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Overview

e Lecture coverage: Lectures 10-12 — series, the Cauchy Criterion for Series, the Al-
ternating Series Test, the Comparison Test, the Absolute Convergence Test, absolute
vs. conditional convergence, and rearrangements.

e Questions: 8 questions (Questions 1-5, Additional Questions A1-A3).

e Notation: N = {1,2,3,...} (0 ¢ N in this course); series ) a, with partial sum
Sp = a1 + - -+ + a,; results cited by slide name.

e Running lemmas: geometric series, Y 1/n? and divergence of > 1/n are proved
once in Question 1 and reused throughout.

e Question themes: Q1 comparison with geometric and > 1/n? series; Q2 exam-
ples for products and sums of series; Q3 proof or counterexample for > a2, >~ a,b,,
>~ n2a,; Q4 Cauchy estimate with a bounded multiplier; Q5 regrouping as a subse-
quence of partial sums; Al summation by parts (Abel’s Test); A2 infinite products
versus series; A3 the Alternating Series Test from nested intervals.
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Question 1 (Convergence of three series)

Problem

Determine if each of the following series is convergent or divergent.

1
@ Y 5
(b) Z sin(n).

n2

11 1 1 1
@ l-S+-—=+-—=+

1 1 n
22 3 4 5 62 7 8
(Tutorial 4, Question 1.)

Official hint. Answers only: (a) convergent; (b) convergent; (c¢) divergent. No method,
no comparison series, and no explanation of the pattern in (c) are given.
Solution

Running lemmas

Three standard series are used by every method below and by later questions. Each is
proved once here.

Lemma A. Let 0 <r < 1. Then > r" converges, with sum .
—r

Proof. Let 0 <7 <1 and, for n € N, let z, ;= r™ and s,, := Y ;_, r".
First, {z,} converges to 0. For every n € N, z,, > 0 and

Tprl =TTy < Tp.

Hence {z,} is decreasing and bounded below by 0. Therefore {x,} converges to some
L € R (MCT). The sequence {z,1} is a subsequence of {z,}, so x,,;1 — L (Subsequential
Limits); also z,41 = rz,, — rL (ALT). Hence

L=rL = (1-r)L=0 = L=0 (Uniqueness of Limits; 1 —r # 0).
Next, the partial sums. For every n € N,

(I=r)sp=(r+r2+-+7") = (> +r°+- 4"

=7 — "t
A el 7
ST 1 —p
Since z,, — 0,
S — 7“1__’“7;0 - 1; (ALT).
s 27" converges, with sum — . (def. of convergence of a series). O

Lemma B. > 1/n? converges, and its partial sums ty = ZN 1

ne1 nz Satisfy ty < 2 — %
for every N € N.
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Proof. Let n>2. Then0<n—1<n,s00<n(n—1)<n? and therefore

0<1< 1 n—(n-1) 1 1
n2 nn—1 nhn-1 n—-1 n

For N=1:¢t =1 :2—%. For N > 2, sum the last display over n = 2,..., N:
N N
1 1 1
tN:1+Zx¥<1+§:(n_1—g)
n=2 n=2

(e ()

1 1
1l =2
+ N N
Hence ty < 2 for every N € N. Also ty 1 —ty = m > 0 for every N € N, so {ty} is
increasing.
. {tn} is increasing and bounded above by 2 . {tx} converges (MCT) ... > 1/n?
converges. U

Lemma C. Y 1/n diverges: its partial sums Hy := 27]1\[:1% satisfy Hom > 14 % for
every m € No, and {Hn} is unbounded.

Proof. Induction on m.
m=0: H=1=1+1%.
Suppose Hom > 1+ 5 for some m € Ny. The indices n with 2™ < n < 2™*! are

2m 4+ 1,...,2™F there are 2™ — 2™ = 2™ of them, and each satisfies n < 2™+, so
% > Qm% Therefore
2m+1 1
H m prm— m J—
gm+1 = Hom + Z -
n=2m-+1
m m+1
>1+—=+2™M. =14+ —-.
=z L+ 2 + om+1 + 2

Hence Hom > 1+ 3 for every m € Ny.

Let K € R. There is m € N with m > 2K (Archimedean). Then Hom > 1+ % >
1+ K > K. . {Hy} is not bounded above.

. {Hy} diverges (Boundedness of Convergent Sequences) .. > 1/n diverges. O

Method 1: Comparison Test and unbounded partial sums
Part (a).
Proof. Let n € N. Since n > 0, 2" +n > 2" > 0. Therefore

0~ 1 <1,_ 1\"
M4 2w \2)

>-(1/2)" converges (Lemma A with r = 1; its sum is 1i/12/2 =1).
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1 n
“0< > < (5) for alln € Nand > (1/2)" converges = >_ S converges
(Comparlson Test). 0
(a) Z ! is convergent
2" 4+ n e
Part (b).

Proof. Let n € N. Then [sin(n)| <1 and n? > 0, so

sin(n)

)| |sin(n)| < 1

0< L <

n n

>~ 1/n? converges (Lemma B).
*. > |sin(n)/n?| converges (Comparison Test).

Yy sm(n) converges (Absolute Convergence Test). O
p) S in fact, absolutel
(b) Z 1 convergent (in fact, absolutely).
Part (c).
Proof. The n-th term is a,, = % for odd n and a,, = —# for even n. Let Sy := Zf:[:l an
and, for kK € N,
b 1 1 1
= Cp = =—
Tk -1 P2k T 4k
so that ao,_1 = b and agr, = —c¢y, for every k € N.
Let m € N. The first 2m terms are ay,as, ..., a,—1 (odd indices) and as, ay, . .., Gom
(even indices), so
Som =D be =)
k=1 k=1

Upper bound for the negative part, from Lemma B:

= 1o 1 1 1
> k= 12@2‘ < 1 2%2=3
k=1 k=1
Lower bound for the positive part: for every k € N, 0 < 2k — 1 < 2k, so by = ﬁ > i,

and hence

SRS
2k 2
k=1 k=1
Combining the two bounds,

1 1
Som > §Hm —3 for every m € N.

Take m = 27 with j € N. By Lemma C, Hy; > 1+ %7 SO

1 J Ly
> (142)—==12,
52”1—2<+2> 2 4

b}
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Let K € R. There is j € N with j > 4K (Archimedean), and then Spr1 > 2 > K. .
{Sn} is not bounded above.
. {Sn} diverges (Boundedness of Convergent Sequences) .. the series diverges. [

@1-—4t L 1 1 ¢
C —_ — _ — — - — — -+« 1S dlvergent.
23 25 ¢ &
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Method 2: Cauchy Criterion for Series with an explicit N

Recall (Cauchy Criterion for Series): > a, converges if and only if for every € > 0 there
is N € Nsuch that n >m >N = |ap + - +a,] <e.

Part (a).

Proof. First, 2™ > m for every m € N: 2! =2 > 1, and if 2™ > m then 27! =2.2™ >
2m > m+ 1.

