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Abstract

Comprehensive revision notes for MH3100 Real Analysis I, rebuilt lecture by lecture
from the AY2026/27 slides and covering the Midterm syllabus (Lectures 1-17).
The topics are the real numbers and the Axiom of Completeness, sequences and
their limits, subsequences, the Bolzano—Weierstrass and Monotone Convergence
Theorems, series, and the topology of sets of real numbers (limit points, closures,
closed sets and compact sets). Every theorem is proved in full. Each proof separates
the Idea (scratch work) from an exam-ready Proof written in complete sentences,
with explicit quantifiers, logical connectives and a stated inference at every step.

Chapter Week | Lecture | Tutorial | Key Concepts

Ch. 1: The Real Numbers 1-2 L1-3 T1 sup/inf; Axiom of Complete-
ness; e-Criterion; Nested In-
terval Property; Archimedean
Property

Ch. 2: Sequences and | 2-3 L4-6 T2 e—N limits; Algebraic/Order

Limits Limit Theorems; Squeeze The-
orem; Cauchy Criterion

Ch. 3: Subsequences, 3-4 L7-9 T3 subsequences; Divergence Cri-

BW, MCT terion;  Bolzano—Weierstrass;
Monotone Convergence

Ch. 4: Series 4-5 L10-12 T4 partial sums; Cauchy Criterion
for Series; alternating, compar-
ison and absolute convergence
tests

Ch. 5: Limit Points and | 56 L13-15 TH limit /isolated points; closure;

Closed Sets closed sets; sequential criteria

Ch. 6: Compact Sets 6 L16-17 T5 extrema of closed bounded
sets; sequential compactness;
Nested Set Property

Ch. 7: Midterm Sum- - L1-17 T1-T5 | Synthesis chapter: comparison

mary tables, method patterns, traps,

integrated examples.

This revision guide follows the official MH3100 lecture sequence, one chapter per lecture
group (as the slide decks are grouped), with a synthesis chapter before the Midterm.
Week numbers are approximate; tutorial dates follow the tutorial sheets. Lectures 18-20
(function limits and continuity) are outside the Midterm and are not covered here.

For academic reference only. This document is provided for educational purposes and does not constitute an official

question paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete

or accurate.
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How to Use This Document

Structure of the Notes

Lectures provide the definitions, axioms and theorems; these notes state them in the course’s own words
and prove every one of them. Tutorials are folded in as labelled worked examples (“Worked Example
(Tutorial n, Qk)”); full tutorial solutions live in the separate Tutorial Solutions series. Each chapter is
organised into:

1. Core Theory — definitions, axioms, theorems, and the intuition behind them.

2. Proofs — every theorem proved in full. Where the slides state a result without proof, a QRS
proof using only earlier results is supplied and flagged.

3. Worked Examples — lecture and tutorial problems written as model exam answers.

4. Exam Focus — high-yield results, proof templates, and typical traps.

How Each Proof Is Laid Out

e Idea. Scratch work: guessing the supremum, choosing ¢, finding N. It is not part of the written
answer.

e Proof. The exam-ready write-up. It uses complete sentences, joins related statements with logical
connectives, and shows every inference with “therefore”, “hence”, “thus”, “so” or ... Quantifiers
are stated explicitly, and each definition or theorem used is cited by its slide name. It ends with
0.

e Common slip. Where marks are typically lost.

Suggested Revision Flow

e First pass: read the definitions and theorem statements, and the Key Formula boxes.

e Second pass: reprove every theorem without notes; attempt the Worked Examples before reading
the solutions.

e Final pass: the Midterm Summary chapter, then the Common Mistake and Exam Focus boxes in
the week before the test.

Colour and Box System (Legend)

Colour Box Name Use This For

Green Definition Formal definitions and assumptions (num-
bered).

Blue (band) | Theorem Formal results; a proof/derivation follows imme-
diately.

Blue Key Formula Equations to memorise or rederive quickly.

Brown Worked Example | Fully worked questions. Try on your own first.

Red Common Mistake | Typical errors and conceptual traps.

Purple Exam Focus High-yield checklists and exam strategy.

Cyan Extension Beyog;ﬂ—syllabus depth (non-examinable unless
stated).
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Part 1
Main Notes

1 Lectures 1-3: The Real Numbers and the Axiom of
Completeness

This chapter answers three questions: (1) what are the real numbers, and how do they differ from the
rationals; (2) what does it mean for a set of real numbers to have a least upper bound or a greatest
lower bound; and (3) what structural consequences follow from the single axiom that distinguishes R
from Q. It is the first chapter of the course, and it prepares Chapter 2 (Sequences and Limits), where
the e-Criterion and the Archimedean Property become the standard toolkit for every e—N proof.

Lecture 1 motivates the need for R by exhibiting a concrete gap in Q (the v/2 example). Lecture 2
makes precise what a “gap” means via upper bounds, suprema, and the Axiom of Completeness, and
derives the e-Criterion that turns the definition of supremum into a workable proof technique. Lecture 3
draws the two headline structural consequences of completeness — the Nested Interval Property and the
Archimedean Property — that Chapter 2 onward will use repeatedly.

1.1 Lecture 1: Construction of the Real Numbers

Lecture 1 has no boxed definitions or theorems on the slides: it is a narrative build-up N - Z — Q — R,
closing with one worked example. We reproduce the notation exactly, since every later lecture depends
on it.

Key Formula: Number System Notation

N=1{1,2,3,4,...}, No:=Nu{0}=1{0,1,2,3,...}.

For X € {Z,Q,R}: X+ denotes the positive elements of X (so Z* = N); X denotes the nonnegative
elements (so Z¢ = Np); X~ denotes the negative elements; X, denotes the nonpositive elements.
The subscript 0 always marks the version that includes zero.

Sample memberships. 0 € Z§ but 0 ¢ Z+ =N; —1 € Q™ but —1 ¢ Z; V2 € Rt but v2 ¢ Q.

The natural numbers N are the counting numbers; they are used to define finite sets {ai,...,a,} and
countable sets {ay,as,as,...} of distinct elements. The integers Z are constructed from N by adjoining
0 and negatives; the rationals Q are constructed from Z and N as

Q= {Z : (i,n) € Z x N, |i| and n have no common divisor > 1} .
n

Both Z and Q are countable: each can be listed as a single sequence (e.g. Z = {0,—-1,1,-2,2,-3,3,...}).
We can add, subtract, multiply, divide, and compare any two rational numbers.

Intuition. Each stage of N — Z — Q — R repairs a defect of the previous system: Z adjoins the additive
inverses that N lacks (so subtraction becomes total), Q adjoins the multiplicative inverses that Z lacks
(so division by nonzero elements becomes total), and R — as Lectures 2-3 make precise — adjoins the
suprema that Q lacks (so every bounded-above set gets a least upper bound). Each system after N is
built so that the arithmetic and comparison operations already available restrict correctly to the smaller
system; this is why, e.g., 2 + 3 = 5 means the same thing whether 2, 3,5 are regarded as elements of N,
Z, Q, or R.

Common Mistake: Is 0 a Natural Number?

In this course, N = {1,2,3,...} does not include 0; the symbol Ny is reserved for NU {0}. This
differs from some other textbooks (and from set-theoretic conventions) where N starts at 0. Writing
“0 € N” or indexing a sequence {a,, }°2, starting from ay without switching to Ny-notation is marked
wrong under this course’s convention.
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Why is a new construction needed for R? The slides pose this directly: “How do we formally
(mathematically) define a real number or the real numbers R?” The motivating worked example shows
that Q itself is not enough.

Example (Lecture 1): Approximating /2 by Rationals

The decimal expansion /2 = 1.4142135623730950488 ... can be approached by an increasing se-
quence of rationals whose squares stay below 2:

p=1:12=1<2, @g=14:14>=196<2, g¢g3=141: 1.41> =1.9881 < 2,

qs = 1.414 : 1.414* =1.999396 < 2, ¢5 = 1.4142: 1.4142% = 1.99996164 < 2.

We may associate /2 with the set of rational numbers less than it:
Ap=QU{geQ":¢* <2}

A 5 € Q is nonempty and bounded above in Q (by 2), but has no supremum in Q. Write A := A 5.
A supremum of A in Q is a rational s that is an upper bound for A and satisfies s < u for every
rational upper bound u of A.

Method 1: Two explicit rational witnesses and a parity argument

Proof. Step 1: A is nonempty and bounded above by 2. Since 1 € Q* and 1> = 1 < 2, we have
1 € A; therefore A # (). Let a € A. If a < 0, then a < 2. If @ > 0, then a® < 2 by the definition of
A; if we had a > 2, then a® > 4 > 2, which is false; hence a < 2. Therefore every a € A satisfies
a < 2,i.e. 21is an upper bound for A.

Step 2: no rational number has square 2. Suppose, for contradiction, that ¢ € Q and ¢® = 2. Write

7

q =+ with (i,n) € Z x N such that |¢| and n have no common divisor > 1. Then
i? = 2n?,

so 12 is even. If ¢ were odd, say i = 2k + 1 with k € Z, then > = 4k? + 4k + 1 would be odd; hence
i is even, ¢ = 2k for some k € Z. Substituting,

4k* = 2n* = n® = 2k?,

so n? is even, and by the same parity argument n is even. Therefore 2 divides both |i| and n,
contradicting the choice of (i,n). Hence ¢* # 2 for every q € Q.
Step 3: if ¢ € QT and ¢*> < 2, then some ¢ € Qt with ¢’ > q satisfies ¢*> < 2. Let
2—¢?
2(2¢+1)

Then h € Q, and h > 0 because 2 — ¢> > 0 and 2¢+ 1 > 0. Also h < 1, because 0 < 2 —¢> < 2 <
2(2¢ +1). Hence 0 < h < 1, and therefore h? < h. Put ¢’ := ¢+ h € Q*. Then ¢’ > ¢ and

q/2:q2+2Qh+h2
<g*+2¢h+h=¢q¢+(2¢+1)h
2, 2-¢ 2 2
=+ <4 +(2-¢°)=2.
Step 4: if ¢ € QT and ¢*> > 2, then some ¢’ € QF with ¢’ < q satisfies ¢*> > 2. Let

o _q2_2_q2+2
T T T T



https://qrsntu.org

MH3100 Real Analysis I — Revision Notes QRSQNTU

Then ¢’ € Q% since ¢> +2 > 0 and 2g > 0, and ¢’ < ¢ since % > 0. Moreover

(@®+2°-8¢ ¢ -4 +4 _ (¢*—2)°

12
9
g A 4 A

> 0,

so ¢ > 2.

Step 5: A has no supremum in Q. Suppose, for contradiction, that s € Q is a supremum of A in Q.
Since 1 € A (Step 1) and s is an upper bound for A, s > 1 > 0; hence s € Q. By Step 2, s? # 2;
therefore s? < 2 or s > 2.

Case s> < 2. Then s € A by the definition of A, and Step 3 gives ¢ € A with ¢’ > s. Hence s is
not an upper bound for A, a contradiction.

Case s? > 2. Step 4 gives ¢’ € QT with ¢’ < s and ¢’* > 2. We show that ¢ is an upper bound for
A. Leta€ A. If a <0, then a < ¢'. If a > 0, then a? < 2 < ¢'?, so

(¢ —a)(d +a) =q*—a®>0;

since ¢’ + a > 0, this gives ¢ —a > 0, i.e. a < ¢’. Hence ¢’ is a rational upper bound for A with
¢’ < s, which contradicts s < ¢'.
Both cases are impossible. Therefore A has no supremum in Q. O

A /7 is nonempty and bounded above in Q, but has no supremum in Q

Method 2: A single rational map and infinite descent

Proof. Step 1: A is nonempty and bounded above by 2. Since 1 € QT and 12 < 2, 1 € A. Let
a€ A Ifa <0, then a < 2; if a > 0, then a® < 2 < 4, and a > 2 would give a®> > 4; hence a < 2.
Therefore 2 is an upper bound for A.

Step 2: no rational number has square 2 (descent). Suppose, for contradiction, that s € Q and
s> = 2. Since (—s)? = s°, we may assume s > 0. Let K := {n € N: ns € N}. Writing s = £ with
i € Nand n € N gives ns =i € N, so K # (). By the Well-Ordering of N (every nonempty subset
of N has a least element), K has a least element n; put m := ns € N. If s < 1 then s* < 1, and if
s > 2 then s% > 4; since s> = 2, we get 1 < s < 2, and multiplying by n > 0 gives n < m < 2n. Put
n’:=m —n. Thenn’ € N (as m > n) and n’ < n (as m < 2n). Moreover ms = (ns)s = ns*> = 2n,
SO

n's=ms—ns=2n—méeN (since m < 2n).

Therefore n’ € K and n’ < n, contradicting the minimality of n. Hence ¢ # 2 for every ¢ € Q.
Step 3: one map moves every ¢ € Qt towards v/2 on its own side. For ¢ € Qt let

2942

€Qt.
q+2 Q
Then
o _29+2-4(g+2) 2-¢°
q+2 qg+2’
and

(2¢+2)*-2(¢+2)* 4¢*+8¢+4—-2¢°-8¢—-8 2(¢°—2)
(¢ +2)? (¢ +2)? (g+2)2°

Since ¢+2 > 0 and (¢ +2)? > 0: if ¢ < 2, then p > g and p? < 2; if ¢> > 2, then p < ¢ and p* > 2.
Step 4: A has no supremum in Q. Suppose, for contradiction, that s € Q is a supremum of A in
Q. Since1 € A, s >1,s0 s € Qt; by Step 2, s> <2 or s > 2. If s2 < 2, then s € A, and Step 3
gives p € QT with p > s and p? < 2, i.e. p € A with p > s; hence s is not an upper bound for A, a
contradiction. If s > 2, Step 3 gives p € Qt with p < s and p? > 2. For every a € A: if a < 0 then

a < p;if a >0 then p> —a?> >0 and p+a > 0, Sop—a:p;%zz>0. Hence p is a rational upper

bound for A with p < s, contradicting s < p. Therefore A has no supremum in Q. O

p’—2=

A /7 is nonempty and bounded above in Q, but has no supremum in Q
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Extension: The Dedekind-Cut-Style Construction of R (Not Carried Out in This

Course)

The slides specify that a real number can be identified with a set A C Q satisfying: (1) A is nonempty
and proper (A # () and A # Q); (2) A is downward closed (Vr,q € Q (r € A)A(¢<r) = q € A);
and (3) A has no maximum (Vr € A 3s € A r < s). Arithmetic on R (+,—, X, =) and the
comparison relation < are then defined via the corresponding operations on these associated sets of
rationals. The course states this construction but does not carry out the verification that it yields
a field; the slides refer the details to Abbott, Understanding Analysis, §8.6.

Why each of the three conditions is needed (informal). Condition (1) rules out the two degenerate
“numbers” A = () (which would represent —oo) and A = Q (which would represent +o00). Condition (2),
downward closure, is what makes A behave like “everything less than the real number it represents” —
e.g. the set A 5 = Qy U{q € Q" : ¢° < 2} from the worked example above is downward closed, since if
g€ Ay and r <qthenr? <g? <2 (forr,g >0)orr <0,sor € A s too. Condition (3), no maximum,
is what rules out sets like A = {¢g € Q : ¢ < 1} that would otherwise represent the rational number 1 by
two different associated sets ({¢ < 1} and {g < 1}); requiring no maximum forces the representation to
be unique.

1.2 Lecture 2: Bounds, Suprema, and Infima

Definition 1.1: Upper Bound and Lower Bound

A set A C R is said to be bounded above if there is some number b € R satisfying
YVac A a<hb.
The number b satisfying the above is called an upper bound for A. We similarly define a set to

be bounded below and a lower bound. If A is both bounded above and below, then we say that
it is bounded.

Intuition. An upper bound is any ceiling, not necessarily a tight one: if A = (0,1), then 1,2,100 are
all upper bounds for A. A set can have many upper bounds (indeed, if b is an upper bound, so is any
b > b), or none at all (e.g. A =N has no upper bound in R, as Theorem 1.4 will confirm).

Definition 1.2: Supremum and Infimum

A number s € R is said to be the supremum (a.k.a. least upper bound) of a set A C R if (1) s
is an upper bound for A; and (2) s is not greater than any upper bound for A. We write s = sup A
to mean that s is the supremum of A. We similarly define the infimum of a set and the notation
inf A.

Intuition. Among all the (possibly many) upper bounds of A, the supremum is the smallest — the
tightest possible ceiling. For A = (0,1), every b > 1 is an upper bound, and 1 is the smallest of these, so
sup A = 1. Condition (2) of the definition is what makes sup A unique when it exists: if s and s’ both
satisfy the definition, then s being no greater than the upper bound s’ gives s < s’, and symmetrically
s’ <s,80s=5¢.

Definition 1.3: Maximum and Minimum

A number m € R is said to be the maximum of a set A C R if m € A and m is an upper bound for
A. We write m = max A to mean that m is the maximum of A. We similarly define the minimum
of a set and the notation min A.

Intuition. A maximum is a supremum that happens to be attained: for a finite set like {1,2,3}, the
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maximum 3 is simply the largest listed element. The distinction only bites for infinite sets, where the
“smallest ceiling” can sit just outside the set, as with A = (0,1) and sup A =1 ¢ A.

Comparison between sup/inf and maz/min. The maximum (respectively minimum) of A, if it exists, is
always the supremum (respectively infimum) of A — but the converse is generally not true. The supremum
(respectively infimum) of A, if it exists and also happens to be an element of A, is precisely the maximum
(respectively minimum) of A.

Common Mistake: sup A Need Not Belong to A

The supremum of A is the least upper bound, not necessarily a member of A. For example sup(0,1) =
1 ¢ (0,1). Writing “sup A = max A” is only justified once you have separately checked that
supA € A. Symmetrically for inf A and min A. This is the single most common source of lost
marks in Tutorial 1 Question 1.

Exam Focus: True/False Statements on Bounds

The sample midterm’s Q1/Q2 format asks for true/false judgements on statements like these (no
justification is required on the actual paper, but you should be able to justify each instantly):

e “Every set A C R that is bounded above has a maximum.” False — e.g. A = (0, 1) is bounded
above but sup A =1 ¢ A, so A has no maximum.

e “If s =sup A then s > a for every a € A.” True — this is exactly the “upper bound” half of the
definition of supremum.

e “If A C B and both are nonempty and bounded above, then sup A < sup B.” True — sup B is an
upper bound for B, hence for A C B, so sup A < sup B by the definition of supremum applied to
A.

1.3 Lecture 2: The Axiom of Completeness

Theorem 1.1: Axiom of Completeness

Every nonempty set of real numbers that is bounded above has a supremum.

Proof. None is given, and none is possible: this is an aziom of the real numbers, not a consequence
of anything more basic. It is precisely the property that Q lacks — the set A 5 from Lecture 1’s worked
example is nonempty and bounded above in Q but has no rational supremum — and it is the property
that R is defined to have.

Two conventions extending sup. The empty set () does not have a supremum, because every real number

is (vacuously) an upper bound for (); we may write sup) = —oo. A set A C R that is not bounded above
does not have a supremum, because A has no upper bound at all; we may write sup A = oo. (By the
symmetric argument, inf ) = oo and inf A = —oo when A is unbounded below.)

Extension: Axiomatic Definition of the Real Numbers (Stated, Not Proved)

Theorem (Axiomatic Definition of the Real Numbers). All ordered fields satisfying the
Axiom of Completeness are isomorphic to each other. The real numbers R can then be defined to be
an ordered field that satisfies the Axiom of Completeness. Here a field is a set whose elements obey
the laws of 4+, —, X, =; an ordered field is a field whose elements obey the laws of the comparison
relation <, with the arithmetic operations respecting <; and an isomorphism of ordered fields is a
bijection preserving all arithmetic operations and <. The slides state this theorem and unpack its
terms, but give no proof of the isomorphism claim anywhere in Lectures 1-9; they instead refer
the reader to the final chapter of Spivak’s Calculus. This course does not examine the proof of this
theorem.
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Common Mistake: Forgetting the Two Hypotheses of Completeness

The Axiom of Completeness requires both that A is nonempty and that A is bounded above —
dropping either breaks the conclusion. A = () is bounded above (vacuously, by every real number)
but has no supremum, since no real number fails to be an upper bound of @, so there is no least
one. A = N is nonempty but not bounded above, and indeed has no supremum (Theorem 1.4 below
shows precisely that no real number bounds N). Before invoking the Axiom of Completeness on a
set A, always state both checks explicitly: “A is nonempty (exhibit an element) and bounded above
(exhibit a bound).”

1.4 Lecture 2: The e-Criterion for Suprema and Infima

Theorem 1.2: e-Criterion for Suprema and Infima

For any set A C R and any number s € R:

s =supA if and only if s is an upper bound for A and
Ve>03dac A s—e<a. (1)

A similar criterion holds for inf A: for any set A C R and any number s € R,

s=1inf A if and only if s is a lower bound for A and
Ve>03dac A a<s+e. (2)

Idea. (Scratch work — not part of the written answer.) Recall that sup A is defined as an upper bound
that is no greater than any other upper bound. The condition (1) says “no number strictly smaller than
s is an upper bound of A” — which is exactly the second half of the definition of supremum, restated as
a negative existence statement. The forward direction turns “s is least” into “every smaller candidate
fails”; the backward direction turns “every smaller candidate fails” into a proof by contradiction that no
upper bound can be strictly below s.

Proof. We first prove the supremum case; the infimum case is deduced from it afterwards.

(Only if.) Suppose s = sup A. By the definition of supremum, s is an upper bound for A. Let ¢ > 0
be given. Since s —e < s and s is the least upper bound for A, the number s — e cannot itself be an upper
bound for A (otherwise s would not be the least one). Therefore, by the definition of upper bound, there
exists a € A such that a is not < s —¢; that is, s —e < a. As € > 0 was arbitrary, (1) holds.

(If.) Suppose s is an upper bound for A and (1) holds. We must show that s is not greater than
any upper bound for A. Suppose, for contradiction, that b is an upper bound for A with b < s. Let
g:=s—b>0. By (1), there exists a € A such that s —e < a, i.e., b < a. But b is an upper bound for
A, so a < b, contradicting b < a. Hence no upper bound for A is strictly less than s; combined with s
being an upper bound for A, the definition of supremum gives s = sup A.

(Infimum case, via A — —A.) This half is not carried out on the slides in Lectures 1-3 — they state
only that “a similar criterion holds for inf A” — so the argument below is written out by QRS using the
standard reflection trick. Let —A :={—a:a € A}.

Claim 1. For b € R: b is a lower bound for A if and only if —b is an upper bound for —A. Indeed,
b is a lower bound for A means Va € A b < a, which (multiplying by —1, reversing the inequality) is
equivalent toVa € A —a < —b, i.e., V(—a) € —A (—a) < b, i.e., —b is an upper bound for —A.

Claim 2. s = inf A if and only if —s = sup(—A). By the definition of infimum, s = inf A means s is
a lower bound for A and s is not less than any lower bound for A. By Claim 1, “s is a lower bound for
A” is equivalent to “—s is an upper bound for —A”, and (applying Claim 1 to every lower bound b of
A, matched with the upper bound —b of —A) “s is not less than any lower bound for A” is equivalent
to “—s is not greater than any upper bound for —A”. Together these give exactly the definition of
—s = sup(—A4).

Now apply the already-proved supremum case of this theorem to the set —A and the number —s:
—s = sup(—A) if and only if —s is an upper bound for —A (by Claim 1, equivalent to s being a lower

10
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bound for A) and, for every ¢ > 0, there exists an element —a € —A (that is, a € A) such that
(=s) —e < —a.

Multiplying by —1 reverses the inequality, so the displayed inequality is equivalent to a < s+e&. Therefore,
combining with Claim 2, s = inf A if and only if s is a lower bound for A and for every ¢ > 0 there exists
a € A with a < s+ ¢, which is exactly (2). O

Method 2: Direct Chain of Equivalences (the Slide’s Route). The slides prove the supre-
mum case as a single chain of logical equivalences rather than two separate directions; both are correct,
and it is worth recognising this form too. Recall that s = sup A means, by definition, that s is an upper
bound for A that is not greater than any other upper bound for A; write this second half as “every upper
bound for A is at least s.” Then, for a number already known to be an upper bound s,

Ve>03da€ A(s—e<a) <= Ve >0 (s—eisnot an upper bound for A)
<= Vb < s (bis not an upper bound for A)
<= every upper bound for A is at least s.

The first equivalence holds because “s—e < a for some a € A” is exactly the negation of “a < s—¢ for all
a € A7, i.e. the negation of “s — ¢ is an upper bound.” The second equivalence is a relabelling b := s — ¢
(as € ranges over all positive reals, b ranges over all reals strictly less than s). The final expression is
precisely the second half of the definition of supremum. Hence, given that s is an upper bound for A,
condition (1) holds if and only if s = sup A.

Common slip. The ¢ in (1) must work for every € > 0, and the witness a € A is allowed to depend
on ¢ (larger ¢ typically needs a less extreme a). Do not fix € to a specific value (e.g. “take ¢ = 1”) and
call the criterion verified. Also, the criterion presupposes that s is already known to be an upper bound
for A — checking only the e-condition, without first checking s is an upper bound, proves nothing.

Mini-example: sup(0,1) = 1 via the e-Criterion. Let A:=(0,1). For every a € A, a <1, so0 1
is an upper bound for A. Let € > 0 be given. If ¢ > 1, then 1 —¢ <0, and any a € (0,1) (e.g. a = 1/2)
satisfies a >0 >1—¢. If 0 <e <1,then1—5¢€(0,1) =Aand1—5 >1—c. Ineither case, some

a € A satisfies 1 — ¢ < a. By the e-Criterion for Suprema, sup A = 1; and since 1 ¢ A, this supremum is
not a maximum — confirming the Common Mistake noted after the definition of supremum in Lecture 2.

1.5 Lecture 3: The Nested Interval Property

Example (Lecture 3): The Bisection Method

Given f : [a,b] — R with f(a) < 0 < f(b), the bisection method locates some ¢ € [a,b] with
f(e) =0:
1. Set Il = [al,bl] = [a,b].

2. For k=1,2,3,..., set my = 3(ay, + by;) and set

_ b it fm) <0,
Ik+1 = [ak+17bk+1] - {[akljmkk] if f(m:) > 0.

This produces nested closed intervals Iy D I, D I3 D ---.

Method 1: Induction on k£ with a three-part invariant
Proof. Since f(a) < 0 < f(b), we have f(a) # f(b), so a # b; as [a,b] is an interval, a < b. For
k € N let P(k) be the statement

b—a
ay < by, bk_ak:F, flar) <0< f(by).

11
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Base case. a1 =a <b=b;, by —a; =b—a="5%" and f(a;) = f(a) <0 < f(b) = f(b1). Hence
P(1) holds.
Inductive step. Assume P(k) for some k € N. Then

b, — ay, b, —a
kz >0 and by —my = k2 K

my — a = >0,

S0 aj < my < by.
Case f(my,) < 0. Then I} 1q = [my, bi], 80 a1 = my, < by = byyq;

bk—ak b—a
b1 — Qry1 = b — my, = 9 = ok )

and f(agr1) = f(mg) <0< f(by) = f(bry1). Hence P(k + 1) holds. If x € I;,4, then a; < my, <
x < by, so x € I; therefore I}, 1 C I}.
Case f(my) > 0. Then Iy = [ag, my), 80 ar1 = ar < My = byyq;

bk—ak_b—a.
2 2k

brt1 — Qpyr = My — ap =

and f(axs1) = f(ar) <0 < f(my) = f(bry1). Hence P(k+ 1) holds. If z € I;4q, then a, < z <
my, < by, so x € I; therefore I}, ;1 C Ij.
By induction, P(k) holds and I.; C I, for every k € N. Since a;, < b, are real numbers, each

I, = [a, by] is a closed and bounded interval, of length 21’;_ e O

’I 12 I, D I3 O --- are nested closed and bounded intervals

Theorem 1.3: Nested Interval Property

If I, = [a,,b,] is a closed and bounded interval for each n € N, and I,, D I,,,, for each n € N, then
the nested sequence I; O I, D I3 O --- has a nonempty intersection; i.e., there is some ¢ € R
with ¢ € I,, for all n € N.

Idea. (Scratch work —not part of the written answer.) Collect all the left endpoints into a set A = {a,, }.
Nesting forces every right endpoint b,, to sit above every left endpoint a,,, so each b,, is an upper bound
for A. Take ¢ = sup A (Axiom of Completeness); then ¢ is above every a,, (since ¢ is an upper bound of
A) and below every b, (since c¢ is the least upper bound, and each b, is already an upper bound). So
¢ € lan, by,] for every n.

Proof. Let A := {a, : n € N}, which is nonempty since N is nonempty. Fix n € N; we show b,, is an
upper bound for A. Let m € N be arbitrary. Since the sequence of intervals is nested, either I,, O I, or
I,>1, IfI, O1I,, then a, < a,, and b,, < b, so a,, <b,, <b,. If instead I,,, D I,, then a,, < a,,
and since I,, = [a,,b,] is a (nonempty) interval, a,, < b,; hence a,, < a,, < b,. In either case a,, < b,.
As m € N was arbitrary, b,, is an upper bound for A.

Since n € N was arbitrary, A is a nonempty set that is bounded above (by any b,,). Therefore the
Axiom of Completeness asserts that A has a supremum; write ¢ := sup A.

We now show ¢ € I, for every n € N. Fix n € N. Since a,, € A and ¢ is an upper bound for A (by
the definition of supremum), a,, < ¢. Since b,, is an upper bound for A (shown above) and ¢ = sup A is
not greater than any upper bound for A (by the definition of supremum), ¢ < b,,. Therefore a,, < ¢ < b,
ie., cel, Asn €N was arbitrary, ¢ € I, for all n € N; hence N, o I # 0. O

12


https://qrsntu.org

MH3100 Real Analysis I — Revision Notes QRSQNTU

Common Mistake: Dropping Closedness or Boundedness

Both hypotheses of Theorem 1.3 are essential.

e Closedness matters. (0,1] D (0,3] D (0,3] D --- is nested with each interval bounded, yet
N, (0, l] = (): the proof above breaks because n = 0 is never itself included, so there is no

element of the set of left endpoints that could be * caught inside every interval.

e Boundedness matters. [1,00) D [2,00) D [3,00) D --- is nested with each interval closed, yet
N, [n,00) = 0: the proof above breaks because the set of left endpoints A = N is not bounded
above, so sup A does not exist.

Do not quote the Nested Interval Property for a sequence of intervals unless you have checked both
that each interval is closed and that at least one (equivalently, every) interval is bounded.

Remark (the Nested Interval Property fails for Q). This is the same incompleteness phenomenon as
Lecture 1’s v/2 example, now stated for nested intervals. Let a, be the decimal expansion of v/2 to n
places and b, := a,, + 10™™:
a; = 14, b1 == 15, Ao = ].4]., b2 == 142, as = 1414, bg = 1415,
ay = 1.4142, by = 1.4143; as = 1.41421, by = 1.41422;
The sets I,, := {¢ € Q: a, < g <b,} form a nested sequence of closed bounded intervals in Q (each I,
is nonempty since a,,b, € Q, and I,,4; C I, since the decimal expansion only tightens), yet N, I, = 0

in Q: the only candidate real number trapped by every I, is v/2 itself, which is not rational, so no
rational number lies in every I,. Tracing through the proof of Theorem 1.3 with A = {a,} C Q shows
exactly where it breaks: the Axiom of Completeness (applied within Q) would need to supply supg 4,
but A has no supremum in Q at all. The Nested Interval Property is therefore a genuine consequence of
completeness, not a fact about ordered fields in general.

1.6 Lecture 3: The Archimedean Property

Example (Lecture 3): Bisection Method, Continued

In the Bisection Method, the interval lengths are
b bl—al bl—al bl—al bl—al
= @ e e
1 1 2 ) 4 9 8 ) ) 2n71 )
The lengths tend to 0, so ), I, contains at most one real number:
b1 —a
on—1

Ve>0dNeNVneN n>N —

Method 1: Archimedean Property with the bound 2"~ ! > n

Proof. Write L := b, —a;. Since f(a) < 0 < f(b) forces a < b, L > 0. At each step I, is one of
the halves [my, bi] or [ax, my] of I, each of length bVTa’C; hence by, — apy1 = %5% for every k € N,
and by induction on n,

b, —a, = for every n € N.

2n71
Step 1: 21 > n for everyn € N. Forn =1, 2° =1 > 1. If 2-! > k for some k € N, then
28 =2.21>9k =k +k > k+ 1. Hence the claim holds for all n € N by induction.

Step 2: the lengths fall below every € > 0. Let € > 0. By the Archimedean Property there is N € N
with N > % Let n € N with n > N. By Step 1,

L
2 l>p>N> =,
&

13
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Multiplying by 5= > 0 gives ¢ > 2,% Hence for every ¢ > 0 there is N € N such that every

n > N satisfies Qn% < e.
Step 3: at most one point. Suppose, for contradiction, that x,y € (), I, with z < y. For every
neN, a, <x <y <b,, hence

L
y—x<b,—a,= 1
Apply Step 2 with € := y—x > 0: there is N € N with 21\%1 < y—x, which contradicts y —a < QN%
Therefore (), I,, contains at most one real number. O
: by —ay
Ve > 0 there is N € N such that Vn > N o1 <&

M, I, contains at most one real number

Method 2: Completeness and halving (infimum of the lengths)

Proof. Write L :=b; —a; > 0 (a < b because f(a) < 0 < f(b)). Each step keeps one half of the

previous interval, so byy1 — apy1 b"‘;a"‘, and by induction b, — a, = 27% for every n € N. Let

L
S::{2n1:n€N}.

Step 1: inf S exists and is > 0. L € S, so S # 0; and 2,1% > 0 for every n € N, so 0 is a lower
bound for S. Hence —S is nonempty and bounded above by 0, so sup(—S) exists (AoC), and
t :=inf S = —sup(—9) exists (Claim 2 in the proof of Theorem 1.2). Since 0 is a lower bound for
S and t is the greatest lower bound, 0 < ¢.

Step 2: t = 0. Suppose, for contradiction, that ¢ > 0. Then 2¢ > ¢, so 2t is not a lower bound for S
(def. of infimum); hence there is n € N with ;£ < 2t. Dividing by 2,

L L

72(71%»1)71 = 27 <t.

But 2(%% € S and t is a lower bound for S, so t < %, a contradiction. Therefore ¢ = 0.
Step 3: the lengths fall below every ¢ > 0. Let ¢ > 0. By the e-Criterion for infima applied to
inf S = 0, there is N € N with ;= < 0+e. Let n € Nwithn > N. Then 277! = 2n~N.2N=1 > oN—-1,

hence
1L

27171 - 2N71

<e.

Step 4: at most one point. Suppose, for contradiction, that x,y € (), I, with < y. For every
neNa <z<y<b,soy—x < Q,LL_l. Hence y — x is a lower bound for S, and therefore
y—x <infS =0 (def. of infimum), which contradicts y — « > 0. Therefore (), I,, contains at most
one real number. O

bl — a
o1 < g
M, I, contains at most one real number

Ve > 0 there is N € N such that Vn > N

Why the Archimedean Property is not trivially true. It can feel obvious that the natural numbers are
unbounded within R — surely one can always count higher than any fixed real number. But this does
not follow from R merely being an ordered field: there exist ordered fields (containing so-called infinite
and infinitesimal elements) in which N is bounded above. What rules this out specifically for R is
the Axiom of Completeness; the proof below manufactures the required natural number directly from
sup{n € N : n < a}, which exists only because R is complete. This is exactly Lecture 3’s Objective 4:
the Archimedean Property is a genuine consequence of completeness, not of order alone.

14
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Theorem 1.4: Archimedean Property

Given any a € R, there is some n € N satisfying n > a. Equivalently, given any b > 0, there is some
n € N satisfying
1
— < b. 3
- (3)

Idea. (Scratch work — not part of the written answer.) Collect the natural numbers that fail to exceed
ainto A= {n € N:n <a}. If Ais empty, any n works. Otherwise A is bounded above (by a), so it has
a supremum s; since s — 1 < s is not an upper bound, some n € A beats s — 1, which forces n + 1 to
beat s — and hence to beat every element of A, son+1¢ A, ie.n+1>a.

Proof. Let A:={n € N:n <a} CN, which is bounded above by a.

Case 1: A = (). Then no natural number satisfies n < a, so every n € N satisfies n > a; in particular
n = 1 works.

Case 2: A # (. Since A is nonempty and bounded above, the Axiom of Completeness asserts that A
has a supremum; write s := sup A. Since s — 1 < s and s is the least upper bound of A, the number s —1
is not an upper bound for A (by the definition of supremum). Therefore there exists n € A C N such
that n > s—1, i.e., n4+1 > s. Since s = sup A is an upper bound for A (by the definition of supremum),
every element of A is < s <n+1; in particular n+1 ¢ A, i.e., n+1 < a is false, so n+ 1 > a. In either
case, some natural number strictly exceeds a. O

Equivalence of the two forms. (1) If a <0, then n = 1 already satisfies n > a, so the first form
holds trivially whenever a < 0. (2) Given b > 0, apply the first form to a := 1/b to obtain n € N with
n > 1/b; since b > 0, this rearranges to 1/n < b, which is (3). (3) Given a > 0, apply the second form to
b:= 1/a to obtain n € N with 1/n < 1/a; since a > 0, this rearranges to n > a. Hence each form implies
the other, so the theorem’s two statements are logically equivalent.

Common Mistake: Quantifier Order in the Archimedean Property

The theorem reads Ya € R In € N n > a — the natural number n is chosen after, and depending
on, a. It is emphatically not 9n € N Va € R n > a, which would claim a single natural number
exceeding every real number simultaneously — an obviously false statement. Whenever you invoke
the Archimedean Property (as in almost every e-proof from Chapter 2 onward), the index n or N
you produce is allowed, and expected, to depend on whatever quantity (a, b, or later ¢) was fixed
first.

Key Formula: Vanishing Interval Lengths (Lecture 3 Summary)

The Axiom of Completeness guarantees the Nested Interval Property (bracketing methods trap at
least one real number) and the Archimedean Property (brackets whose lengths shrink at rate L or
faster trap at most one real number, since by the Archimedean Property the lengths can be forced
below any € > 0). Together, a nested sequence of closed bounded intervals whose lengths tend to 0

traps ezxactly one real number — this is what makes the Bisection Method converge to a single root.

1.7 Worked Examples (Tutorial 1)

Tutorial 1 (21 August) tests exactly the material of Lectures 1-3. The official tutorial hints are terse
by design — Q1 asks for “suprema and infima, without proofs”; Q2, Q4, and Q5’s hints give only the
two-inequality strategy, not the write-up; Q3’s hint omits the existence check for sup B. The five worked
examples below (plus one extra on the Archimedean Property) give the full exam-standard write-up for
each, filling exactly the gaps the digest of the official hints identifies.
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Worked Example (Tutorial 1, Q1): Suprema, Infima, Maxima, Minima of Four Sets

Compute, without proofs, the suprema and infima (if they exist) of the following sets, and determine
whether they are, respectively, maxima and minima.

_1)m

A:{@:m,nEN,mgn}, B:{( ) :m,nEN},
n n

C = " :n €Ny, D= L:m,nGN .
3n+1 m-4+n

(a) The set A. Method 1: e-Criterion with the Archimedean Property

Proof. Supremum. Let x € A; then x = ™ for some m,n € N with m < n. Since n > 0, dividing

m < n by n gives % < 1. Hence 1 is an upper bound for A. Taking m =n =1 gives 1 = % c A.
Let €A> 0;1 then a := 1 € A satisfies 1 — ¢ < a. Therefore sup A = 1 (e-Criterion), and since 1 € A,
max A = 1.

Infimum. Let x = " e A. Sincem>1>0andn >1>0, ™ > 0. Hence 0 is a lower bound for
A. Let € > 0. By the Archimedean Property there is n € N with % < e. Since 1 < n, taking m =1
gives L € A, and £ < 0+ e. Therefore inf A = 0 (e-Criterion for infima). Every element of A is
> 0,s00¢ A. A minimum of A would be an element of A equal to inf A = 0; therefore A has no
minimum. (|

sup A =max A = 1‘ ‘ian:O, not aminimum‘

Method 2: Least-upper-bound definition, contradiction via the Archimedean Property

Proof. Supremum. For every e A, m<nandn>0give ™ < 1; hence 1 is an upper bound
for A. Let u be any upper bound for A. Since 1 = 1 € A, 1 < u. Hence 1 is an upper bound for
A that is not greater than any upper bound for A, so sup A = 1 (def. of supremum); since 1 € A,
max A = 1.

Infimum. For every ™ € A, m,n > 1 give * > 0; hence 0 is a lower bound for A. Suppose, for
contradiction, that some lower bound Cof A satlsﬁes £ > 0. By the Archimedean Property there
ISHENWIthn < ¢ But + € A (take m =1 < n) and / is a lower bound for A, so ¢ < %,
a contradiction. Hence every lower bound ¢ of A satisfies £ < 0, and therefore inf A = 0 (def. of
infimum). Since every element of A is > 0, 0 ¢ A, so A has no minimum. O

supA =max A = 1‘ ‘ian:(), not aminimum‘

(b) The set B. Method 1: Definition, using attained bounds

Proof. Let z € B; then z = (_:L)m for some m,n € N. Since (—1)" € {—1,1} and n > 1,

hence —1 < z < 1. Therefore 1 is an upper bound and —1 is a lower bound for B. Taking
(m,n) = (2, 1) gives 1 € B. If u is any upper bound for B, then 1 < u because 1 € B. Hence
sup B = 1 (def. of supremum), and since 1 € B, max B = 1. Takmg (m,n) = (1,1) gives —1 € B.
If ¢ is any lower bound for B, then ¢ < —1 because —1 € B. Hence inf B = —1 (def. of infimum),
and since —1 € B, min B = —1. O

lsupB:maXle‘ ‘infB:minB:—l‘

Method 2: e-Criterion with the attained element as witness

16
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Proof. For every m,n € N, }%| = % <1,s0 —1< % < 1; hence 1 is an upper bound and

—1 is a lower bound for B. Let € > 0. The element a := (711)2 = 1 € B satisfies 1 — ¢ < a; therefore

sup B = 1 (e-Criterion), and 1 € B gives max B = 1. The element a := % = —1 € B satisfies
a < —1 + ¢; therefore inf B = —1 (e-Criterion for infima), and —1 € B gives min B = —1. O
’supB:maXle‘ ‘infB:minB:—l

(c) The set C. Method 1: e-Criterion with the Archimedean Property

Proof. Supremum. Let n € N. Since 3n < 3n + 1 and 3(3n + 1) > 0, dividing by 3(3n + 1) gives
e S % Hence é is an upper bound for C, and every element of C' is strictly less than % For

every n € N;

1 n (Bn+1)—3n 1

3 3n+1  3Bn+1) 33n+1)
Let ¢ > 0. By the Archimedean Property thereis n € Nwith = < e. Since 3(3n+1) = 9n+3 > n > 0,
1 n 1

1
- - = < =<
3 3n+1 3GBn+l) n O

so the element 3"+ € C satisfies ;5 > 3 —¢. Therefore supC = % (e-Criterion). Since every

element of C' is strictly less than %, % ¢ C; therefore C' has no maximum.
Infimum. Let n € N. Then n > 1, so 4n > 3n + 1; dividing by 4(3n + 1) > 0 gives

> 1. Hence

3n+l = 4

i is a lower bound for C'. Taking n = 1 gives 3.11+1 = i € C. Let € > 0; then a := i € C satisfies

a < § +¢. Therefore inf C' = ; (e-Criterion for infima), and since ; € C, minC' = 1. O
supC' = 3, not a maximum inf C =minC = §

Method 2: Least-upper-bound definition, contradiction via the Archimedean Property

Proof. Supremum. For every n € N, 3n < 3n+1 gives T %; hence % is an upper bound for C
and 3 ¢ C. Suppose, for contradiction, that v < 3 is an upper bound for C, and let § := £ —u > 0.

By the Archimedean Property there is n € N with £ < §. Since 3(3n+ 1) > n > 0,

1 n 1 < 1 <5 1

—_—— = —_ = — — U

3 3n+1 33n+1) n 3 ’
hence 3% > u with 3% € C, contradicting that u is an upper bound for C. Therefore every
upper bound u of C' satisfies u > %, and supC' = % (def. of supremum). Since 3 ¢ C, C has no
maximum.
Infimum. For every n € N, n > 1 gives 4n > 3n + 1, hence 35 > i; SO i is a lower bound for
C. Also 1 = ﬁ € C, so every lower bound ¢ of C satisfies ¢ < 1. Therefore inf C' = 1 (def. of
infimum), and since ; € C, minC = %. O

supC = %, not a maximum infC =minC = i

(d) The set D. Method 1: e-Criterion with the Archimedean Property

17
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Proof. Supremum. Let m,n € N. Since n > 1, m < m+n; dividing by m+n > 0 gives -2 < 1.

m—+n

Hence 1 is an upper bound for D, and every element of D is strictly less than 1. Let € > 0. By the
Archimedean Property there is m € N with % < e. Taking n =1 gives the element

m 1

= € D.
m+1 m+1

Since m+1>m > 0, m#ﬂ < % < ¢, hence ;75 > 1—e. Therefore sup D = 1 (e-Criterion). Since

every element of D is strictly less than 1, 1 ¢ D, so D has no maximum.
Infimum. Let m,n € N. Sincem > 1> 0 and m+n > 0, -2 > 0. Hence 0 is a lower bound for
D, and 0 ¢ D. Let € > 0. By the Archimedean Property there is n € N with % < e. Taking m =1

gives - € D, and since 1+n > n > 0,

! < ! < 0+
=L E= €.
1+n n
Therefore inf D = 0 (e-Criterion for infima). Since 0 ¢ D, D has no minimum. O
‘ supD =1, not a maximum‘ ‘ inf D = 0, not a minimum

Method 2: Least-upper-bound definition, contradiction via the Archimedean Property
Proof. Supremum. For all m,n € N, n > 1 gives m < m + n, hence n < 1;so 1is an upper

bound for D and 1 ¢ D. Suppose, for contradiction, that u < 1 is an upper bound for D. Since
1 —wu > 0, the Archimedean Property gives m € N with % < 1—wu. Then

m 1 1
>1——>u,
m

m+1  m+1

and 25 € D (take n = 1), contradicting that u is an upper bound for D. Hence every upper bound

u of D satisfies u > 1, and sup D =1 (def. of supremum). Since 1 ¢ D, D has no maximum.

Infimum. For all m,n € N, o > 05 s0 0 is a lower bound for D and 0 ¢ D. Suppose, for

contradiction, that ¢ > 0 is a lower bound for D. The Archimedean Property gives n € N with

+ < /L. Then 1 € D (take m = 1) and 1. < . < ¢, contradicting that ¢ is a lower bound for D.

Hence every lower bound ¢ of D satisfies £ < 0, and inf D = 0 (def. of infimum). Since 0 ¢ D, D
has no minimum. O

‘ supD =1, not a maximum‘ ‘ inf D = 0, not a minimum ‘

Worked Example (Tutorial 1, Q2 = Sample Midterm Q3): max{sup A,sup B} = sup(AUB)

Problem. Prove that if the sets A,B C R are nonempty and bounded above, then

max{sup A,sup B} = sup(A U B). (Sample Midterm Q3 phrasing: write down the definition of
s =sup A, and use the definition to show this; do not use the e-Criterion for suprema and infima.)

Method 1: Least-upper-bound definition, two inequalities

Proof. Definition. For X C R, 0 = sup X means: (i) z < o for every z € X; and (ii) o < b for
every upper bound b of X.

Since A is nonempty and bounded above, s := sup A exists (AoC); likewise ¢ := sup B exists. Put
M := max{s,t}, so that s < M and t < M.

Step 1: M is an upper bound for AUB. Let x € AUB. If z € A, then z < s by (i) for s = sup A,
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and s < M; hence x < M. If x € B, then = <t by (i) for ¢ = sup B, and t < M; hence z < M.
Therefore every x € AU B satisfies x < M. Also AUB D A # (). Hence AU B is nonempty and
bounded above, so o := sup(A U B) exists (AoC).

Step 2: 0 < M. M is an upper bound for AU B (Step 1), so (ii) for o = sup(A U B) gives 0 < M.
Step 3: M < o. Let a € A. Then a € AU B, so a < ¢ by (i) for 0. Hence o is an upper bound for
A, and (ii) for s = sup A gives s < 0. Let b€ B. Then b € AU B, so b < 0. Hence o is an upper
bound for B, and (ii) for ¢t = sup B gives t < 0. Since M equals s or t, M < o.

Step 4. Steps 2 and 3 give 0 < M < o; therefore M = o, i.e. max{sup A,sup B} =sup(AU B). O

‘max{sup A,sup B} = sup(AU B) ‘

Method 2: ¢-Criterion, case split on the larger supremum
Note: the Sample Midterm Q3 phrasing excludes the e-Criterion; this method answers the Tutorial 1
Q2 phrasing only.

Proof. Since A and B are nonempty and bounded above, s := sup A and t := sup B exist (AoC).
Put M := max{s,t}.

Step 1: M is an upper bound for AUB. If t € A, then z < s < M; if z € B, then x <t < M.
Hence every x € AU B satisfies x < M.

Step 2: the e-condition for M. Let ¢ > 0. Case s > t. Then M = s. By the e-Criterion for
s =supA, thereisa € A with s—e <a. Thena € AUB and M —e¢ < a. Caset > s. Then M =t.
By the e-Criterion for ¢ = sup B, there is b € B witht —e <b. Thenbe AUB and M —e < b. In
both cases some element of AU B exceeds M — e.

Step 3. By Steps 1 and 2 and the e-Criterion applied to the set A U B and the number M,
M = sup(AU B). O

‘max{sup A,sup B} = sup(AU B) ‘

Worked Example (Tutorial 1, Q3): sup B = inf A for the Set of Lower Bounds B

Problem. Suppose A C R is nonempty and bounded below, and define B := {b € R :
b is a lower bound for A}. Prove that sup B = inf A.

Method 1: Existence of both numbers, then two inequalities

Proof. Step 1: inf A exists. Let —A :={—a:a € A}. Since A # 0, —A # (). Since A is bounded
below, it has a lower bound ¢y, and by Claim 1 in the proof of Theorem 1.2, —¢; is an upper bound
for —A. Hence —A is nonempty and bounded above, so sup(—A) exists (AoC), and by Claim 2 in
the same proof, inf A = —sup(—A) exists. Write i := inf A.

Step 2: sup B exists. By the definition of infimum, ¢ is a lower bound for A; hence i € B, and
B # (). Fix ag € A (possible since A # ()). Every b € B is a lower bound for A, so b < ay. Hence
ag is an upper bound for B. Therefore B is nonempty and bounded above, and ¢ := sup B exists
(AoC).

Step 3: i < 0. i € B (Step 2) and o is an upper bound for B (def. of supremum); therefore i < o.
Step 4: 0 <i. Let a € A. Every b € B is a lower bound for A, so b < a. Hence a is an upper bound
for B, and o < a (def. of sup B). As a € A was arbitrary, o is a lower bound for A. Since i = inf A
is not less than any lower bound for A (def. of infimum), o < i.

Step 5. Steps 3 and 4 give i < o < ; therefore o = i, i.e. sup B = inf A. O

‘supB:ian‘

Method 2: sup B satisfies the definition of inf A

Proof. Step 1: 0 := sup B exists. Since A is bounded below, there is a lower bound ¢, of A, and
ly € B; hence B # (). Fix ayp € A. Every b € B is a lower bound for A, so b < ag; hence ag is an
upper bound for B. Therefore o := sup B exists (AoC).
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Step 2: o is a lower bound for A. Let a € A. Every b € B satisfies b < a, so a is an upper bound
for B; hence o < a (def. of supremum). Therefore every a € A satisfies o < a.

Step 8: o is not less than any lower bound for A. Let £ be a lower bound for A. Then ¢ € B by the
definition of B, and ¢ is an upper bound for B, so / < o.

Step 4. By Steps 2 and 3, o satisfies both conditions in the definition of the infimum of A. Therefore
inf A exists and inf A = o = sup B; no separate appeal to —A is needed for the existence of inf A.
]

‘supB =inf A

Method 3: e-Criterion for infima, by contradiction

Proof. Step 1: 0 := sup B exists. A lower bound ¢, of A exists and lies in B, so B # (); any fixed
ag € A satisfies b < ag for every b € B, so B is bounded above. Hence o := sup B exists (AoC).
Step 2: o is a lower bound for A. Let a € A. Every b € B satisfies b < a, so a is an upper bound
for B, and therefore o < a (def. of supremum).

Step 8: the e-condition. Let € > 0. Suppose, for contradiction, that no a € A satisfies a < o + €.
Then every a € A satisfies o + e < a, so o + ¢ is a lower bound for A, i.e. 0 + e € B. Since o is an
upper bound for B, 0 + ¢ < g, i.e. € <0, a contradiction. Hence there is ¢ € A with a < o + €.
Step 4. By Steps 2 and 3 and the e-Criterion for infima, o = inf A, i.e. sup B = inf A. O

‘supB:ian‘

Worked Example (Tutorial 1, Q4): sup(A + B) =sup A + sup B

Problem. Suppose that the sets A, B C R are nonempty and bounded above and that s = sup A
and t = sup B. Define the notation A+ B := {a+b:a € Aand b € B}. (a) Prove that s + ¢ is
an upper bound for A + B. (b) Prove that if u € R is an upper bound for A + B and a € A, then
t <u—a. (c) Hence deduce that sup(A + B) = s+ t.

Method 1: Least-upper-bound definition through parts (a), (b), (c)

Proof. Since A # () and B # 0, pick ay € A and b, € B; then ag + by € A+ B, so A+ B # (.
(a) s+t is an upper bound for A+ B. Let c € A+ B. Then ¢ = a+ b for some a € A and b € B.
Since s is an upper bound for A, a < s; since ¢ is an upper bound for B, b < t. Adding the two
inequalities,

c=a+b<s+t.

Hence every c € A 4+ B satisfies ¢ < s+ t, i.e. s +t is an upper bound for A + B. Therefore A + B
is nonempty and bounded above, and sup(A + B) exists (AoC).

(b) If w is an upper bound for A+ B and a € A, thent <u—a. Let b€ B. Thena+b € A+ B, so
a+b < u, hence b < u—a. As b € B was arbitrary, v — a is an upper bound for B. Since ¢ = sup B
is not greater than any upper bound for B (def. of supremum), ¢t < u — a.

(c) s+t =sup(A+ B). Let u be an upper bound for A+ B, and let a € A. By (b), t < u— a, hence
a<u—t. As a € A was arbitrary, u — t is an upper bound for A. Since s = sup A is not greater
than any upper bound for A4, s <wu—t,i.e. s+t < u. Therefore s+t is not greater than any upper
bound for A + B; together with (a), the definition of supremum gives s + ¢t = sup(A + B). O

’sup(A—i—B):s—i-t‘

Method 2: e-Criterion with /2 witnesses
Note: this method proves (a) and the conclusion of (c¢) without passing through (b).

Proof. Step 1: s+t is an upper bound for A+ B. Let c € A+ B, so ¢ = a+ b with a € A and
be B. Sincea<sandb<t,c=a+b<s+t.
Step 2: the e-condition. Let € > 0. Then £ > 0. By the e-Criterion for s = sup A, there is a € A

2
with s — 5 < a. By the e-Criterion for ¢ = sup B, there is b € B with t — 5 < b. Adding the two
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inequalities,

(s—i—t)—a:(s—%)—i-(t—g) <a+b,

anda+be A+ B.
Step 3. By Steps 1 and 2 and the e-Criterion applied to A+ B and s +t, s+t =sup(4+ B). O

sup(A+ B) =s+1t

Worked Example (Tutorial 1, Q5): A Two-Sided + Criterion Forces s = sup A

Problem. Suppose A C R is nonempty and bounded above, and s € R satisfies

1 1
Vn € N s+ — is an upper bound for A and s— — is not an upper bound for A.
n n

Prove that s = sup A.
Method 1: e-Criterion with the Archimedean Property

Proof. Step 1: s is an upper bound for A. Suppose, for contradiction, that some a € A satisfies
a > s. Then a—s > 0, so by the Archimedean Property there is n € N with % <a-—s,i.e. s—i—% < a.
But s + 1 is an upper bound for A by hypothesis, so a < s + %, a contradiction. Therefore every
a € A satisfies a < s.

Step 2: the e-condition. Let ¢ > 0. By the Archimedean Property there is n € N with % < g, hence
s —e < s— +. By hypothesis s — = is not an upper bound for A, so there is a € A with a > s — 1.
Therefore a > s — % >Ss—€.

Step 3. By Steps 1 and 2 and the e-Criterion for Suprema (Theorem 1.2), s = sup A. O

Method 2: Least-upper-bound definition, contradiction via the Archimedean Property

Proof. Step 1: s is an upper bound for A. Suppose, for contradiction, that a € A and a > s. The
Archimedean Property gives n € N with % <a—8,80 s+ % < a; but s+ % is an upper bound for
A, soa<s+ %, a contradiction. Hence every a € A satisfies a < s.

Step 2: s is not greater than any upper bound for A. Let u be an upper bound for A, and suppose,
for contradiction, that u < s. Then s — u > 0, so the Archimedean Property gives n € N with
% <s—u,ie u<s— % By hypothesis s — % is not an upper bound for A, so there is a € A with

a > s — * > u, contradicting that v is an upper bound for A. Therefore s < w.
Step 3. ﬁy Steps 1 and 2 and the definition of supremum, s = sup A. O

Method 3: Comparison with the supremum supplied by Completeness

Proof. Since A is nonempty and bounded above, o := sup A exists (AoC). Fix n € N.
Since s + % is an upper bound for A and o is not greater than any upper bound for A, o0 < s+ %
Ifo<s-— %, then every a € A would satisfy a < o0 < s — %, making s — % an upper bound for A,

contrary to hypothesis. Hence s — % < 0.

Combining the two inequalities,

1 1
——<s—-0<—,
n n

so |s — 0| < %, and this holds for every n € N.
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Suppose, for contradiction, that s # o. Then |s — o] > 0, and the Archimedean Property gives
n € N with = < |s — o], contradicting |s — 0| < L. Therefore s = o = sup A. O

Worked Example: The Archimedean Property Gives inf{l1/n:n €N} =0

Claim. inf{1/n:n € N} =0, and 0 is not attained (not a minimum). Let A := {1/n:n € N}.
Method 1: e-Criterion for infima with the Archimedean Property

Proof. Let n € N. Since n > 1> 0, = > 0. Hence 0 is a lower bound for 4, and 0 ¢ A. Let
€ > 0. By the Archimedean Property there is n € N with % <e=0+¢, and % € A. Therefore

inf A = 0 (e-Criterion for Infima, Theorem 1.2). A minimum of A would be an element of A equal
to inf A = 0; since 0 ¢ A, A has no minimum. O

inf{1/n : n € N} =0, not a minimum

Method 2: Greatest-lower-bound definition, contradiction via the Archimedean Prop-
erty

Proof. For every n € N, n > 0 gives = > 0; hence 0 is a lower bound for A and 0 ¢ A. Let £ be a
lower bound for A, and suppose, for contradiction, that £ > 0. By the Archimedean Property there
is n € N with 7—11 < {. But % € A and / is a lower bound for A, so £ < %, a contradiction. Hence
every lower bound ¢ of A satisfies ¢ < 0. Since 0 is itself a lower bound, inf A = 0 (def. of infimum).
Since 0 ¢ A, A has no minimum. O

inf{1/n :n € N} =0, not a minimum‘

Method 3: Completeness and a doubling argument

Proof. Step 1: t:=inf A exists andt > 0. 1 =1 € A, so A # (); and % > 0 for every n € N, s0 0
is a lower bound for A and 0 ¢ A. Hence —A = {—% : n € N} is nonempty and bounded above by 0,
so sup(—A) exists (AoC), and ¢ := inf A = —sup(—A) exists (Claim 2 in the proof of Theorem 1.2).
Since 0 is a lower bound for A and ¢ is the greatest lower bound, 0 < t.

Step 2: 2t is a lower bound for A. Let n € N. Then 2n € N, so % € A, and therefore ¢ < i

Multiplying by 2 > 0 gives 2t < % As n € N was arbitrary, 2t is a lower bound for A.

Step 3: t = 0. Since t is not less than any lower bound for A (def. of infimum), Step 2 gives 2t < ¢,
ie. t <0. With Step 1, ¢ = 0. Since 0 ¢ A, A has no minimum. O

inf{l1/n:n € N} =0, not a minimum‘
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1.8 Chapter Summary

Key Formula: Chapter 1 Recap

N=1{1,2,3,...}, Ny=NuU{0};
s=supA <= s upper-bounds A and Ve >0da € A s — ¢ < a;
s=inf A < s lower-bounds A and Ve >0 da € A a < s+ ¢;
Axiom of Completeness: A # () and A bounded above = sup A exists;

Archimedean Property: Va e RIneNn>a < Vb>0dneN % < b;
Nested Interval Property: I; D I, O --- closed & bounded = ﬂ I, #0.

Exam Focus: Chapter 1 Takeaways

¢ Two-step template to prove s = sup A from the definition: (1) show s is an upper bound for
A (i.e. Va € Aa < s); (2) show s is not greater than any upper bound, either directly (assume b < s
is an upper bound and derive a contradiction) or via the e-Criterion (Ve >0 Jda € A s — ¢ < a).
Skipping step (1) is the most common way this template fails.

e sup A (respectively inf A) need not belong to A; it equals max A (respectively min A) only once
membership is separately checked.

e Every e-Criterion proof in this chapter, and almost every “find n” step from here on, ultimately
reduces to the Archimedean Property — it is the standard device for turning a fixed bound like
1/n into an arbitrary € > 0 (or vice versa).

¢ Quote the Nested Interval Property only when the intervals are both closed and bounded; quote
the Axiom of Completeness only when the set is both nonempty and bounded above.

e Q fails all three headline results of this chapter for the same underlying reason: the set {q €
QT : ¢* < 2} (Lecture 1) has no rational supremum, so it also gives a nested sequence of rational
intervals with empty intersection (Lecture 3) — completeness, not order, is what R adds to Q.

e “Theorem (Axiomatic Definition of the Real Numbers)” may be cited by name but is never
examined for proof: the course explicitly defers it to Spivak.
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2 Lectures 4—6: Sequences, Limit Theorems and Cauchy
Sequences

This chapter builds the theory of sequences of real numbers: what it means for a sequence to converge,
how limits interact with arithmetic and order, and a second, purely internal test for convergence — the
Cauchy Criterion — that does not require guessing the limit in advance. Throughout, {a,}, {b.}, {c.}
denote sequences of real numbers, i.e. functions N — R, and every e-based statement is understood
exactly as it is written on the slides: quantifiers first, then a bare implication. Chapter 1 supplied the
tools used repeatedly below (the Axiom of Completeness, the Nested Interval Property, the Archimedean
Property); this chapter prepares Chapter 3, where subsequences and the Bolzano—Weierstrass Theorem
give an alternative route to some of the results proved here.

2.1 Preliminaries: Absolute Value and the Triangle Inequality

Every e-argument in this chapter is built on the absolute value and the triangle inequality, so we record
them first.

Definition 2.1: Absolute Value

For x € R, the absolute value of z is

o] = T if x >0,
=1 =2 if x < 0.

Remark (Absolute-value inequalities). Directly from the definition, for any z € R and b > 0,
|| <b <= —b<xz<b, and |z] <b <= —b<x<hb.

This equivalence is used silently in almost every proof below to move between a single absolute-value
bound and a pair of two-sided inequalities.

Theorem 2.1: Triangle Inequality

For all z,y € R,
|z +y| < [z] + |y

Idea. (Scratch work — not part of the written answer.) Bound z and y each between + their own
absolute value, add the two chains of inequalities, and read off the claim using the equivalence above.

Proof. Let z,y € R be given. By the definition of absolute value, — |z| < z < |z| and — |y| < y < |y|.
Adding these two chains of inequalities term by term gives

—(lz[+1yl) Sz +y < ||+ y|.

Since |z| + |y| > 0, the remark on absolute-value inequalities applied with b = |z| + |y| shows that this
two-sided inequality is equivalent to |z + y| < |z| + |y|. Therefore |z + y| < |z| + |y| for all z,y € R. O

Remark (Three-point triangle inequality). Applying the theorem with z replaced by = — y
and y replaced by y — z gives, for all z,y, z € R,

2 —z[=(z-y)+ -2 <|z—yl+|y—=2|.
This three-point form is the one that recurs constantly below, for instance in the Uniqueness of Limits

and both directions of the Cauchy Criterion.
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Theorem 2.2: Reverse Triangle Inequality

For all z,y € R,
2] =yl < |z —y].

Idea. (Scratch work — not part of the written answer.) Write x = (z — y) + y and apply the Triangle
Inequality to bound |z| — |y|; repeat with the roles of x,y swapped to bound |y| — |z|; combine both
one-sided bounds into the single two-sided statement.

Proof. Let z,y € R be given. Since z = (z — y) + y, the Triangle Inequality (Theorem 2.1) gives
|z] < |z —y|+ |y|, and hence |z| — |y| < |z —y|. By the same argument with = and y interchanged,
ly| — |z| < |y — z| = |& — y|. Therefore

=l =yl <[z =yl < |z —yl,

which, by the remark on absolute-value inequalities, is exactly the statement ||z — |y|| < |z — y|. O

2.2 Sequences, Tails and the Meaning of “Eventually”

Definition 2.2: Sequence

A sequence of real numbers is a function from N to R. We usually write a sequence as ay, as, as, . . .,
where a,, denotes the image of the number n € N. For each n € N, the number a,, is called a term
of the sequence. We use the notation {a,}, ~, (or simply {a,}) to denote the above sequence.

Remark (Different starting points). It is sometimes useful to start labelling a sequence from
an integer different from 1. For example, we may want to start a sequence from a, instead of a;; in this
case we denote the sequence by {a,},_.

A sequence can be described in several equivalent ways: by listing its terms, e.g. 1,

;3,5 %,..;bya
(o)

n ) T, +1
21} ; or by a recurrence, e.g. {z,} with z; =2 and z,,4, = 9

n2 —

closed-form expression, e.g. {
n=2

for each n € N.

Definition 2.3: Tail and Eventually

A tail of a sequence {a,} is the sequence ay,ani1,an12,... for some number N € N. A sequence
is said to satisfy a property eventually if the property is satisfied by some tail of the sequence.

For example, a sequence is eventually constant if there is some number N € N such that a,.1 = a,
for all n > N, and a sequence is eventually positive if there is some number N € N such that a,, > 0 for
alln > N.

Remark (“Eventually” vs. “for all”). The word “eventually” is not decorative: it distinguishes
a genuinely global property (true of every term) from a tail property (true from some point on). Con-
vergence, boundedness, and being Cauchy are all tail properties in this course, and nearly every theorem
statement below is phrased using “eventually” precisely so it can be read off directly from an e-N argu-
ment.
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2.3 The Limit of a Sequence

Definition 2.4: Limit of a Sequence

A sequence {a,} is said to have the limit a € R if
Ve>03INeNVneN n>N = |a, —a|<e.

We use the notation lim,, ., a, (or simply lima,) to denote the limit, and say that {a,} converges
to a. We write a = lim,, . a,, or a, — a as n — oo (or simply a = lima, or a, — a) to mean
that {a,} has limit a. A sequence {a,} is convergent if it has a limit; otherwise it is divergent and
diverges.

Remark (Intuitive meaning). Intuitively, a sequence {a,} converges to a if {a,} is eventually
arbitrarily close to a: no matter how small a tolerance € > 0 is demanded, some tail of the sequence lies
entirely inside the interval (a —¢,a + ¢).

Common slip. The index N in the definition is allowed to depend on & — indeed it typically must,
since smaller ¢ forces larger N — but N may never depend on n. A “proof” that picks N after fixing a
particular n has the quantifiers in the wrong order and proves nothing.

2n+1
5n +4

2
Worked Example (Tutorial 2, Q2(a)): == lim

Method 1: e-N definition with a bounding chain

Proof. For every n € N, writing the difference over the common denominator 5(5n + 4) gives

2+l 2 520+1)-206n+4) 10n+5-10n-8 -3
Bntd 5 5(5m + 4) 5(5n + 4) 5(5n +4)
Since 5(5n +4) > 0 for every n € N, it follows that for every n € N,
2ntl 2| 3 3
Bnt4d 5| 56Bn+d)  2n+20

3
Let € > 0 be given. Then 25e is a real number, so by the Archimedean Property there exists N € N
€

such that N > 2155 (Archimedean). Multiplying this inequality by 25¢ > 0 gives 25Ne > 3, and

3
dividing by 25N > 0 gives BN < e. Let n € N with n > N. Then

2n+1 2| 3
5n+4 5 25n + 20
3
< g (25n + 20 > 25n > 0)
3
< — >
< 3w (n>N >0)
<e (25Ne > 3).
2n+1 2 . . ..
Therefore, for all n € N, n > N Snt+d 5 < e. Since € > 0 was arbitrary, this is the
2 1
definition of = = lim —- + (def. of limit). O
on + 4
3
N> _—
- 25¢
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Method 2: Squeeze Theorem with an explicit lower sequence
This method should be used only if the course allows this interpretation (the tutorial asks for the
definition of limit; the Squeeze Theorem is Lecture 5).

2n+1 2 3 q 2
—— 1z, =—-—— and y, := —.
bn+a "5 2sn T
Step 1: the sandwich x,, < b, < y,. For every n € N,

Proof. For every n € N let b, :=

] 2 5(2n+1)—206Bn+4) -3
B 5(5n + 4) ~ 25m+20°

Since 25n 4+ 20 > 0, we have b,, — % < 0, hence b, < % = y,. Since 25n 4+ 20 > 25n > 0, we have

5= hence b, — = = —o—— > —-—— i b, > = — 5— = x,. Therefore for all
Bn+20 2n T 5T “%nt20  25m O n T 5 gmy | om orelredora

n €N, x, <b, <y,; in particular the sandwich holds for all n > 1.

Step 2: % =limy,. Let € > 0 be given. For all n > 1, |yn = §| =0 < e. Hence % = limy, (def. of
limit), with index 1.

Step 3: % = limz,,. Let € > 0 be given. By the Archimedean Property there exists IV € N such that

N > i, and hence 25Ne > 3, i.e. 5 < ¢ (Archimedean). Let n € N with n > N. Then
25¢ 25N
- ;‘ - 25% (n>0)
< 3 (n> N)
— 25N -
<e.

Therefore for all n > N, |xn — §| < g, and since € > 0 was arbitrary, % = limz,, (def. of limit).

Step 4: conclusion. By Steps 1-3, z, < b, <y, for all n € N and % = limz,, = limy,. Therefore,

by the Squeeze Theorem, % = limb,,. Following the proof of the Squeeze Theorem with the three

indices N (Step 3), 1 (Step 2) and 1 (Step 1), the index max{N, 1,1} = N works: for all n > N,

2 < <b, < <2+
- — £ Tpn > 0p X Yn = g,
5 In S5

2n+1 2<8 0
5n+4 5 '

hence

2n?

n3 + 3

Worked Example (Tutorial 2, Q2(b)): 0 = lim

Method 1: e-N definition with a bounding chain

2

Proof. For every n € N, 2n? > 0 and n® + 3 > 0, hence > 0 and therefore

nd3+4+3

2n? _2n?
n3 +3  nd4+3
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2
Let € > 0 be given. Then — is a real number, so by the Archimedean Property there exists N € N
€

2
such that N > — (Archimedean). Multiplying by € > 0 gives Ne > 2, and dividing by N > 0 gives
3

2 2n? 2n?
— < e. Let n € N with n > N. Since n® + 3 > n® > 0 and 2n? > 0, we have 2 2% Hence
N n+3 nd
2n? _2?
nd+ 3  n3+3
2n? 2
<l3:— (n®*+3>n*>0)
n n
2
<e (Ne > 2).
2n? . . .
Therefore, for all m € Ny n > N = Br3 0| < e. Since € > 0 was arbitrary, this is the
n
L . 2n? -
definition of 0 = lim —— (def. of limit). O
n3 +3
2
N > —
e

Method 2: Squeeze Theorem between 0 and %

This method should be used only if the course allows this interpretation (the tutorial asks for the
definition of limit; the Squeeze Theorem is Lecture 5).

2n? 2
Proof. For every n € N let b, := L, z, :=0and vy, := —.
nd+3 n
Step 1: the sandwich z,, < b, <v,. For every n € N, 2n? > 0 and n® + 3 > 0, hence b, > 0 = z,,.
2n? 2n?

2
Since n®+3 > n3 > 0, we have b,, = — = = =y,. Therefore for alln € N, x,, < b,, < y,.
n

—_— L
n3+3  nd
Step 2: 0 =limx,. Let ¢ > 0 be given. For all n > 1, |z, — 0] = 0 < e. Hence 0 = limz,, (def. of
limit), with index 1.

Step 3: 0 = limy,. Let € > 0 be given. By the Archimedean Property there exists N € N such that

2 2
N > —, and hence Ne > 2, i.e. N < € (Archimedean). Let n € N with n > N. Then
5

lyn — 0] = (n > 0)

< (n>N)

0 2\[\33\1\3

<

Therefore for all n > N, |y, — 0| < &, and since £ > 0 was arbitrary, 0 = limy,, (def. of limit).

Step 4: conclusion. By Steps 1-3, =, < b, <y, for all n € N and 0 = limz, = limy,. Therefore,
by the Squeeze Theorem, 0 = limb,,. Following the proof of the Squeeze Theorem with the three
indices 1 (Step 2), N (Step 3) and 1 (Step 1), the index max{1, N,1} = N works: for all n > N,

_€<0:xn§bn§yn<€7
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2.4 Uniqueness of Limits

Theorem 2.3: Uniqueness of Limits

A convergent sequence {a, } has a unique limit.

Idea. (Scratch work — not part of the written answer.) Suppose a and @’ are both limits. For every
¢ > 0 the tail is eventually within € of both a and a’, so by the three-point triangle inequality |a — a'| < 2¢
for every € > 0. Plugging in the specific value € = |a — a’| /2 forces |a — a'| = 0.

Proof. Let a and o both be limits of {a, }. Suppose, for contradiction, that a # a’, so that |a — a'| > 0.

Let € := ]a—2a] > 0. By the definition of a = lima,, there exists N; € N such that for all n > Ny,

|a, — a| < e. By the definition of @’ = lim a,,, there exists Ny € N such that for all n > Ny, |a,, — d/| < e.
Let N := max{N;, N>}, and fix any n > N; such an n exists since N is unbounded. Then, by the
three-point triangle inequality,

la —d'| <la—a,|+|a, —d|
<e+t+e

=2 =|a—d].

This gives |a — a/| < |a — a’|, which is false. Therefore the assumption a # o’ is untenable, and hence
a=a. O
Common slip. It is tempting to conclude “|a — a'| < 2¢ for a particular €, so a = a’.” The argument
only works because the bound |a —a/| < 2¢ holds for every e > 0; substituting the specific value
e = |a — d’| /2 is what turns this into a contradiction (equivalently, |a — a’| > 0 and |a — a’| < 2¢ for all
e > 0 forces |a — da’| = 0).

2.5 Boundedness of Convergent Sequences

Definition 2.5: Bounded Sequence

A sequence {a,} is said to be bounded if AM > 0 Vn € N |a,| < M. Otherwise the sequence is said
to be unbounded.

Remark (Comparison with bounded sets). Given a sequence {a,} we can form the set A :=
{a, : n € N} and compare boundedness of the set with boundedness of the sequence. The set A is
bounded above and below if 3b € R Va € A a < b and 3¢ € R Va € A ¢ < a; the sequence {a,} is
bounded if AM > 0Vn € N — M < a,, < M. The two notions agree once the upper and lower bounds
are combined into a single symmetric bound M := max{|b|, |c|}.

Remark (Eventual boundedness). A sequence {a,} is bounded if and only if it is eventually
bounded, i.e. some tail has all its terms satisfying |a,| < M for some M > 0. Indeed, if |a,| < M; for
all n > N, then taking M := max{|a;|,...,|an_1|,M;} (with the finite list omitted if N = 1) bounds
every term of the sequence.

Theorem 2.4: Boundedness of Convergent Sequences

Every convergent sequence {a,,} is bounded.

Idea. (Scratch work — not part of the written answer.) Take the specific value € = 1 in the definition
of the limit: the tail is eventually within 1 of the limit a, hence eventually bounded by |a| + 1, hence
bounded by the Remark on eventual boundedness.
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Proof. Let a denote the limit of {a,}. By the definition of ¢ = lima,,, applied with ¢ = 1 > 0, there
exists N € N such that for all n > N, |a, —a| < 1. By the Reverse Triangle Inequality, ||a,| — |a]| <

la, —a| <1 for all n > N, and hence |a,| < |a| + 1 for all n > N. This shows that {a,} is eventually
bounded by |a| + 1. Therefore, by the Remark on eventual boundedness, {a,} is bounded. O

Remark (The converse is not true). Not every bounded sequence is convergent. For instance,
the sequence {(—1)"} satisfies |(—1)"| =1 <1 for every n, so it is bounded, yet it does not converge: it
oscillates permanently between —1 and 1 and so has no single tail that stays close to one number. (A
fully rigorous divergence proof is available once subsequences are introduced in Lecture 7; for now this
serves only as a counterexample to the converse.)

2.6 The Algebraic Limit Theorem

Theorem 2.5: Algebraic Limit Theorem

If a sequence {a,} converges to a € R and a sequence {b,} converges to b € R, then
(1) for all numbers ¢ € R, the sequence {ca, } converges to ca;
(2) the sequence {a, + b,} converges to a + b;
(3) the sequence {a,b,} converges to ab; and

1 1
(4) the sequence {} converges to —, provided a # 0.
a

n

Idea (Part 1). (Scratch work — not part of the written answer.) We want |ca,, — ca| = |¢| |a,, — a| < e.

Choose the tail of {a,} to be within of a (the “+1” avoids dividing by ¢ = 0); multiplying by ||

le| + 1
gives a bound strictly below ¢.

Proof (Part 1). Let e > 0 be given. By the definition of a = lim a,,, applied with the positive number
€

€
, there exists N € N such that for all n > N, |a, —a| < . Then for all n > N,
le] +1 le] +1
| | = el lan—al < e == <e
ca, — cal = |c| |a, —a| <|c|- ,
le] +1
c
since | ||—i‘- . < 1. Therefore, for all n > N, |ca, —ca| < e. Since ¢ > 0 was arbitrary, this is the
c
definition of ca = lim(ca,,). O

Idea (Part 2). (Scratch work — not part of the written answer.) Split the target tolerance in half:
make {a,} and {b,} each eventually within £/2 of their own limits, then add.

Proof (Part 2). Let ¢ > 0 be given. By the definition of a = lima,,, applied with %, there exists
N, € N such that for all n > Ny, |a, —al < % By the definition of b = limb,,, applied with %, there
exists Ny € N such that for all n > Ny, |b, — | < %. Let N := max{N;, No}. Then for all n > N, by

the Triangle Inequality,

(@0 +ba) = (@ +b)| = (@0 — @) + (b, = )| < [an —al + by —b| < 5 + 5 = <.

Therefore, for all n > N, |(a, + b,) — (a+b)| < . Since £ > 0 was arbitrary, this is the definition of
a+b=lim(a, +b,). O
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Idea (Part 3). (Scratch work — not part of the written answer.) Add and subtract a cross term to
split a,,b, — ab into three controllable pieces:

anb, —ab = (a, — a)(b, — b) + a(b, — b) + b(a,, — a).

€
B - - ‘ b el + B+ 1)
ound |a, — al, |b, —b| by mm{ e/2, 2(lal + [b] + 1)

and the two linear terms together contribute less than £/2.

} so the quadratic term contributes at most £/2

€ €
Proof (Part 3). Let e > 0 be given, and set 6 := min {\/7, _—
( ) & 2" 2(|a| + [b] + 1)
of a = lima,, there exists N; € N such that for all n > Ny, |a, — a] < §. By the definition of b = lim b,,,
there exists Ny € N such that for all n > Ny, |b, —b| < 0. Let N := max{Ny, No}. For all n > N, the

identity a,b, —ab = (a, — a)(b, — b) + a(b, — b) + b(a,, — a) together with the Triangle Inequality gives

} > (0. By the definition

la,b, — ab| < la, — a||b, —b| + |a||b, — b| + |b| |a, — a
<&+ |a| §+1b| §

e, (al+]oDe
2 2(a| 10 +1)
< = + Z= €
2 2
o € |al + [0]
using 0% < ¢/2, 6 < —————— and ——————— < 1. Therefore, for all n > N, |a,b, — ab| < e.
2(lal + [b] + 1) la| + [b] +1
Since € > 0 was arbitrary, this is the definition of ab = lim(a,b,). O

Idea (Part 4 — QRS proof, not on the slides). (Scratch work — not part of the written answer.)
The slides state part 4 but prove only parts 1-3 (see the digest notes on Lecture 5); we supply a proof
here using only results available by Lecture 5. Since a # 0, the Reverse Triangle Inequality shows {a,,}
is eventually bounded away from 0: taking ¢ = |a| /2 in the definition of a = lima,, forces |a,| > |a| /2
a— a,

eventually, which both makes 1/a,, well defined and lets us bound the denominator of — — — =
a, a ana

from below.

Proof (Part 4 — QRS proof, not on the slides). Since a # 0, let g, := |g| > 0. By the

|al

definition of a = lima,, there exists N; € N such that for all n > Ny, |a, —a|] < &, = > By the
Reverse Triangle Inequality, for all n > Ny,

a a a
|]an| — |a|} <la, —a|] < |2| = |a,| > |a|] — |2’ = |2‘

1
In particular a, # 0 for all n > N;, so — is defined for these n. Now let € > 0 be given, and let

n

2
elal

g9 1= 5 > 0. By the definition of ¢ = lima,, there exists N € N such that for all n > N,
a, —a| < ey. Let N := max{Ny, No}. Then for all n > N,
1 1 la — a, la,, — al 2la, — al 2 elal
—_—— = = = _— = 67
an a ‘an‘ ’CL‘ |CL| ]a\z |CL’2 2
Y g

using |a,| > |a| /2 (valid since n > Nj) for the first inequality and |a,, — a| < e, (valid since n > N,) for

the second. Therefore, for all n > N,
a, a

1 ) 1
— = lim () O
a an
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1 ap —a s . " .

———| = ‘| T || and dividing by |a,| is only legitimate once a,, is known
a, a an|la

to be nonzero — and to get a useful bound, |a, | must first be shown to be eventually bounded away from
0 (not merely nonzero). Skipping the step that produces |a,| > |a| /2 and dividing anyway is a common

way to lose marks.

Common slip. Writing

1 1
Worked Example (Tutorial 2, Q4(c)): 2 = lima, — 5 lim —, without the Algebraic

a’ll
Limit Theorem

1 1
Here {a,} is a sequence of positive real numbers with 2 = lima,. We must prove = = lim —

Qn
directly from the definition of limit, without citing the Algebraic Limit Theorem (even though the
argument mirrors the proof of its Part 4 above).

Method 1: e-N definition with a lower bound on a,,

Proof. Step 1: a, is eventually bounded away from 0. By the definition of 2 = lima, (def. of
limit) with e; = 1 > 0, there exists N; € N such that for all n > Ny, |a,, — 2| < 1. For such n,

la, —2| <1 <= —-1<a,—2<1 < 1<a,<3.

Therefore for all n > Ny, a, > 1.

Step 2: the e-N argument. Let € > 0 be given. Then e, := 2¢ > 0, so by the definition of 2 = lima,,
there exists N, € N such that for all n > Ns, |a, — 2| < 2e. Let N := max{N;, No} and let n € N
with n > N. Then n > N; and n > N,. Since a,, > 0, the term % is defined and

2—a
= = hence
2a,,

1 1‘_ 2= an|  an —2|

= = 2a,, > 0).
a, 2 |2a,| 2a,, e )

N =

1
an

1 1
Since n > Ny, Step 1 gives a,, > 1, so 2a,, > 2 and therefore e < 3 Hence
an

1 1'_ la, — 2|

a, 2 2a,
|, — 2| -
< - — (an, > 1, since n > Ny)
2e .
<5 =€ (lan, — 2| < 2¢, since n > Ny).
1
Therefore, foralln e NN n > N — |— — 5‘ < e. Since € > 0 was arbitrary, this is the definition
Qan
1 1
of 5= lim — (def. of limit). O
Qp

g1 = 1 (forces a, > 1)

N = maX{Nl, NQ}

Method 2: Two one-sided bounds by order reversal of reciprocals

1

Proof. For all z,y € R with 0 < z < y, we have — — g=
9

1
= = > 0, hence
Yy Ly

< — (taking

< | =
S

reciprocals of positive numbers reverses the order).
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Step 1: the two windows. By the definition of 2 = lim a,, with £; = 1, there exists N; € N such that
for all n > Ny, |a, —2| < 1, ie. 1 < a, < 3. Let € > 0 be given. By the definition of 2 = lima,,
with e, = 2¢, there exists Ny € N such that for all n > N, |a, — 2| < 2¢, i.e. 2 -2 < a, <2+ 2.
Let N := max{N;, Ny} and let n € N with n > N. Then a, > 1 and a, > 2 — 2e, hence
a, >m = max{l, 2 —2¢} > 1> 0; also a,, < 2+ 2. Since 0 < m < a, < 2+ 2¢, order reversal
gives

1 1 1

< <
24 2¢ Qn, m
Step 2: lower side. We compute

1 1 (24+2)-2 2 €

_ — = <&,
9 2+2:  2(2+2) 22+2) 242 °°

1 1 1
since 2 + 2¢ > 1. Therefore — > > — — €.
a, 2+2 2

1 1 1 1
Step 3: upper side, bycasesonalfsz%,then2—25§1,s0m:1and—<1:§+§§§+6.
GQp
If0<5<%,then2—25>1,som:2—2.€and
1 1 2-(2-2) 2 ¢ <
m 2 202-2) 202-2) 2-2 O
) 1 1 1 1 1
since 2 — 2¢ > 1; hence — < — < -~ +¢. In both cases — < - +e.
a, m 2 ay, 2
1 1 1 1 1
Step 4: conclusion. By Steps 2 and 3, i e< — < B + €, which is equivalent to |— — 2‘ < €.
an an

1 1 1
Therefore, for allm e Ny n > N — |— — 2‘ < g. Since € > 0 was arbitrary, 3= lim — (def. of
a/'IL an

limit). 0

‘51 =1 (forces a,, > 1) ‘

| N = max{N;, No} |

2.7 The Order Limit Theorem
For any convergent sequences {a,} and {b,},

(1) if {a,} eventually satisfies a,, > 0, then lima, > 0;

(2) if {a,} and {b,} eventually satisfy a,, < b,, then lima, <limb,; and

(3) for all numbers ¢ € R, if {a, } eventually satisfies a,, < ¢, then lima,, < c.

Remark (Strict inequalities). If the convergent sequence {a,} eventually satisfies the strict in-
1 1

equality a, > 0, it is generally not true that its limit a > 0: the sequence } satisfies — > 0 for every
n n

n, yet its limit is 0. Limits only ever preserve non-strict inequalities.

33


https://qrsntu.org

MH3100 Real Analysis I — Revision Notes QRSQNTU

Common slip. Concluding “a,, < b, eventually, so lima, < limb,” (with a strict inequality in the
conclusion) is one of the most common errors on this theorem; the correct conclusion is always non-strict,
lima,, <limb,, exactly as in part (2) above.

Idea (Part 1). (Scratch work — not part of the written answer.) From the definition of a = lim a,,,
the tail is eventually within € of a and eventually > 0; combining the two tails gives a > a,, — & > —¢ for
every ¢ > 0, which forces a > 0.

Proof (Part 1). Let a denote the limit of {a,}. Let € > 0 be given. By the definition of a = lim a,,
there exists N; € N such that for all n > Ny, a,, —a < . By hypothesis, {a,} is eventually > 0, so there
exists Ny € N such that for all n > Ny, a,, > 0. Let N := max{N;, N>}, and fix any n > N. Then

a=a,—(a,—a)>0—¢c=—¢,

using a,, > 0 and a,, — a < €. Therefore a > —¢e. Since € > 0 was arbitrary, this shows a > 0 (if instead
a < 0, taking ¢ = —a/2 > 0 above would give a > —¢ = a/2 > a, a contradiction). O

Idea (Part 2 — QRS proof, not on the slides). (Scratch work — not part of the written
answer.) The slides prove only part 1 and move directly to the Squeeze Theorem (see the digest notes
on Lecture 5). Apply part 1, already proved, to the sequence {b, — a, }, which is eventually > 0 by
hypothesis and converges to b — a by the Algebraic Limit Theorem.

Proof (Part 2 — QRS proof, not on the slides). Let a = lima, and b = limb,. By the
Algebraic Limit Theorem (parts 1 and 2, with ¢ = —1), the sequence {b, — a,} converges to b — a.
By hypothesis, {a,} and {b,} eventually satisfy a,, < b,,, so {b, — a,} eventually satisfies b, — a,, > 0.
Therefore, by part 1 of the Order Limit Theorem (already proved), lim(b, — a,) > 0, i.e. b —a > 0.
Hence a < b, i.e. lima, <limb,. O

Idea (Part 3 — QRS proof, not on the slides). (Scratch work — not part of the written answer.)
Compare {a, } with the constant sequence b,, := ¢, which trivially converges to ¢, and apply part 2, already
proved.

Proof (Part 3 — QRS proof, not on the slides). Let a =lima, and let ¢ € R. Define b, := ¢
for every n € N. Then ¢ = limb,: given any € > 0, for every n € N (so trivially for all n > 1),
|b, — ¢| = |¢ — ¢| = 0 < &, which is exactly the definition of ¢ = limb,,. By hypothesis, {a,} eventually
satisfies a,, < ¢ = b,,. Therefore, by part 2 of the Order Limit Theorem (already proved), applied to {a,,}
and {b,}, lima, <limb, = c. O

2.8 The Squeeze Theorem

Theorem 2.7: Squeeze Theorem

If the sequences {a,}, {b,}, and {¢,} eventually satisfy a, < b, < ¢, and {a,} and {c,} have the
same limit [, then the sequence {b,} converges to .

Remark (Comparison with the Order Limit Theorem). The Squeeze Theorem is not a
direct consequence of the Order Limit Theorem: the Order Limit Theorem only ever compares limits of
sequences that are already known to converge, whereas here the convergence of {b,} is itself part of the
conclusion. The proof below works directly from the two e-bounds on {a, } and {¢, } and the sandwiching
hypothesis, without citing the Order Limit Theorem.

Idea. (Scratch work — not part of the written answer.) Both {a,} and {c,} are eventually inside
(I —e,1+ ¢€); since b,, is sandwiched between them, b, is forced into the same interval.
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Proof. Let ¢ > 0 be given. By the definition of [ = lima,,, there exists N; € N such that for all
n> Ny, |a, — 1] <e,ie l—¢e <a, <l+e. By the definition of I = lim¢,, there exists N, € N such that
for all n > N, |c, — 1] < e, ie. l—e < ¢, <l+e. By hypothesis, {a,}, {b.}, {c.} eventually satisfy
a, <b, <c,, so there exists N3 € N such that for all n > N3, a,, < b, < c¢,. Let N := max{N;, Ny, N3}.
Then for all n > N,

l—e<a,<b,<c,<l+e,

and hence |b, — | < e. Therefore, for all n > N, |b, —1| < e. Since € > 0 was arbitrary, this is the
definition of [ = lim b,,. O

Worked Example (Tutorial 2, Q3(a)): bounded times null is null

Here {a,} is bounded and {b,} is convergent with 0 = limb,,. We show 0 = lim(a,b,).
Method 1: Squeeze Theorem with the Algebraic Limit Theorem

Proof. Step 1: the sandwich. Since {a,} is bounded, by the definition of a bounded sequence

there exists M > 0 such that for all n € N, |a,| < M. Let n € N. Since |b,| > 0, multiplying
0] < M by [b,] gives

|anbn| = |an| [bn| < M [bs] .
Since M |b,| > 0, the equivalence |z| < b <= —b < x <b (for b > 0), applied with = = a,b,, and
b= M |b,|, gives

—M |b,| < apb, < M |b,|.
Therefore for all n € N, =M |b,,| < a,b, < M |b,|.
Step 2: 0 =1lim|b,|. Let € > 0 be given. By the definition of 0 = limb,,, there exists N € N such
that for all m > N, |b, — 0| <e. Foralln > N,

1] = O] = |ba] = |by — 0] < &.

Therefore for all n > N, ||b,| — 0| < ¢, and since € > 0 was arbitrary, 0 = lim |b,| (def. of limit).
Step 3: the outer sequences tend to 0. By the Algebraic Limit Theorem, part 1, applied to {|b,|}
with ¢ = M and with ¢ = —M,

lim(M |b,|) =M -0=0 and lim(—M |b,|) = (M) -0=0.

Step 4: conclusion. By Step 1, the three sequences {—M |b,|}, {a,b.}, {M |b,|} satisfy —M |b,| <
anb, < M |b,| for all n € N (in particular eventually), and by Step 3 the outer two have the same
limit 0. Therefore, by the Squeeze Theorem, 0 = lim(a,b,,). O

Method 2: e-N definition with the bound M

Proof. Since {a,} is bounded, there exists M > 0 such that for all n € N, |a,| < M. Let ¢ > 0
be given. Since M > 0, the number % is positive, so by the definition of 0 = limb,, (def. of limit)

applied with %, there exists N € N such that for all n > N, |b, — 0] < % