all n € N. For
every n € N,

|anby| = |an| [bn] < M [by|
= —M|b,| < apb, < M |by]|. (Jz] <¢ <= —c <z <¢)

For every n € N, ||b,| — 0| = |b, — 0|. Hence, for each ¢ > 0, any N that witnesses
0 = limb, also witnesses 0 = lim|b,|; therefore 0 = lim|b,| (def. of limit). By the
Algebraic Limit Theorem, part (1) with ¢ = M and with ¢ = —M,

lim(M |b,|) =M -0=0,  lim(=M]|b,]) =—-M-0=0.

Therefore 0 = lim a,,b,, (Squeeze Theorem). d

0 = lim a,b,, whenever {a,} is bounded and 0 = lim b,,.

(b). Let a, := (—1)" and b, := 1 for n € N. Then |a,| = 1 < 1 for all n, so {a,}
is bounded; |b, — 1| = 0 < € for every ¢ > 0 and all n, so 1 = limb, and 1 # 0; and
anb, = (—1)" for every n.

Proof. Suppose, for contradiction, that L = lim(—1)" for some L € R. Applying the
definition with € := 1, there is N € N such that |[(—1)" — L| < 1 for all n > N. Take
ny := 2N and ny := 2N + 1; both are > N, (=1)™ =1 and (—1)" = —1. Therefore

2= 1 (-D)| = (D)™ ~ L) + (L~ (-]

<|(-=1)™ —L|+|L— (=1)"] (Triangle Inequality)
<1+1:2, (nl,’leZN)
i.e. 2 < 2, a contradiction. Hence {a,b,} = {(—1)"} diverges. O

an = (=1)", by=1(—=1+#0), apb, = (—1)" diverges.

16
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Method 2: Direct e-N (a); Cauchy Criterion (b)
(a)-

Proof. Since {a,} is bounded, there is M > 0 such that |a,| < M for all n € N. Let
e > 0. Then % > 0, so by the definition of 0 = limb, there is N € N such that

]bn—0\<%foralln2]\f. For all n > N,

|anbn — 0| = |an| [by]
< M [b,| (lan| < M)
< M- % —e. (n > N)

Therefore for all n > N, |a,b, — 0] < . Since € > 0 was arbitrary, 0 = lim a,b,, (def. of
limit). O

0 = lim a,b, whenever {a,} is bounded and 0 = lim b,,.

(b). Use the same a,, = (—1)", b, = 1, so a,b, = (—1)™.

Proof. Suppose, for contradiction, that {(—1)"} converges. Then it is Cauchy (Cauchy
Criterion), so for € := 1 there is N € N such that |(—1)" — (=1)™| < 1 for all n,m > N.
Taking n:= N and m := N + 1,

(=) — (=) = [N 1= (-1)[ =2 > 1,

a contradiction. Hence {a,b,} = {(—1)"} diverges. O

an = (—=1)", b, =1 (= 1#0), a,b, = (—1)" diverges.

17
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Method 3: Contradiction from the negated definition (a); Diver-
gence Criterion (b)

Part (b) of this method uses Lecture 7 (the Divergence Criterion), beyond the Lectures
4-6 scope of this tutorial.

(a)-
Proof. Let M > 0 with |a,| < M for all n € N. Suppose, for contradiction, that
0 = lim a,b, fails. Then there is ¢y > 0 such that for every N € N there is n > N with

lanb,| > €o. By the definition of 0 = lim b, with EMO > 0, there is Ny € N such that

|b,| < % for all n > Ny. Choose n > Ny with |a,b,| > €9. Then

20 < |anbu| = lan] [ba] < M Jba] < M- =% = &0,

i.e. g9 < g, a contradiction. Therefore 0 = lim a,,b,,. U

0 = lim a,b, whenever {a,} is bounded and 0 = lim b,,.

(b). Use the same a,, = (—1)", b, = 1, so a,b, = (—1)™.

Proof. The sequence ¢, := (—1)" is bounded, since |c,| = 1 for all n. The indices 2k
(k € N) are strictly increasing and co, = 1 for every k, so 1 = lim ¢g;,. The indices 2k — 1

(k € N) are strictly increasing and cop; = —1 for every k, so —1 = limcg,_1. Since
1 # —1, the bounded sequence {c,} has two subsequences converging to different limits;
therefore {c,} = {a,b,} diverges (Divergence Criterion). O

a, = (—=1)", b, =1(—=1%#0), a,b, = (—1)" diverges.

18
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Question 4 (Three e-N proofs with the Algebraic Limit
Theorem banned)

Problem

In this question, {a,} is a sequence of positive real numbers. Use the definition of limits
of sequences to prove the following statements. Do not use the Algebraic Limit
Theorem.

2a, — 1
(a) If 2 =lima,, then 1 = lim ¢ 7
(b) If 2 = lim a,, then v/2 = lim \/a,.

1 1
(c) If 2 =lima,, then i lim .

(Tutorial 2, Q4.)

Solution

Method 1: Direct s-N estimates

Throughout, 2 = lim a,, means: for every n > 0 there is N € N such that |a, — 2| < 7
for all n > N. In each part we express the target distance in terms of |a, — 2| and then
apply this with a suitable 7.

2a, — 1
(a) 1 =lim ¢ . For every n € N,
2a, — 1 2a, —1 -3 2a,—4 2
—1: = = — n—27
3 3 3 3 (n =2)
and therefore
2, — 1 9
—1| == la, —2|.
3 3

3
Proof. Let ¢ > 0. Then n := g > 0, so by the definition of 2 = lim a,, there is N € N

such that |a, — 2| < % for alln > N. For alln > N,

2a, — 1 2 2 3e
—1| = —o< .=
3 ‘ glan—2<g- 5 =¢
Since € > 0 was arbitrary, 1 = lim (def. of limit). O
2a, — 1
1= lim =%~

(b) V2 = lim \/a,. Since a, >0, \/a, is defined and /@, > 0, so \/a, + V2 > /2 > 0.

Multiplying by the conjugate,

(Van —V2) (Van +V2) =a, -2 = a, - \/__\/@—l—\/_ (n € N).

19


https://qrsntu.org

MH3100 Real Analysis I — Tutorial 2 QRSQNTU

Proof. Let e > 0. Then 7 := /2¢e > 0, so by the definition of 2 = lim a,, there is N € N
such that |a, — 2| < v/2¢ for all n > N. For all n > N,

lan — 2|

\a, — \/5’ = conjugate
’ Vg + V2 ( )
|an — 2|
< an +V2>V2
<l (Van )
2
< Q =ec. (n>N)
V2
Since € > 0 was arbitrary, v/2 = lim ,/a,, (def. of limit). 0
\/ﬁzlim\/an.
1 1 1 1 2—apn 1 1 n— 2
(c) 5 = lima—n. For every n € N, o T3 T:’ SO 5_2‘ = MT%" The

denominator 2a, must first be bounded away from 0.

Proof. Step 1. By the definition of 2 = lima,, with n = 1, there is N; € N such that
la, —2| < 1 for all n > N;. Hence —1 < a, —2 < 1, ie. 1 < a, < 3, and therefore
2a,, > 2 for all n > Nj.

Step 2. Let ¢ > 0. By the definition of 2 = lim a,, with n = 2¢ > 0, there is N, € N
such that |a, — 2| < 2e for all n > Ny. Let N := max{Ny, No}. For all n > N,

1 1'|an—2|

a, 2 2a,,
n—2
_|a2 | (2an > 2, n > N})
2
< 78 = (n > Ny)
. . .1 o
Since € > 0 was arbitrary, 5= lim — (def. of limit). O
1
— = lim —.
2 an,
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Method 2: Contradiction from the negated definition

For a sequence {z,} and z € R, “x = limz, fails” means: there is &5 > 0 such that
for every N € N there is n > N with |z, — x| > &p. In each part we assume this and
contradict 2 = lim a,,, using only the identities displayed in Method 1.

(a).

2, — 1
Proof. Suppose, for contradiction, that 1 = lim ¢

fails, with ¢y > 0 as above. By

3 3
the definition of 2 = lim a, with 7 = % > 0, there is N € N such that |a, — 2| < %
2a, — 1
for all n > N. Choose n > N with a4 - 1‘ > go. Then
2a, — 1 2 2 3eg
—1l=2la, -2 <= =2 =g,
el ‘ glan=2l<3-5 =%
. .. . 2a, —1
i.e. g9 < €9, a contradiction. Therefore 1 = lim OJ
2a, — 1

(b).
Proof. Suppose, for contradiction, that v/2 = lim \/a, fails, with ¢, > 0 as above. By

the definition of 2 = lim a,, with = v/2¢¢ > 0, there is N € N such that la, — 2| < V2¢
for all n > N. Choose n > N with }w/an - \/5} > go. Then

_an — 2] la, —2|  V2eo
50§)\/a_n—\/§)—@+\/§§ NG < NG = €o,

i.e. £y < €o, a contradiction. Therefore v/2 = lim /a,,. O

V2 = lim \/a,,.

(c).

1 1
Proof. Suppose, for contradiction, that 7= lim — fails, with g9 > 0 as above. Let
Qp,

n := min{l,2¢0} > 0. By the definition of 2 = lima,, there is N € N such that

la, —2| < n for all n > N. Choose n > N with

> gg. Since |a, — 2| <n <1,
an

we get a, > 1, so 2a,, > 2. Therefore

1 1 la, —2|  lan,—2| 1 _ 2
< |— — —| = < < =< — =
0=, 2’ %, — 2 2 =" ~ ¥
. . 1 .1
i.e. g9 < g9, a contradiction. Therefore 3= lim —. O
an
1 1
— = lim —.
a,
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Method 3: The inequality |z — /y| < \/|z — y| (part (b))
This method applies to part (b).
Lemma. For all x;y > 0, }\/E— \/Q‘ < /|r —y|. By symmetry assume x > y > 0;
then \/z > \/y > 0 and \/z,/y > /y\/y = y. Hence
(Ve—i) =z —2Vafy+y<ao-2y+y=a—y=|z—y.

Both \/z — \/y and /|z —y| are > 0, and the square root is increasing on [0, 00), so
Va =g < Vlx -yl

Proof. Let ¢ > 0. Then 1 := €2 > 0, so by the definition of 2 = lim a,, there is N € N
such that |a, — 2| < &% for all n > N. For all n > N (with a,, > 0 and 2 > 0),

‘\/an—\/ﬁ‘ < Vla, — 2| (Lemma)
<Ver=¢ (la, — 2| < &2, / increasing)
Since € > 0 was arbitrary, v/2 = lim /@, (def. of limit). 0
V2 = lim \ay,.
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Question 5 (Cauchy sequences: scalar multiples and
squares, without the Cauchy Criterion)

Problem

In this question, {a,} is a Cauchy sequence and ¢ is a real number.
(a) Use the definition of Cauchy sequence to show that {ca,} is Cauchy. Do not use
the Cauchy Criterion or the Algebraic Limit Theorem.
(b) Use the definition of Cauchy sequence to show that {a?} is Cauchy. Do not use
the Cauchy Criterion or the Algebraic Limit Theorem.

[Note: A proof without using the Cauchy Criterion is applicable to sequences in Q (or
any ordered field) for which the Cauchy Criterion does not hold.] (Tutorial 2, Q5; part

(b) is also the sample midterm Q4.)

Solution
Recall the definition: a sequence {x,} is Cauchy if
Ve > 0 there is N € N such that Vn,m > N, |z, — x| < €.

Methods 1 and 2 use only this definition and the Triangle Inequality, so they also work
for sequences in Q.

Method 1: Case split on ¢ (a); global bound on {a,} (b)
(a) {ca,} is Cauchy.

Proof. Case ¢ = 0. Then ca,, = 0 for every n € N. Let ¢ > 0 and take NV := 1. For all
n,m > 1, |ca, — cap,| = |0 — 0] = 0 < e. Therefore {ca,} is Cauchy.
Case ¢ # 0. Then |c¢| > 0. Let ¢ > 0; then ﬁ > 0. By the definition of {a,} being
c
€

Cauchy, there is N € N such that |a,, — a;,| < T for all n,m > N. For all n,m > N,
c

9
e — ca] = | (an = am)] = le] ln = an| < e — =c.

c]
Since € > 0 was arbitrary, {ca,} is Cauchy (def. of Cauchy). The two cases cover every
ceR. U

{ca,} is Cauchy, for every c € R.

(b) {a?} is Cauchy.

Proof. Step 1: {a,} is bounded. By the definition of {a,} being Cauchy with ¢ = 1,
there is Ny € N such that |a, — an,| < 1 for all n,m > Ny. Taking m = Ny, for all
n Z N07

|an| = |(an — any) + an|
<lan — ang| + |an,| (Triangle Inequality)
<1+ ‘aN0| .
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Let M :=max{|a1],...,|an,—1|, 1+ |an,|} (the list |a1],. .., |an,—1] is empty if Ny = 1).
Then M > 1 > 0. For n < Ny, |a,| is in the list, so |a,| < M; for n > Ny, |a,| <
1+ |an,| < M. Therefore |a,| < M for all n € N.

Step 2: the Cauchy estimate. Let € > 0. Then ﬁ > 0, so by the definition of
{an} being Cauchy there is N € N such that |a, — a,,| < °for all n,m > N. For all

2M
n,m >N,
’ai — a,2n| = |ap — Q| |an + ap|
< lan — am| (|an] + |aml) (Triangle Inequality)
S 2M |an - am| (Step 1)
<2M~ﬁ:e. (n,m > N)
Since € > 0 was arbitrary, {a2} is Cauchy (def. of Cauchy). O

{a2} is Cauchy (boundedness of {a,}, proved directly from the Cauchy
definition, is the key extra ingredient).
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Method 2: Uniform scaling by |c¢|+ 1 (a); tail bound through the
fixed term ay, (b)

(a).
Proof. Let ¢ € R and € > 0. Then

EES > 0, so by the definition of {a,} being

Cauchy there is N € N such that |a, — a,| < ‘ ‘j_ . for all n,m > N. For alln,m > N,
c
lcan, — cam| = |c| |an — am|
=l (lan = an| < 570 lel > 0)
|l
< E. (\c\+1 < 1)

Since € > 0 was arbitrary, {ca,} is Cauchy (def. of Cauchy); no case split on ¢ is needed.

O

{ca,} is Cauchy, for every c € R.

(b). Instead of bounding every term, bound only the terms beyond a fixed index, through
the identity a, + @, = (an — an,) + (am — an, ) + 2anp; .-

Proof. By the definition of {a,} being Cauchy with e = 1, there is N; € N such that
la, — an,| < 1 for all n,m > Ny. Let K := 2+ 2]ap,| > 0. For all n,m > Ny,

|an + am| = [(an — an,) + (am — an,) + 2an, |
<lan — an,| + |am — an, | + 2 |an, | (Triangle Inequality)
<1+1+42an|=K. (n,m > Ny)

Let € > 0. Then % > 0, so there is Ny € N such that |a, — a;,| < % for all n,m > Ns.
Let N := max{N;, No}. For all n,m > N,

‘ai — a72n| = lan, — am| |an + am|
< K |a, — ap)| (n,m > Ny)
<K-%:5. (n,m > Ny)
Since € > 0 was arbitrary, {a?} is Cauchy (def. of Cauchy). O

{ai} is Cauchy.
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Method 3: Cauchy Criterion with the Algebraic Limit Theorem

This method uses the Cauchy Criterion and the Algebraic Limit Theorem, which the
question excludes, and it is valid in R but not in Q; it should be used only if the course
allows this interpretation.

Proof. Since {a,} is a Cauchy sequence of real numbers, it converges (Cauchy Criterion);
let a := lim a,,. By the Algebraic Limit Theorem, part (1), ca = lim(ca,,) for every ¢ € R;
by part (3) applied to {a,} and {a,}, a* = lim(a,, - a,) = lima?. Hence {ca,} and {a?}
converge, and therefore both are Cauchy (Cauchy Criterion, convergent = Cauchy).
U

{ca,} is Cauchy, for every c € R.

a2} is Cauchy.
{an
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Question A1 (A linear recurrence b, = a,.1+ra, forces
{a,} to converge)

Problem

Prove that for any sequence {a,} and any real number r with |r| < 1, if the sequence
{by := apy1 +ra,} is convergent, then the sequence {a,} is convergent. (Tutorial 2,

Additional Question Al.)

Solution

Set-up (used by both methods). Let p := |r|, so 0 < p < 1, and let b := limb,. Since

1+r>1—|r| =1—p >0, the number a := 1 is defined, and b = (1 +r)a = a + ra.

+r
Put e, := a, — a for n € N. For every n € N,

by, — b= (ap41 +ra,) — (a+7ra)
= (aps1 — a) +r(a, —a) = ey +re,
— epr1 = (by —b) —re,.
Hence, by the Triangle Inequality, for every n € N,
lental < [bn — bl + |r] en] = plen] + [bn —b].

The goal is 0 = lime,, i.e. a = lim a,.

Method 1: Inductive geometric-decay estimate with Bernoulli’s
Inequality

Proof. Lemma A (Bernoulli’s Inequality). For h > 0 and k € Ny, (1 + h)* > 1 + kh.
For k = 0 both sides equal 1. If (14 h)* > 1+ kh for some k € Ny, then, since 1+ h > 0,

(1+h) =1 +n)r"A+h) > 1 +EkR)(1+h)=1+(k+1h+Ekh*>1+ (k+1)h.

Hence the inequality holds for every k € Ny (induction).
Lemma B (0 = limy, p*). If p = 0, then p* = 0 for every k € N, so [p" —0| =0 < ¢

1 1
for every e > 0. f 0 < p < 1l,let h: = —-—1> 0,80 p=-—— By Lemma A,

p 14+h
(1+ h)k > 1+ kh > kh for every k € N, hence

1

1
k:— el
V<P = TihE S

(k € N).

1
Let € > 0. By the Archimedean Property choose K € N with K > e For all £ > K,
€

1 1
}pk — 0! < o < "h < . Therefore 0 = limy, p* (def. of limit).

Step 1 (a bound along a tail). Let n > 0, and let Ny € N be such that |b, — b| < n for
all n > Ny (def. of b =limb,). We claim that for all £ € N,

Ui
leng sk < P leno] + 1—,
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> 0. Suppose the claim holds for some

For k = 0: |en,| < len,| + 1L because
—p

k € Ny. Since Ny+k > Ny, the set-up inequality and the induction hypothesis (multiplied
by p > 0) give

lengtkr1] < plengsr| + [bngrr — 0]

< plene+kl + 1 (No +k > No)
< p(pk len, | + 1L> +1n (induction hypothesis)
—p
— k+1 P 1)
p \6N0|+77(—1_p
_ k1 Ui
p |6N0| + 1 _ p

Hence the claim holds for every k € Ny (induction).

Step 2 (choice of N). Let € > 0. Take n := 1e(1 — p) > 0, so 3 i g, and let
—p

Ny be as in Step 1. By Lemma B applied with > 0, choose K € N with

2 |€N0’ + 1
oK < m Multiplying by |en,| > 0 (which may be 0, so the first inequality is
€Ny
non-strict), and using 2 ey, | < 2 len,| + 1,
pK|€N|< E|6No| <5(2|6N0|+1) :f.
V= ewl +1 " 2@ ew, |+ 1) 2

Let N := Ng+ K, andlet n > N. Put k :==n— Ny > K. Since 0 < p < 1, pF =
pXpF=R < p. By Step 1,

lan — af = lepsr] < 6" leny| + %p

1
€
<P lewol + 3 (0" < p")
< c + - €
2 2
Therefore for all n > N, |a, —a|] < €. Since € > 0 was arbitrary, a = lima, (def. of
limit). O
lim b
n , with lima, = ——.
{a,} converges, with lima T+ r
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Method 2: Tail suprema and the Monotone Convergence Theo-
rem
(Uses Lecture 9: the Monotone Convergence Theorem; beyond the Lectures 46 scope of
this tutorial.)

b

Proof. We use the set-up above: 0 < p < 1, a = T
r

en = a, —a and e, 1| <

plen| + |bn — b] for every n € N.

Step 1 ({en} is bounded). The sequence {b, } converges, so it is bounded (Boundedness
of Convergent Sequences): there is By > 0 with |b,| < By for all n € N. Let B :=
By + |b| > 0. Then, by the Triangle Inequality, |b, — b| < |b,| + 0| < By + |b] = B for all

B
n € N. Let C := max{|61|,1—} > 0,80 B<(1—p)C. Then |e;| < C, and if |e,| < C
—p

for some n € N, then
lenst] < plen| + by — b < pC + B < pC + (1 —p)C = C.

Hence |e,| < C for every n € N (induction).

Step 2 (tail suprema). For N € Nlet sy :=sup{|e,| : n > N} and ¢ty := sup{|b, — b] :
n > N}; both sets are nonempty and bounded above (by C' and B), so both suprema
exist (AoC), with 0 < sy < Cand 0 <ty < B. Since{n:n>N+1} C{n:n> N},
sni1 < sy for every N. So {sy} is decreasing and bounded, hence converges (MCT); let
s :=limsy. Since sy > 0 for all N, s > 0 (Order Limit Theorem).

Step 3 (0 =limty). Let € > 0. By the definition of b = limb,, there is N’ € N with
b, —b| < 5 for all n > N’. For N > N’, £ is an upper bound of {|b, —b| : n > N}, so
0 <ty <5 <e. Therefore 0 = limty (def. of limit).

Step 4 (a recursive bound). Fix N € N and let n > N+ 1. Thenn—1 > N, so

len—1] < sy and |b,—1 — b| < tx, and therefore
|€n| < P ’en—1’ + |bn—1 - b‘ < PSN + In.

Thus psy + tx is an upper bound of {le,| : n > N + 1}, and hence sy;1 < psy + tn for
every N € N.

Step 5 (s = 0). The sequence {sy1}, has limit s: for € > 0, any N* that works for
{sn} also works for {sy;1}, because N+1 > N > N*. By the Algebraic Limit Theorem,
lim(psy +ty) = ps+0 = ps. By the Order Limit Theorem (part (2)) and Step 4, s < ps,
so (1 —p)s <0. Since 1 — p > 0, s < 0; together with s > 0, s = 0.

Step 6 (conclusion). For every n € N, |e,| belongs to {|ex| : k > n}, s0 0 < |e,| < sp.
Since 0 = lim s,,, the Squeeze Theorem gives 0 = lim |e,|. As ||a, — a| — 0| = |a, — a for
every n, it follows that a = lim a,, (def. of limit). O

lim b,,
1+7r

{a,} converges, with lima, =
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Question A2 (Cesaro means of a convergent sequence)

Problem

Show that if the sequence {a,} has the limit a, then the sequence {b,} with

a1+a2+---+an
n

b, =

for every n € N converges to a. (Tutorial 2, Additional Question A2.)

Solution

na 1
For every n € N, a = — = — )"}, a, and therefore
n o n

1 & 1 & 1 &
bn—a:E;ak—ﬁ;a:ﬁ;(ak—Q).

Method 1: Bounded head and ¢/2-tail

Proof. A uniform bound. The sequence {a,,} converges, so it is bounded (Boundedness of
Convergent Sequences): there is C' > 0 with |a,| < C for alln € N. Let C' := C'+|a| > 0.
Then for every k € N, |ax, — a| < |ag| + |a| < C" (Triangle Inequality).

Choice of N. Let ¢ > 0. By the definition of a = lima, with §, there is M € N
such that |a; — a| < % for all K > M. By the Archimedean Property choose N € N with

2MC’ McC’
N> M and N > - then <§.
€
Estimate. Let n > N; then n > M, so we can split the sum at M: the head
k=1,...,M has M terms, each at most C’; the tail k = M +1,...,n hasn— M > 1

terms, each less than § (because K > M + 1 > M). Hence

|bn —al =

(Triangle Inequality)

INA
S|
M=
E}
N

_l’_

|

]
E}

N

k=1 k=M-+1
M’ - M
< + - - (head, tail bounds)
n n 2
MC" e
< ° >N, 2 <)
e A (" = T
£ € ’
<S4t . N> M)
2 a7 ( z
Therefore for all n > N, |b, — a|] < . Since € > 0 was arbitrary, a = lim b,, (def. of limit).
0
a =limb,, whereb, = w.
n

30


https://qrsntu.org

MH3100 Real Analysis I — Tutorial 2 QRSQNTU

Method 2: Sandwich between two sequences whose limits follow
from the Algebraic Limit Theorem

Proof. Let € > 0 and put 0 := % > 0. By the definition of ¢ = lima,,, there is Ny € N
such that |ay —a| < §,1.e.a—0 < ar < a+4, for all k > Ny. Let M := Ny —1 € Ny and
S ="M a (with S :=0if M = 0); S is a fixed real number.

Comparison sequences. For n > M, the tail apiq,...,a, has n — M terms, each in
(a—d,a+9), so

n

(n—M)(a—6)< Y ap<(n—M)a+?).

k=M+1

Adding S and dividing by n > 0 gives, for every n > M,

Ln::§+<1—%>(a—6)<bn<§+<1—%>(a+5)::Un.

Limits of the comparison sequences. Since 0 = lim% (Archimedean), the Algebraic Limit
Theorem gives lim% =5-0=0and lim(l — %) =1—M-0=1, hence

limZL,=0+1-(a—0)=a—74, limU, =0+1-(a+9J)=a+0.

Conclusion. By the definition of a — 0 = lim L,, with ¢, there is N; € N with L, >
(a—06) — 6 =a—e for all n > N;. By the definition of a + § = lim U,, with §, there is
Ny e Nwith U, < (a+0)+ 0 =a+e for all n > Ny. Let N := max{Ny, Ny, M + 1}.
For alln > N,

a—e<L,<b,<U,<a+c¢,

so |b, —a| < e. Since € > 0 was arbitrary, a = limb,, (def. of limit). O

a1+ +an
—

a =limb,, whereb, =
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Question A3 (Doubly indexed arrays: iterated limits
versus the double limit)

Problem

Given a doubly indexed array a,,, where m,n € N, define a = lim,;, ,_00 G, to mean
Ve >03dN e NVm,n > N |apm, —a| <e.

[Note: a doubly indexed array is a function f: N x N — R where we use a,,, to denote
f(m,n) ]
(a) If the array satisfies a,,, = m/(m + n) for each m,n € N, what are the iterated
limits lim,, o (limm_>OO amn) and lim,, e (limn_mo amn) ?

(b) If the array satisfies a,,, = mn/(m +n) for each m,n € N, does there exist a € R
for which a = lim,, j,—00 @mn? Do the two iterated limits exist? How do these three
values compare?

(c) Prove that if @ = limy, ;00 @y and the iterated limit lim,, o (limm_>OO amn) exists,
then the iterated limit is a.

(Tutorial 2, Additional Question A3.)

Solution

For a fixed second index n, “lim,, o Gmy,” is the limit of the ordinary sequence

Q1n, A2, A3n, - - -; Tor a fixed first index m, “lim,,_ o0 Gy, is the limit of a,,1, ama, . ... Part
(b) is solved for the array as printed, a,,, = mn/(m + n); part (b’) also treats the array
amn = mn/(m? 4+ n?), for which the comparison asked for in (b) is not vacuous.

Method 1: Single-variable -N for each inner limit; direct con-
tradiction for the double limit

(a) amn =m/(m +mn). Forall m,n € N,

_1‘

_momem_ n 'm ' mom

m
’m—i—n m-+n m-+n m m+n_ m-+n

Proof. Inner limit in m. Fix n € N and let ¢ > 0. By the Archimedean Property
n n n
choose M € N with M > —. For all m > M, |ap, — 1| < — < i < ¢. Therefore
m

€
lim,,, o0 @y = 1 for every n € N.

Inner limit in n. Fix m € N and let ¢ > 0. Choose N € N with N > @ For all
€

m _m
n> N, |ap, — 0] < — < N < e. Therefore lim,,_,o @y, = 0 for every m € N.

Outer limits. The constant sequence 1, 1, ... has the limit 1 and the constant sequence
0,0,... has the limit 0 (each term is at distance 0 < ¢ from the constant). Hence
1My, o0 (HMn 00 Gmn ) = 1My o0 1 = 1 and limy,—yeo (iMoo @mpn) = limy 00 0 = 0. O

lim ( lim amn> = 1.

n—o0 \Mm—00
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lim (lim amn> = 0.

m—00 \Nn—00

(b) amn = mn/(m+n).

Proof: no double limit. Suppose, for contradiction, that a = lim,;, ;00 @y, for some
a € R. Applying the definition with e := 1, there is N € N such that |a,,, — a| < 1, and
hence a,,, < a+ 1, for all m,n > N. By the Archimedean Property choose nyg € N with
no > max{N, 2|a| +2}. Then ny > N and

ng - No no _ 2lal +2

nn: :—>—: 1> ].,
nono ng + no 2 2 lal +1>a+

which contradicts a,,,, < a + 1. Hence the double limit does not exist. U

Proof: no iterated limit. Fix n € N. For all m € N,

’ mn ‘ |mn —n(m + n)| n? n?

m-+n m-+n T m4n om’

2

Let ¢ > 0 and choose M € N with M > n (Archimedean). For all m > M| |am, — n| <
€

n? n?

— < i < &. Therefore lim,, oo @ymn = n for every n. The sequence {n} is unbounded:

f?r every K > 0 there is n € N with n > K (Archimedean). Every convergent sequence
is bounded, so lim,, (limmﬁoo amn) = lim,, ., 7 does not exist. Since a,,, = any for all
m, n, the same computation with the roles of m and n exchanged gives lim,, o0 Gyp = m
for every m, and lim,,_ .., m does not exist either. |

As printed (@, = mn/(m +n)): the double limit and both iterated limits
all fail to exist.

(b') apmn = mn/(m? +n?). For every n € N,

n? 1 2n-n 2n? 2

R

@ @ann = 4 +n2  m2 5

Proof: no double limit. Suppose, for contradiction, that a = lim,, ,,_scc Gmn. Applying
the definition with e := %, there is N € N such that |ay,, — a| < 55 for allm,n > N. The
index pairs (N, N) and (2NN, N) have both entries > N, so |1 — Zi < g5 and |2 —a| < .
Therefore

= |z~ 3
< |% - a} + ‘ - %! (Triangle Inequality)
< % + 2L0 - 1107
i.e. = < L a contradiction. Hence the double limit does not exist. U

10 > 10
Proof: both iterated limits are 0. Fix n € N. For all m € N, m? +n? > m? > 0, so

0 < mn__mn _n
Ay, = ——— < — = —.
m24+n2 " m?2 m

Let ¢ > 0 and choose M € N with M > g (Archimedean). For all m > M, |am, — 0| <
n

n
— < i < e. Therefore lim,,, o @,,, = 0 for every n, and the outer limit of the constant
m
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sequence 0,0, ... is 0: lim, s (limmﬁOO amn) = 0. Since G = Gpm, the same argument
gives lim,, o @y, = 0 for every m, and lim,, (limnﬁoo amn) = 0. O

Umn = mn/(m? + n?): double limit does not exist; both iterated limits
equal 0.

(c).
Proof. Let b, := lim,, .o @mpn; by hypothesis these inner limits exist and lim,, ., b,
exists. Let € > 0. By the definition of a = lim, ; 00 Gmn With 5, there is N1 € N such
that |am,, — a| < § for all m,n > Ni.

Fix n > Ni. By the definition of b, = lim,, ;o @mn With §, there is M,, € N such that
|@mn — bn| < 5 for all m > M,,. Let mg := max{Ny, M,}. Then mg > Ny, n > N; and
mg > M, so

b, — a| < by — @mgn| + |@mgn — @ (Triangle Inequality)
<:t+i=¢e (mo > My; mg,n > Np)

Therefore |b, — a| < € for all n > Nj. Since € > 0 was arbitrary, a = lim,,_, b, (def. of
limit), i.e. the iterated limit is a. O

If @ = limy, ;00 Gy, and lim,, o (limmﬁoo amn) exists, it equals a.
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Method 2: Algebraic Limit Theorem for the inner limits; diago-
nal sequences; Order Limit Theorem
(a).
. o m 1
Proof. Fix n € N. Dividing by m > 0, an, = = T for every m € N.
m+n 1+n-

Since 0 = lim,,,_y o0 = -, the Algebraic Limit Theorem gives lim,,, (1—|—n —) =1+n-0=1;

as 14+ 2 >0 for all m and 1 # 0, part (4) gives limy, o Gy = 7 =1

m
Fix m € N. Dividing by n > 0, a;nn = 1+— for every n € N. By the Algebraic
m

Limit Theorem, the numerator has limit m- 0 =0 and the denominator has limit 1+m-0 =
1#0 (and is posmve), S0 lim,, o0 rmp = 0 - 1 =0.

The outer limits are limits of the constant sequences 1,1,... and 0,0, ..., namely 1
and 0. 0
lim ( lim amn> = 1.

n—oo \m—oo

lim (lim amn> = 0.
m—0o0 \n—oo

(b).

Proof. Diagonal sequence. If a = lim,, 5,00 Gmp, then the diagonal sequence d,, := ayy,

has limit a: for € > 0, the N from the double-limit definition satisfies |a,,, — a| < ¢ for
2

all n > N, because both entries of (n,n) are > N. Here d,, = g— = g, and {n/2} is
n

unbounded (for every K > 0 the Archimedean Property gives n > 2K, so § > K). A

convergent sequence is bounded, so {d,} diverges; hence the double limit does not exist.

Inner and outer limits. Fix n € N. Dividing by m > 0, a,,, = Ll; by the

14+n
Algebraic Limit Theorem the denominator has limit 1 # 0, so lim,, e Gmn = %m: n. The
sequence {n} is unbounded, hence divergent, so lim,, ., (limm_><>o amn) does not exist. By

the symmetry a,,, = Gpm, liM, o0 Amn = m and lim,, ., m does not exist. O

As printed (@, = mn/(m + n)): the double limit and both iterated limits
all fail to exist.

(b').

Proof. Two diagonal sequences and Uniqueness of Limits. Suppose, for contradiction,
that a = lim,;, 00 Gmn, and put ¢, := @y, d,, = a2,,. Let € > 0, and let N € N be given
by the double-limit definition, so |a,,, — a| < € for all m,n > N. For every n > N, both

(n,n) and (2n,n) have entries > N, so |¢, —a| < € and |d,, — a| < €. Hence a = lim¢,
and a = limd,. But ¢, = 1 and d, = 2 for all n, so £ = lim¢, and 2 = limd,. By
Uniqueness of Limits, % =a= 5, Wthh 1s false. Hence the double limit does not exist.
1
Inner limits. Fix n € N. Dividing by m? > 0, @y, = n—m2 By the Algebraic
1+n2- (1)

Limit Theorem the numerator has limit n-0 = 0 and the denominator has limit 14+n?-0 =
1 # 0, so lim,, .o @, = 0; the outer limit of the constant sequence 0,0, ... is 0. By the
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SYMMEtTY Gmn = Qpim, als0 iy, o0 (iMoo @my) = 0. O

Amn = mn/(m? + n?): double limit does not exist; both iterated limits
equal 0.

(c)-

Proof. Let b, := lim,;, yo0 @y and let € > 0. By the definition of a = lim,, ;00 Gmn
with 5, there is Ny € N such that a — § < @y, < a+ 5 for all m,n > N;. Fix n > Nj.
The sequence {amn}meN converges to b, and satisfies a,,, < a + 5 for all m > Ny; the
constant sequence a + 5 has the limit a + 5, so the Order Limit Theorem (part (2)) gives
bn < a+ 5. In the same way, a — 5§ < a,,, for all m > N; gives a — § < b,. Therefore

bp —a| < 5 <e for all n > Nj.

Since € > 0 was arbitrary, a = lim,,_,, b,, (def. of limit). O

If @ = limy, 500 ey, and lim,, o (limm_>Oo amn) exists, it equals a.

36


https://qrsntu.org

MH3100 Real Analysis I — Tutorial 2

QRS@GNTU

Method Map

Q. Core topic

Methods

1 True/false on convergence

2 e-N verification of three
limits

3 Bounded x null;
nonzero-limit warning

4 Three definition-only
proofs

5 Cauchy: scalar multiple,
square

Al Recurrence

bn = apy1 +ran

A2 Cesaro means

A3 Double vs. iterated limits

Explicit examples with divergence from the defi-
nition; Cauchy Criterion; (b) contradiction, direct
la — 1| < e, Subsequential Limits; (e) ALT, direct
e-N, Cauchy Criterion; (f) ALT product contradic-
tion; (g) Triangle Inequality; (h) Divergence Crite-
rion.

Definition with C/nP bounds and the Archimedean
Property; Squeeze Theorem with comparison se-
quences; ALT after dividing by the dominant power,
bounded times null.

Squeeze Theorem, direct -V, negated definition for
(a); definition, Cauchy Criterion, Divergence Crite-
rion for (—1)" in (b).

Direct e-N (conjugate for ,/a,, two-stage bound
for 1/ay,); contradiction from the negated definition;
VZ — /3| < vz =] for (b).

Case split on ¢ and global bound M uniform scal-
ing by |c| + 1 and tail bound through ay,; Cauchy
Criterion with ALT (scope note).

Induction on |en,+r| with Bernoulli’s Inequality;
tail suprema and the MCT (scope note).

Bounded head plus ¢/2-tail; sandwich between
bounds whose limits follow from ALT.

Single-variable e-N, direct contradiction, Triangle
Inequality in (c); ALT for inner limits, diagonal
sequences with Uniqueness of Limits, Order Limit
Theorem in (c).

Final Answers

—_

2
9 2 Cpm 2l 2
5 5n+4 n3 +3

N > 2/e, N > 1/&3 respectively.

. (a) True, (b) False, (c) True, (d) True, (e) False, (f) True, (g) False, (h) True.

sin(n?)

In

0 = lim ;any N € N with N > 3/(25¢),

3. (a) 0 =limaypb,. (b) a, = (-1)", b, =1 gives a,b, = (—1)", divergent.

2a, — 1 1 1
4. (a) 1 =1lim ="~ (b) V2 = lim /ay. (c) 5 =lim—.
an
5. (a) {ca,} is Cauchy for every ¢ € R. (b) {a?} is Cauchy.
6. {a,} converges, with lima, = (limb,)/(1 + r).

7. a =limb,, where b, = (a; + -+ a,)/n.
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8. (a) lim, (lim,, a,) = 1, lim,, (lim, a,,,) = 0. (b) mn/(m + n): double limit and both
iterated limits fail to exist; mn/(m? + n?): double limit fails to exist, both iterated
limits equal 0. (c) The iterated limit, when it exists, equals a.
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