Let n > m > 1. Forevery k € N, 0 < 51 < gr (as 2" +& > 2" > 0). The partial-sum

formula of Lemma A with r = % and n—m terms gives %—k}l—l—- cet 2n1,m = 1/2_1{?;_7%1 =
1-— 2n1_m. Therefore
& 1 SN | 1 1 1
0< > 5 7< 2 w=gmitomt tom
k=m+1 k=m+1

n

1
2 ik

k=m+1

<

.. for every € > 0 thereis N e Nwithn>m >N = Zzzmﬂﬁ < e.

o, Comverges (Cauchy Criterion for Series). O
"+n

1
(a) Z > is convergent.

Part (b).
Proof. Let n >m > 1. For every k > m +1 > 2,

i 1 11
su;gk)’ <5 <g—7 -7 (sin(h) <1 Lemma B, proof).

By the triangle inequality and telescoping,

", sin(k
>,

k=m-+1

sin(k)

- 1 1
P ‘< 2. (m—g)
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Let € > 0. Choose N € N with N > 1 (Archimedean). For all n >m > N:

k=m+1

sin(n
> (2 ) converges (Cauchy Criterion for Series). The same estimate without the
n

sin(k)
52

(Cauchy Criterion for Series). d

outer absolute value, > < L shows that ) |sin(n)/n?| also converges

(b) Z SH;(Qn) is convergent (in fact, absolutely).

Part (c).
Proof. Let a,, Sy, by = ﬁ and ¢, = # be as in Method 1, so ao,_1 = by and
a9 — —Ck.

Let j € N. The terms agji1,a2j42, ..., a4, are by and —¢, for k= j+1,...,2j (since

2j+1=2(j+1)—1and 45 = 2-2j). Hence

2 2
S4j—52j: Z bk— Z C.
k=j+1 k=j+1
For j+1 <k < 2j: b = 55q > 55 > 15, and there are j such £, so
2j
2 W=
k=j+1

Fork>j+1>2 ¢, =1. # <1 (L — l) (Lemma B, proof). Telescoping,

k—1 k
(1 1
2j—1 2j

1/1 1 1 1
|z _ )= <«
4\7 2 8 — 8
Therefore
S, S >1 1 1 f € N
=S > — — — = — or eve .
45 27 4 8 8 I‘VI‘y]

Lete:z%andletNeN. Put m := 2N and n :=4N. Then n > m > N and

1
|@mg1 + -+ an| = [San — San| >3=¢

..no N € N satisfies the condition of the Cauchy Criterion for Series with ¢ = % .. the
series diverges (Cauchy Criterion for Series). O

1 1 1
1 — 4=~ 4=
@l-5+3-5715

1 < di
_ @ + - -+ 1s divergent.
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Method 3: Monotone Convergence Theorem on bounded partial
sums, for parts (a) and (b)

Part (a).

Proof. Let Ay =" 1 Forevery N €N,

n=1 2n+4n

1

Ay —Av= /7 >
N+1 N=ONT N1

0,

1
2n4n

so {An} is increasing. Since 0 < < 5= for every n € N, and by the partial-sum

formula of Lemma A with r = %,

1

. {An} is increasing and bounded above by 1 .-, {Ax} converges (MCT) . > T
"+n
O

converges.

1
(a) Z is convergent.
n

Part (b).
sin(n) sin(N+1)

Proof. Let By := ZN V)2

n=1

. Forevery N € N, By,1— By =

> 07 S0 {BN}

sinn) | < L for every n € N,

- n

is increasing. Since

N

1

BNSZﬁ:tNSZ (Lemma B).
n=1

. {Bn} is increasing and bounded above by 2.
. {Bn} converges (MCT), i.e. >_ |sin(n)/n? converges.

Y sm(2n) converges (Absolute Convergence Test). O
n

(b) Z 311;(2n) is convergent (in fact, absolutely).

Method 4: Contradiction via the Algebraic Limit Theorem for
Series, for part (c)

Proof. The n-th term is a,, = % for odd n and a,, = —# for even n. Define, for n € N,
1
——, neven, 0, n even,
d, = n eni=ap —dp =< 1
0, n odd, o odd.
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For every n € N, 0 < |d,| < . . > |dy| converges (Lemma B, Comparison Test)

. > d, converges (Absolute Convergence Test).

Suppose, for contradiction, that > a, converges. Since e, = a, + (—1)d,, > _ e, con-
verges (ALT for Series). Let Ey := Y.~ ¢,. For m € N, the odd indices in {1,...,2m}
are 2k — 1 with k =1,...,m, so

1 11
EQm:sz—1>;ﬁ:§Hm'

k=1

With m = 27 (j € N), Lemma C gives Eyir1 > £ (1+ %) > i. For K € R choose j € N

with j > 4K (Archimedean); then Eyj+1 > K. . {Ey} is unbounded, so ) e, diverges

(Boundedness of Convergent Sequences). This contradicts the convergence of Y e,,.
oY ay, diverges. O

1 1 1 1 1 -
(C)1_2_+§_E+3—@+--- is divergent.

10
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Method 5: Ratio Test, for part (a)

Note: uses the Ratio Test, which is not in Lectures 1-17 (beyond the midterm scope).
Recall (Ratio Test): if a, > 0 for every n € N and lim *#* = L with L < 1, then
> a, converges.

Let a,, := ﬁ > (. Dividing numerator and denominator by 2",
L
Ani1 2" +n B + on
T on+l - 1

First, 5 — 0. For n > 2, the binomial theorem gives

2“:(1+1)":i(?)2(2)=@, 0<2”—n§n31.

1=0

Let ¢ > 0. Choose N € N with N > 1+ 2 (Archimedean); then N > 2, and for all
nZN,n—1>§,so

n
== 0‘ < <e.
2" T n-— ©
Hence 2+ — 0 (def. of limit). Also 55 — 0 (Lemma A, proof, with r = 1), so

n+1 n 1
= — 4 — = ALT).
om 2n+2n—>0+0 0 ( )

Therefore, since the denominator tends to 2 # 0,

An41 1+0 1
== ALT).
an 240 2 (ALT)

L=3<1. % converges (Ratio Test).

2" +n

1
(a) Z > is convergent.

11
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Question 2 (True/false with examples)

Problem

Determine if each of the following statements is true.

(a) There are two divergent series Y a, and > b, where Y a,b, converges.

(b) There is a convergent series > a, and a bounded sequence {b,} such that > a,b,
diverges.

(c) There are two sequences {a,} and {b,} where > a, and > (a, + b,) both converge
but b, diverges.

(d) There is a sequence {a,} satisfying 0 < a,, < + where > (—1)"a, diverges.
(Tutorial 4, Question 2; part (a) is also Sample Midterm Question 2(a).)

Official hint. Answers only: (a) True; (b) True; (c) False; (d) True. No justification,
examples, or proofs are given.

Solution

Method 1: Explicit examples; Algebraic Limit Theorem for Se-
ries

Part (a).
Proof. Let a, = b, := % for n € N.
Yan=> by, =>_ % diverges (Lemma C).
For every n € N, a,b, = EA % = % o apby, =30 % converges (Lemma B).
o> a, and Y b, are divergent and ) a,b, is convergent. O

(a) True, e.g. a, =b, = =.

Part (b).

Proof. Let a, := (=1" and b, := (—1)" for n € N.

> a, converges. Ifbet Bn = % For every n e Nyn <n+1, so B,y1 = T%H < % = Bu;
hence {3, } is decreasing. Let & > 0 and choose N € N with N > £ (Archimedean). For
alln > N, |f, —0| = % < % < e. Hence 0 = lim f3,, (def. of limit).

" Z(—l)”*% converges, say to L (AST).
(=)'

n

For every n € N, a,, = (—1)- . Y. ay, converges, to —L (ALT for Series, with

c=—1).
{b,} is bounded. |b,| =1 <1 for every n € N.
> anby, diverges. For every n € N,

1
apb, = = =—.
n
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1
o apby, =0 - diverges (Lemma C). O

(b) True, e.g. a, = " b, = (=1)".

Part (c).
Proof. Suppose ) a, converges to s and > _(a, + b,) converges to t. For every n € N,

by, = (an + by) + (—1) ay,.

> (=1)a, converges, to —s (ALT for Series, part (1), c = —1).

Y [(an 4+ by) + (—1)a,] = X b, converges, to t — s (ALT for Series, part (2)).

.. whenever )" a, and ) (a, +b,) converge, > b, converges; so no sequences with the
stated properties exist. ]

(c) False: Z n, Z(an +b,,) convergent = an convergent.

Part (d).

1 1
Proof. Let a, := — for even n and a,, := 0 for odd n. Then 0 < a,, < — for every n € N.
n

Let Ty := S (=1)"a,. For odd n, (—1)"a, = 0; for even n = 2k, (—1)* agy, = .

n=1 2k
Hence, for every m € N,

With m = 27 (j € N), Lemma C gives
1 1 j
Tojrn = =-Hy > =1+ =
25+ 5 2_2<+2)>

Let K € R. There is j € N with j > 4K (Archimedean), and then Ty+1 > K. . {Ty} is
unbounded.
. > (=1)"a, diverges (Boundedness of Convergent Sequences). O

(d) True, e.g. a, = 1/n for even n, a, = 0 for odd n.

13
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Method 2: Disjoint-support and indicator examples; Cauchy Cri-
terion for Series

Part (a).
Proof. Let
1, n odd, 0, n odd,
an = bn =
0, n even, 1, n even.
Let Ay := ZnN=1 a, and By := ijﬂ b,. Among 1,...,2m there are exactly m odd and

m even indices, so
Agm:m, Bgm:m (mGN)

For K € R choose m € N with m > K (Archimedean); then Ay, = By, = m > K. ..
{An} and {By} are unbounded .". Y a, and ) b, diverge (Boundedness of Convergent

Sequences).
For every n € N one of a,, b, equals 0, so a,b, = 0. .. every partial sum of > a,b,
equals 0 .. > a,b, converges, to 0. O

(a) True, e.g. a, =1, b, =0 for odd n; a, =0, b, =1 for even n.

Part (b).
_1)n—1

Proof. Let a, := and let b, := 1 for odd n, b,, := 0 for even n.
n
{1/n} is decreasing with 0 = lim £ (Method 1, part (b)) ... " a, converges (AST).

|b,] <1 for every n € N, so {b,} is bounded.
For odd n, (—1)"' =1, so a,b, = %; for even n, a,b, = 0. Let Uy := SN by

n=1
For m € N,

m

1 11
UQm:Z2k—1>;ﬂ:§Hm'

k=1

With m = 2/ (j € N), Lemma C gives Uy+1 > % (1 + %) > i. For K € R choose j € N
with 7 > 4K (Archimedean); then U1 > K.

. {Un} is unbounded ... > a,b, diverges (Boundedness of Convergent Sequences).
0J

(b) True, e.g. a, = $7 b, = 1 for odd n, b, = 0 for even n.

Part (c).

Proof (contradiction). Suppose ) a, and ) (a, + b,) converge and b, diverges.
Let € > 0.
> a, converges .. there is N; € N such that

n

> o

k=m-+1

€
n>m>N — < 3 (Cauchy Criterion for Series).

> (a, +by,) converges .". there is N, € N such that

n

Z (CLk + bk)

k=m+1

£
n>m>N, = <3 (Cauchy Criterion for Series).

14
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Let N := max{N;, No} and n > m > N. By the triangle inequality,

SRARIDSRTREAN S
k=m+1 k=m+1 k=m-+1
< Z(ak+bk)—|— Zak <g+§:€.
k=m+1 k=m+1

. > by converges (Cauchy Criterion for Series), contradicting the assumption that > b,

diverges.
.. no such sequences exist. Il
(c) False: Z Ay, Z(an +b,,) convergent —> an convergent.
Part (d).
Proof. Let a, = l for even n and a,, := 0 for odd n, so 0 < a, < %, and let Ty :=

n

ZnNzl(_l)nan-
Let N € N. In the block n = 2N 4+ 1,...,4N the odd n contribute 0 and the even

n=2k k=N+1,...,2N, contribute i > ﬁ. There are N such k, so

AN 11
Tiwv—Tw= ), 572N —=_
o 2k AN ~ 4

Let € = }l. For every N € N, n := 4N and m := 2N satisfy n > m > N and
|T,, — Trn| > €. .. the condition of the Cauchy Criterion for Series fails for ¢ = %L.
oo > (=1)™a, diverges (Cauchy Criterion for Series). O

(d) True, e.g. a, = 1/n for even n, a, =0 for odd n.

15
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Question 3 (Proofs or counterexamples)

Problem

For each of the following statements, provide either a short proof if it is true or a coun-
terexample if it is false.

(a) If a series Y a, converges absolutely, then the series > a? also converges absolutely.

(b) If a series > a, converges and a sequence {b,} converges, then the series > a,b,
converges.

(c) If a series >_ a, converges conditionally, then the series > n?a,, diverges.

(Tutorial 4, Question 3.)

Official hint. (a) Apply the Comparison Test using the Terms of Convergent Series,
the Boundedness of Convergent Sequences, and the Algebraic Limit Theorem. (b) Find
a conditionally convergent series written as »_ a,b, with > a, conditionally convergent
and {b,} convergent. (c) Prove the contrapositive, applying the Terms of Convergent
Series to Y n%a,, then the Comparison Test with a specific absolutely convergent series.
No inequality chains, comparison series, or worked examples are given.

Solution

Method 1: Comparison Test with a global bound; explicit coun-
terexample; contrapositive

Part (a) — true.

Proof. Suppose >’ |a,| converges.

. 0 =lim|a,| (Terms of Convergent Series, applied to > |ay,|).

. {|an|} is bounded: there is M > 0 with |a,| < M for all n € N (Boundedness of
Convergent Sequences). Hence, for every n € N,

0 < ap = |an| - |an] < M |a,|.

> M |a,| converges, to M > |a,| (ALT for Series, ¢ = M).
. Y. a? converges (Comparison Test).
For every n € N, |a2| = a? . Y |a?| converges, i.e. > a? converges absolutely. [

(a) True: Z a, absolutely convergent — Zai absolutely convergent.

Part (b) — false.

Proof. Let a, =0, := <\/15) forn € N, and 3, := %
{B,} is decreasing. Let n € N. If v/n + 1 < /n, then squaring gives n+ 1 < n, which
is false. Hence /n < v/n+ 1, 50 811 < Bn.
0 =limf,. Let ¢ > 0 and choose N € N with N > a% (Archimedean). Let n > N. If
Vv < 1 then squaring gives n < & < N, which is false. Hence /n > 1, so0 |8, — 0| =

\/iﬁ < & (def. of limit).

16
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> (=1)"1B, converges (AST) .. Y a, =>.(—1) - (—=1)""'3, converges (ALT for
Series, ¢ = —1).

|b, — 0| = 3, for every n € N and 0 =lim 3, .". {b,} converges, to 0 (def. of limit).

For every n € N,

N o DG VL (G VD
T Weyn n n
S0 apb, = Z% diverges (Lemma C). O

—p — ="
(b) False, e.g. an = by, = 7.

Part (c) — true.

Proof (contrapositive). Suppose Y n?a, converges.

. 0 =limn?a, (Terms of Convergent Series).

. there is M > 0 with |n%a,| < M for all n € N (Boundedness of Convergent
Sequences). Dividing by n? > 0,

M
0 < lan| < — for all n € N.
n

>~ 4% converges (Lemma B; ALT for Series, ¢ = M).

. > lan| converges (Comparison Test), i.e. > a, converges absolutely, so Y a,, does
not converge conditionally.

.. (contrapositive) >_ a,, conditionally convergent = > n?a, diverges. O

(c) True: Z a, conditionally convergent — anan divergent.

17
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Method 2: Cauchy-tail estimates, a second counterexample, and
contradiction via Question 4

Part (a) — true.

Proof. Suppose ) |a,| converges.

Square of a tail. For n > m and the nonnegative numbers xy, := |ax|, k = m+1,...,n,
n 2 n n
E T, = E g Tl = E Ik-i- g TrT] > E xk
k=m+1 k=m+1Il=m+1 k=m-+1 k,l= m+1 k=m+1
k+#

Since x} = af, this reads Y ;. a; < (ZZ:mH |ak|>

Choice of N. Let € > 0 and n := min{1l,e} > 0. )_ |a,| converges .". there is N € N
withn >m > N = 0 < Y . la| < n (Cauchy Criterion for Series). For
n>m > N, write u := EZ:mH lag|; then 0 < u < n <1, s0u?<u, and

n

> |-

Z a; <u'<u<n<e.

k=m+1 k=m+1
>~ a2 converges (Cauchy Criterion for Series). Since |a2]| = a2, > |a?| is the same
series, so Y a2 converges absolutely. O

(a) True: Z a, absolutely convergent —- Z a2 absolutely convergent.

Part (b) — false.

1" 1"
Proof. Let a, = <\/ﬁ) and b, .= 1+ % for n € N.

> ap converges (Method 1, part (b)). |b, — 1| = = and 0 = lim L 7= (Method 1, part
(b)) .. {b,} converges, to 1 (def. of limit). For every n 6 N,
-1 —1)*(=1)" 1
NLD Vn/n n
Suppose, for contradiction, that Y a,b, converges. Then Y (anb, + (—1)a,) = > 1
converges (ALT for Series), contradicting Lemma C.
. > apb, diverges, although > a,, and {b,} converge. O

(b) False, e.g. a, = ©2° b, =1+ &2

Part (c) — true.

Proof (contradiction). Suppose Y. a,, converges conditionally and >_ n?a, converges.
Let ¢, := n’a,.
= lim ¢,, (Terms of Convergent Series) .". there is M > 0 with |¢,| < M for alln € N
(Boundedness of Convergent Sequences); hence {|c,|} is bounded.
> }n—g = 12 converges (Lemma B) .. its partial sums form a convergent, hence
Cauchy, sequence (Cauchy Criterion).
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Apply Question 4 to the series > -5 and the bounded sequence {|c,|}: the series
>~ 5 |ca| has a Cauchy sequence of partial sums. For every n € N,

= |an]

. > la,| has Cauchy partial sums .". >~ |a,| converges (Cauchy Criterion for Series), i.e.
> a, converges absolutely. This contradicts the conditional convergence of > a,.
.Y a, conditionally convergent = > n?a, diverges. ]

(c) True: Z a, conditionally convergent — Zn2an divergent.
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Question 4 (Cauchy partial sums without the named
tests)

Problem

Prove that if the series Y |a,| has a Cauchy sequence of partial sums and the sequence
{b,} is bounded, then the series > a,,b, has a Cauchy sequence of partial sums. Do not
use the Cauchy Criterion, the Comparison Test, or the Absolute Convergence
Test. (Tutorial 4, Question 4.)

Official hint. (a) Write down the definitions for the sequences of partial sums of both
> |a,| and Y a,b, to be Cauchy, and use the boundedness of {b,} to compare them. (b)
Follow the proof of the Absolute Convergence Test via the Cauchy Criterion. No explicit
inequality or e-bookkeeping is given.

Solution

Method 1: Triangle inequality on partial-sum differences

Proof. Let s, := >}, |ag| and t, := >",_, axb; for n € N. {b,} is bounded, so there is
My > 0 with |b,| < My for all n € N; let M := My+1 >0, so |b,| < M for all n € N.
Step 1: differences of partial sums. For n > m,

n

tn - tm = (Clel + -+ anbn> W\ (a/lbl + -+ a/mbm) == Z akbk7

k=m+1
n

sn=sm = (Jar] + -+ lan]) = (] + -+ lam]) = D || 2 0.

k=m+1
Step 2: the estimate. For n > m,
n n
[t — tm| = Z agby| < Z |ag| || (triangle inequality)

k=m-+1 k=m+1

n
< 3" Mla] = M(s, — s) (1be] < 1),
k=m+1

Step 3: choice of N. Let ¢ > 0. Then 5 > 0, and {s,} is Cauchy, so there is N € N
with s, — s,,| < 57 for all n,m > N (def. of Cauchy sequence). Let n,m > N.

o If n>m: [ty —tln| < M(sy —5m) = Mlsy, —sm| < M- 55 =¢.

o If n < m: the same estimate with n,m exchanged gives |t,, —t,| < &, and
ltn — tm| = |tm — tu)-

o Ifn=m:|t,—t,] =0<c.

.. for every € > 0 there is N € N such that n,m > N = |t, — t,,] < e.
. {tn} is Cauchy (def. of Cauchy sequence). O

Z la,| Cauchy partial sums, {b,} bounded =— Z anb, has Cauchy partial sums.
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Method 2: Contradiction with the negated Cauchy condition

Proof (contradiction). Let s, := > ;_, |ak|, t, == > p_; axby, and M > 0 with |b,| <
M for all n € N (take My + 1 for any bound My > 0). For n > m, the triangle inequality
gives

n

Z akbk

k=m+1

n

< D lawl bl <MD fak] = M(s, — sp).-

k=m-+1 k=m+1

|tn - tm’ -

Suppose {t,} is not Cauchy. Negating the definition: there is 9 > 0 such that for every
N € N there are n,m > N with |t, —t,,| > &¢. For such n,m, n # m (otherwise
|t — tm| = 0 < &9); since |t, — t,| = |tm — tn|, label them so that n > m. Then

€0

50§|tn_tm’§M(Sn_3m> — lsn_sm|2 M

Let € := $¢ > 0. Then for every N € N there are n > m > N with [s, — s,,| > €. .. {55}
is not Cauchy, contradicting the hypothesis.

. {t,} is Cauchy. 0

Z la,,| Cauchy partial sums, {b,} bounded —- Z a,b, has Cauchy partial sums.
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Question 5 (Regrouping preserves the sum)

Problem

Given a series Y a, and a strictly increasing sequence of natural numbers {ns}, the
regrouping of the terms

(al+a2+"'+an1)+(anl-i-l+an1+2+"'+an2)+(an2+1+an2+2+"'+an3>+”'
leads to a series Y by with the terms
bk = Opy_ 41 + QAnyp_1+2 + e+ A, Vk € N7

where ny denotes 0. Prove that if ) a, sums to s, then > by sums to s. (Tutorial 4,
Question 5.)

Official hint. “Compare the sequence of partial sums of ) b, with that of > a,.” No
further detail is given.

Solution

Method 1: Partial sums of }_ b, form a subsequence; Subsequen-
tial Limits
Proof. Lets, :=> "  a;and oy := Ele b;. Claim: o), = s, for every k € N. Induction

on k. -
k = 1: since ng = 0,

01 =b1 =apgp1+ -+ ap =a1+ -+ any = Sy,
Suppose oy, = s, for some k € N. Then

Okt1 = O + bpy1 = Sy, + (ank—i-l +oeee ank_._l)
= (a1 + an) + (a1 + 0 Gny) = S

Hence oy, = s, for every k € N.

{ny} is a strictly increasing sequence of natural numbers .". {s,, } is a subsequence of
{sn} (def. of subsequence).

> a, sums to s, i.e. s =lims, ... s=Ilims,, (Subsequential Limits).

O = Sp, for all k € N - s = limoy, i.e. ) b, converges, with sum s (def. of
convergence of a series). U

Zan sums to s — Z by, sums to s.
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Method 2: Direct e—N argument with the index bound n; > k

Proof. Let s, :=>""  a; and o}, := Zk b;.

j=1
Partial sums. For k € N, the index sets {n;_1 +1,...,n,}, j = 1,...,k, are disjoint
(as 0 =ng <ny < --- <ng) and their union is {1,...,nx}. Hence

k nj ny
O = E E a; = E a; = Sy, -
=1

7=1 i:nj,1+1

Index bound. ny > k for every k € N: n; € N gives ny > 1; if ng > k, then ngy1 > ng > k,
and ngy1 € Ny songy > k+ 1.

Limit. Let € > 0. s = lims, .. there is N € N with |s,, — s| < ¢ for all n > N (def.
of limit). Let k > N. Then ny > k> N, so

lok, — 8| = |sn, — 5| <e.

. for every € > 0 there is N € Nwith k > N = |0, —s| < e .. s = limoy (def. of
limit), i.e. > by sums to s. O

Zan sums to s — Z by, sums to s.
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Question A1 (Abel’s Test)

Problem

Use the Cauchy Criterion for Series to prove that if the series Y a,, is convergent and the
sequence {b,} is nonnegative and decreasing, then the series »_ a,b, is convergent. Do
not use the Monotone Convergence Theorem or the Algebraic Limit Theorem
for Series. [Note: This is known as Abel’s Test.] (Tutorial 4, Additional Question 1.)

Official hint. (a) Apply the Cauchy Criterion to > a,. (b) Abel’s Lemma: for n,m € N
with m >n, >0 apby = Smbm — Snbny1 + ZZ;IH Sk(bg — bry1), where sy, is the k-th
partial sum of > a,. (c) “What happens to Abel’s Lemma when {s,} is constant?”
Neither the proof of Abel’s Lemma, the bounding argument, nor the purpose of (c) is
given.

Solution

Method 1: Abel’s Lemma with shifted partial sums; Cauchy
Criterion for Series

Proof. Let s; := Zle a; for k € N.

Step 1: summation by parts. Fix n € N and put d, := s, — s, for kK > n. Then d,, = 0,
and for k >n+ 1, dp —dg_1 = s — s,._1 = ap. Let m > n. Replacing ap by dp — dip_1
and shifting the index in the second sum (k — 1 — k),

Z arbr = Z diby, — Z di—1bg
k=n+1 k=n+1 k=n+1
m m—1
= Z diby — Z dybrg1
k=n+1 k=n
m—1 m—1
= dub + ) dibi —diburr — Y dibins
k=n+1 k=n+1
m—1
- dmbm - dnbn+1 + Z dk(bk - bk+1)
k=n-+1
m—1
= (Sm = S)bm + Y (55— $0)(bx — 1) (d, = 0).
k=n+1

This is Abel’s Lemma of the hint applied to the partial sums dj, = s, — s,, whose value
at k = n is 0; the term —d,,b,, 11 vanishes.

Step 2: bounds on {b,}. {b,} is decreasing and b,, > 0 .. for every k € N: 0 < b, < by
and bk - bk+1 Z 0.

Step 3: choice of N. Let ¢ > 0 and &' := 2 j—l > 0. Y a, converges .. there is
1
N € N with |sy —s;| < ¢ for all £ > j > N (Cauchy Criterion for Series).
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Step 4: the estimate. Let m > n > N. Then |s; — s,| < &’ for n < k < m. By Step
1, the triangle inequality and Step 2,

m m—1
Z arbi| < |Sm — Su| b + Z |8k — Sn| (bk — brt1)
k=n+1 k=n+1
m—1
< b+ Y (b — bry)
k=n-+1

=¢'b, + ¢ [(bn+1 —bpya) + ot (b — bm):|
= &me + El(bn+1 — bm) = €/bn+1

b
<=y —1H
1

e <e.

(For m = n + 1 the sum over k is empty and the bound reads €'b,, = €'b,,11.)
o for every € > 0 thereis N e Nwithm >n>N = }ZZL:”H akbk‘ < e.
S > apby, converges (Cauchy Criterion for Series). O

Z a, convergent, {b,} nonnegative and decreasing = Z a,b, convergent.
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Method 2: Abel’s Lemma with remainders r; = s, — s; definition
of limit
Proof. Let s := Ele a; for k € N.

Step 1: Abel’s Lemma. Let m >n > 1. For k> n+12> 2, a = s — Sp_1. Shifting
the index in the second sum (k — 1 +— k),

m m m
g arby = g Skbr — E Sk—1bg
k=n+1 k=n-+1 k=n+1
m m—1
= E Skbr — E Skbrt1
k=n+1 k=n
m—1 m—1
= Smbm + E Skbk — Snbn-i-l — E Skbk+1
k=n+1 k=n+1
m—1
= Smbm - Snbn+1 + E Sk(bk - bk-i—l)'
k=n+1

Step 2: remainders. Y a, converges, so s := lim s, exists (def. of convergence of a series).
Let 7 := s, — s. Substituting sy = s + ;. in Step 1,

m m—1
> ity = 5[ = busr+ > (b= b
k=n+1 k=n+1
m—1
+ Tmbm - Tnbn—l-l + Z Tk(bk - bk—l—l)'
k=n+1
m—1

By telescoping, > ;"1 (b — brt1) = (bng1 — bng2) + -+ (b1 — b)) = by — by, SO
the bracket equals b,, — b,11 + b1 — b, = 0. Hence

m m—1
Z agby = Tmby, — TRbpg1 + Z 70k — bi41)-
k=n+1 k=n+1

Step 3: choice of N. {b,} is decreasing and nonnegative, so 0 < by < by and by —bgyq >0

for every k € N. Let ¢ > 0 and &’ := 5% €+ ] > (. Since s = lim s, there is N € N with
1

|7x| = |sk — s| < & for all k > N (def. of limit).
Step 4: the estimate. Let m > n > N. Every index k£ with n < k < m satisfies
k > N, so by the triangle inequality,

m m—1
Z arb| < |7m| b + 70| bpg1 + Z 71| (bx — bry1)
k=n+1 k=n-+1

< &by +Ebpir + (b1 — b))

= 2€/bn+1 S 2€/b1 =

1
< €.
Wy +1° O °

o for every € > 0 thereis N e Nwithm >n>N = ‘Z?an akbk‘ < e.
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C. Y apby, converges (Cauchy Criterion for Series). Neither the MCT nor the ALT
for Series was used. O

Z a, convergent, {b,} nonnegative and decreasing —> Z a,b, convergent.
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Question A2 (Infinite products)

Problem

A close relative of the infinite series is the infinite product, which is a formal expression

of the form .
[10n =[] bn:=bibods-- -,
n=1

where {b,} is a sequence of real numbers. This infinite product is understood in terms
of its sequence of partial products {p,}, where, for each n € N, p,, := bybsbs---b,. An
infinite product is said to be convergent if its sequence of partial products is convergent.

(a) Use the Cauchy Criterion to prove that if {b,} and {¢,} are sequences for which
1<b, <e¢,forall n € Nand []e¢, is convergent, then [] b, is also convergent. Do
not use the Monotone Convergence Theorem.

For the rest of this question, we consider the special case of infinite products of the form

H(l +a,)=0+a)(l+a)(1l+az) -,

where the sequence {a,} is nonnegative.

(b) Find an explicit formula for the partial products in the case where a,, = % Is the
infinite product convergent?

(c) Use the Cauchy Criterion to prove that the infinite product [[(1 + a,) is conver-
gent if and only if the series ) a, is convergent. Do not use the Monotone
Convergence Theorem.

(Tutorial 4, Additional Question 2.)

Official hint. (a) Follow the proof of the Comparison Test, using the Cauchy Criterion
for sequences (not series). (b) Each partial product is a natural number; the infinite
product is not convergent. (c¢) “If”: use 1+x < e*. “Only if”: use (14+z)(14+y) > 1+z+y.
None of the actual estimates, the explicit formula, or the unboundedness argument in (b)
is carried out.

Solution

Method 1: Cauchy Criterion on partial products
Lemma P. Letr e Nand 1 <wz; <y, fori=1,...,r. Then 1 <[[_, z; <[l_, v-

Proof. Induction on r. For » = 1 this is the hypothesis 1 < x; < ;. Suppose the claim
holds for r, and write X, := [['_, z;, ¥, :=[[/_, v, so 1 < X, <Y,. Since z,4; > 1 and
X, >0,

Xr-i—l - Xr Lr41 > Xr > 1.

Since X, <Y, and x,,1 > 0, and 11 < y,41 and Y, > 0,
Xr+l =X, Tri1 <Y, Tri1 <Y, Yr41 = Y;“—‘rl-

.. the claim holds for r + 1, hence for every r € N. Il
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Part (a).

Proof. Let p, := b;---b, and ¢, := ¢1---¢,. By Lemma P, 1 < p,, < ¢, for every
m € N. Let n > m and

Bi=bpr- by,  Ci=cCpprCn,

SO Ppn = PmB, ¢n = gnC, and 1 < B < C' (Lemma P). Then

0<pn—pm=pm(B-1) (B=1>0, pn>0)
SQm(C_l) (BSC, Qm>0)
=d4n — qm-

Hence |p, — pm| < |gn — ¢m| whenever n > m; by symmetry also when n < m, and both
sides are 0 when n = m.

[1¢cn converges, i.e. {g,} converges .". {¢,} is Cauchy (Cauchy Criterion). Let ¢ > 0.
There is N € N with |¢, — ¢ < e for all n,m > N. - for all n,m > N,

1Pn = Pl < a0 — gm| < e

. {pn} is Cauchy .. {p,} converges (Cauchy Criterion), i.e. [] b, converges. O

(a) 1 < b, < ¢, Vn, H ¢, convergent — H b, convergent.

Part (b).

Proof. For k e N, 1+ % = % Hence, for every n € N,

“k+1 2 3 4 n+1
mell5m =1t

since the numerator k + 1 of the k-th factor cancels the denominator of the (k 4 1)-th
factor ﬁ—ﬁ, leaving the last numerator n + 1 over the first denominator 1.

Let K € R. There is N € N with N > K (Archimedean), and then for every n > N,
pn=n+1>N>K. ' p,— oo; in particular {p,} is unbounded .-. {p,} diverges
(Boundedness of Convergent Sequences). O

(b) p, =n +1 for all n € N; the infinite product H(l + 1/n) diverges (p, — 00).

Part (c). Let s, := > ;_,a; and p, := [[,_,(1 + ax). Since a > 0 for all k: p, >1
(Lemma P with z; =y; = 1+ a; > 1); ppy1 = pu(l + ans1) > pn (as pp > 0, apyq > 0);
and for n > m,

n

Pn _ H(1+ak), Sy — Sm = iakzo-

Pm k=m-+1 k=m+1
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Proof (“if”). Assume ) a, converges.
Step 1 (product bound). Claim: for r € N and x1,...,2, > 0 with S, := 3" | z; <1,

: 1
[Ja+z) < o

i=1 r

Inductionon 7. 7 =1: 1 —2; >0and (1 +x)(1—2)=1—-23<1,s01+x <

— l—z1°

Suppose the claim holds for r, and let S,.; < 1. Then S, < S, < 1, so the claim for r
applies. Write x := x,.1. Then

1+2)1=S41)=0+2)(1-S,—z)=1-5, — x5, — 2*
(1-5,) =28, <1-5,.

Dividing by (1 — S,)(1 — S,11) > 0 gives ffs”i < 1—§T+1’ hence

r—+1
1+xr+1 1
142,) < < .
O T P

=1

Step 2 (a bound for {p,}). There is Ny € N with 0 < s, — s, < 3 for all n. > m > Ny
(Cauchy Criterion for Series, e = 1). For n > m > Ny, Step 1 with z; := a,,4; and

2
ri=mn—m gives

P 1
Pm 1 - <8n N 8m>
: _ . _ _ _ l _ l Pn 1
With m = Ny and n > No: 1 — (s, — sn,) > 1 —35 = 35, s0 o < Ty < 2,

ie. p, < 2pn,. For n < Ny p, < pn,. Hence p, < K := 2py, for every n € N. For
n>m2N0,withy::sn—sm€[O,%),sol—y>%,

n 1
Pm 1_y

:K%SQKy:2K(Sn—sm).
Y

Step 3 (choice of N). Let € > 0. There is N' € N with 0 < s, — s, < 557 for all
n >m > N’ (Cauchy Criterion for Series); let Ny := max{N’, Ny}, so Step 2 also applies

for n >m > Ny. For n > m > Ny,

2K

O<n_m<2Kn_m<
< Po = P S 2K (50— 8m) < 5

e<e.

By symmetry (n < m) and triviality (n = m), |p, — pm| < € for all n,m > Ny. . {p,}
is Cauchy .. {p,} converges (Cauchy Criterion). O

Proof (“only if”). Assume {p,} converges.
Step 1 (product-sum bound). Claim: for r € N and z4,...,2z, > 0, [T_, (1 + ;) >
1+ 3", z;. Induction on r: equality for r = 1; if it holds for r, with S, :=>""_ a;,

r+1
H(l + xz) 2 (1 + Sr)(l + xr—&—l) =1+ Sr + Tr41 + Srzr-l—l Z 1+ Sr-‘,—la

=1

using 1 + 2,1 > 0 and S,x, 1 > 0.
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Step 2. For n > m, Step 1 with x; := a,,; gives % > 1+ (8, — Sy). Since p,, > 1

and p, — pm > 0,
0< 80— s <2 < p
Pm

Step 3. {pn} converges .. {p,} is Cauchy (Cauchy Criterion). Let ¢ > 0. Thereis N € N
with |p, — pm| < € for all n,m > N. For n > m > N: |s, — S| < pn — pm < €; by
symmetry and for n = m, the same holds for all n,m > N.

. {sn} is Cauchy .. > a, converges (Cauchy Criterion for Series). O

(c) H(l + a,) convergent <= Z a, convergent (a, > 0).
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Method 2: Bolzano—Weierstrass for increasing sequences; induc-
tion

This method should be used only if the course allows this interpretation: parts (a) and (c)
below replace the requested Cauchy Criterion by the Bolzano—Weierstrass Theorem, and

Lemma M is the increasing case of the MCT, reproved from BW, although the question
forbids the MC'T.

Lemma M. If {z,} is increasing and bounded, then {x,} converges.

Proof. {z,} is bounded .". it has a subsequence {z,, } converging to some L € R (BW).
z, < L for every n € N: fix n; for every k > n, n;, > k > n (Subsequence Index
Bound), so z,, > x, ({z,} increasing); hence L = limy x,,, > x,, (OLT).
Let € > 0. There is K € N with |z,, — L| < e for all k > K. Let N := ng. For every
n>N,
L>x, >z, >L—¢ = |z,— L|<e.

. L =limz, (def. of limit). O
Part (a).

Proof. Let p, :=by---b,, ¢, :=c1---¢c,. Forevery n € N, p, > 1 >0 and b,,1 > 1, so
Prt1l = Pnbni1 = pn: {pn} is increasing. {q,} converges .. there is @ > 0 with |¢,| < @
for all n (Boundedness of Convergent Sequences). By Lemma P (Method 1),

1<p<¢: <@  (neN).

. {pn} is increasing and bounded .". converges (Lemma M). O

(a) 1 <b, <c, Vn, H ¢, convergent — H b, convergent.

Part (b).

Proof. Claim: p, = n+ 1 for every n € N, by induction. p; =1+ % =2. Ifp,=n+1,
then

1 n -+ 2
Pn+1 =D ( +n+1> (n+1) e n+

Divergence: a, = + > 0 and Y + diverges (Lemma C). If [](1 + 1/n) converged, then
>~ 1 would converge by part (c) (“only if”, Method 1); this is false. .. [](1 + 1/n)
diverges. U

(b) p, =n +1 for all n € N; the infinite product H(l + 1/n) diverges (p, — 00).

Part (c).

Proof. Let s, := ) ,_, a; and p, := [[;_,(1 + ax); both sequences are increasing since
ag Z 0.

“If”: assume ) a, converges. By Step 2 of the “if” proof in Method 1 (which uses
only the product bound of Step 1 and the Cauchy Criterion for Series with ¢ = %),
1<p,<KforallneN. . {p,} isincreasing and bounded .. converges (Lemma M).

“Only if”: assume {p, } converges. There is P > 0 with p,, < P for all n (Boundedness
of Convergent Sequences). By the product—sum bound (Method 1, “only if”, Step 1, with
T = a;, ri=mn),

0<s,<p,—1<P-1 (n € N).
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. {sn} is increasing and bounded .. converges (Lemma M), i.e. ) a,, converges. 0

(c) H(l + a,) convergent <= Z a, convergent (a, > 0).
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Method 3: Exponential bound 1+ z < ¢*, for part (c)
Note: uses the exponential function e* = Z;io % and e*tY = e*e¥, which are not course
material in Lectures 1-17.

Proof (“if”). Assume ) a, converges, with sum s. Let s, := Y ,_ ax and p, =
1,1+ a). ) |
Facts. Forx > 0: e* =1+o+ 5+ > 1+ ForjeN,jl=1-2---7>2"1 50

ZﬁﬂﬁSnyyl_QIhmfﬁno<y<1@oy1<1)

For o < ys o0 = e > ewu o) 2 e
FEstimate. For n > m, 1 <1+ a; < e for each k, so by Lemma P and e*™¥ = e%¢Y,

P H (I+a) < H esrom Pm < € < e’

(8m < st for j >m, s; > 8, 80 s =lims; > s, by the OLT.) Hence, when 0 < s,, —s,,, <
1,
o pn Sn—3S8m S
ngn_pm—pm(——1> (6 —1)§2€ (Sn—sm).
Pm
Choice of N. Let ¢ > 0 and &' := min{l, ﬁ} There is N € N with 0 < s,, — s,,, < &’
for all n > m > N (Cauchy Criterion for Series). For n > m > N,

0< < 2¢%( ) < 2¢” <
n— Pm < 2€°(8p — Sm £ <e.
= PP 2 + 1
By symmetry and for n = m, |p, —pm| < € for all n,m > N. . {p,} is Cauchy ..
converges (Cauchy Criterion). O

Proof (“only if”). Assume {p,} converges. For n > m, the product-sum bound
(Method 1, “only if”, Step 1) gives 5—; > 14 ($p—5m), 500 < 8, — 8 < p"pf% < Dn—Pm
(as pm > 1). {pn} is Cauchy (Cauchy Criterion); given £ > 0, the N that works for {p,}
gives |s, — sp| < € for all n,m > N. . {s,} is Cauchy ... > a, converges (Cauchy
Criterion for Series). O

(c) H(l + a,) convergent <= Z a, convergent (a, > 0).
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Question A3 (Alternating Series Test via NIP)

Problem
The Alternating Series Test can be proved directly from the Nested Interval Property.

(a) Given an alternating series by — by + bg — by + - - - with the sequence {b,} decreasing
and converging to 0, construct a nested sequence of closed and bounded intervals

I O I, O I3 O ---, whose lengths converge to 0, such that for each n,m € N,
m>n = S, € I,, where s,, denotes the m-th partial sum of the alternating
series.

(b) Hence use the Nested Interval Property to deduce a sum for the alternating series.

(Tutorial 4, Additional Question 3.)

Official hint. (a) Recall that the lecture proof of the Alternating Series Test establishes
that for every Nne N, n >N = 0<by;1 —byo+ -+ (=1)" V1, <byyi. (b)
The Nested Interval Property gives a real number s; show s is the sum via the definition
of a limit, remembering {b,} — 0. No explicit interval, no nesting check, and no final
e-N argument are given.

Solution

Method 1: Nested intervals from consecutive partial sums

Part (a). Let so:=0 and s, := > = (—1)*"'b, for m € N. Define, for n € N,
I, = [min(sn_l,sn), max(sn_l,sn)],

a closed and bounded interval with endpoints s,,_; and s,,.

Proof (signs of b,). Fix n € N. For every k > n, by < b, ({b,} decreasing), and
0 = limy bg. . 0 <, (OLT). Hence b, > 0 for every n € N. O

Proof (containment). Fix n € N and m > n. Recall the lecture inequality (AST
proof): for Ny;m € N with m > N,

0 <bypr—bygo+ -+ (=)™, < by (LI)

Casen > 2. Apply (LI) with N:=n—1€N (som >n > N):
0< > (=1 "ty < b,
k=n
For every k, (—1)k~! = (=1)""}(=1)*", so with o := (=1)""! € {1, -1},
S — Sp_1 = 2:(—1)":_161C = aZ(—l)k_"bk, Sy — Sp_1 = Oby,.
k=n k=n

Since 02 = 1, the inequality above reads

0<0(Sm—5n-1) < 0(Sp — Sp_1)-
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Ho=1: 5,1 <8,<s, fo=-1:5,<s, <s,.1. Inboth cases s,, lies between
Sp—1 and s,, i.e. s, € I,.

Case n = 1. I has endpoints sg = 0 and s; = by > 0, so I; = [0,b;]. For m = 1:
sy =0b, € I,. For m > 2:

Sm = b1 — (by— by + -+ + (=1)"2b,,),
and the bracket lies in [0, by] by (LI) with N = 1. Since 0 < by < by,
0<by —by < sy < by,
ie. s, € 1.

SforallnmeN m>n = s, € I,. O

Proof (nesting). Let n € N. By containment with m =n and m =n+1, s, € I,, and
Snt1 € I,. I, is an interval, so it contains every number between s, and s,.1; [,11 is
exactly the set of those numbers. .-. I,,;; C I, for every n € N. O

Proof (lengths). For n € N, the length of I, is
L] = [sn = Sp—a| = | (=1)" b = b, (by >0),

and 0 = limb,,. .". the lengths converge to 0. U
Part (b).
Proof. {I,} is a nested sequence of closed and bounded intervals .. there is s € R with
s € I, for every n € N (NIP).

Uniqueness. 1f also s € I, for every n, then 0 < |s —§'| < |I,,| = b, for every n;
0=1limb, ... |s—&| <0 (OLT) .. s=¢".

Limit. Let € > 0. 0 =limb, .". there is N € N with by = |by — 0] < & (def. of limit).
For every m > N: s, € Iy (part (a)) and s € Iy, so

|Sm—8| < |[N|:bN<E.

. s =lims,, (def. of limit), i.e. the series converges, with sum s. g
by — by + b3 — - -+ converges to the unique s € ﬂ 1,.
n=1
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Method 2: Nested intervals from even and odd partial sums

Part (a). Let s, := > ,—,(—1)F71b,. As in Method 1, b, > 0 for every n € N (OLT).

Proof (monotonicity). For every j € N, since {b,} is decreasing and nonnegative,
Sojr2 — S2j = bojy1 — bajyo >0,

Spj+1 — S2j—1 = —baj + bajr1 = —(byj — baji1) <0,

S9j—1 — 825 = byj > 0.

So the even partial sums increase, the odd partial sums decrease, and sp; < s9;_1. Hence,
for ¢ < 7,

~—

S9; < S9j < Sgj1 < Soiq. (*

.. (%) holds for all 4, j € N with ¢ < j. 0
Define, for j € N,

Iyj 1 = Iaj := [s95, S95-1],

a closed and bounded interval (by (%) with i = j).

Proof (containment, nesting, lengths). Containment. Let n € N and m > n; write
n=2j—1lorn=2j,som>27—1. lf m = 2i, then 20 > 25—1givesi > 5;if m =21 —1,
then 2i — 1 > 2j — 1 gives ¢ > j. In both cases (x) gives soj < s9; < Spy < S9i-1 < Soj1,
ie. s, € 1I,.

Nestmg. IQj = IQj_l, and by (*) with 7 = j, ]+ 1: 52; S 52542 S 52541 S 8§25-1, SO
I2j+1 = [82j+2, 32j+1] - [32j732j—1] = ]2j-

Lengths. |Igj_1| = |12j| = 8251 — S25 = bgj. For n € {2] — 1, 2]}, 2] Z n, SO
0 < |I,,| = by; < by; since 0 = limb,, |1,| — 0 (Squeeze Theorem). O

Part (b).

Proof. {I,} is a nested sequence of closed and bounded intervals .. there is s € R with
s € I, for every n € N (NIP). If also s’ € I,, for every n, then 0 < |s — ¢| < |I,,| < b, for
every n, so s = s’ (OLT).

Let € > 0. There is N € N with by < e (def. of limit). For every m > N: s, € Iy
(containment) and s € I, so

|Sm—S| < |]N| SbN<5.

. s =1lims, (def. of limit), i.e. the series converges, with sum s. U

by — by + b3 — - -+ converges to the unique s € ﬂ I,.

n=1
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Method Map

Q. Core topic Methods included
1 Convergence of three M1 Comparison Test and unbounded partial sums;
series M2 Cauchy Criterion for Series with an explicit N;
M3 MCT on bounded partial sums ((a), (b)); M4 con-
tradiction via the ALT for Series ((c)); M5 Ratio Test
((a), beyond scope).
2 True/false with M1 explicit examples, ALT for Series; M2 disjoint-
examples support and indicator examples, Cauchy Criterion for
Series.

3 Proof or counterexample M1 Comparison Test with a global bound, explicit
counterexample, contrapositive; M2 Cauchy-tail es-
timates, a second counterexample, contradiction via
Question 4.

4 Cauchy partial sums M1 triangle inequality on partial-sum differences; M2
contradiction with the negated Cauchy condition.

5 Regrouping preserves M1 subsequence of partial sums, Subsequential Lim-

the sum its; M2 direct e-N argument with ng; > k.

Al Abel’s Test M1 Abel’s Lemma with shifted partial sums, Cauchy
Criterion for Series; M2 Abel’s Lemma with remain-
ders s — s.

A2 Infinite products M1 Cauchy Criterion on partial products telescoping,
product bounds [J(1+z;) < 1— Z and [[(14+x;) >
14> x; M2 BolzanofWeierstrass for increasing se-
quences, induction; M3 exponential bound 1+ 2z < e*
(beyond scope).

A3 Alternating Series Test M1 nested intervals from consecutive partial sums;

via NIP

M2 nested intervals from even and odd partial sums.

Final Answers

1. (a) Convergent. (b) Convergent. (c) Divergent.

SANEE

(a) True. (b) False. (c) True.

Ok = Sny, SO »_ b sums to s.

Al. > a,b, converges (Abel’s Test).

A2. (a) []b, converges.

converges.

(b) p, = n + 1; divergent.

(a) True. (b) True. (c) False. (d) True.

> |a,| Cauchy partial sums, {b,} bounded = > a,b, Cauchy partial sums.

(¢) TT(1 + a,) converges iff > a,

A3. I, = [min(s,_1, s,,), max(s,_1, s,)]; the series converges to the unique s € (", I,,.
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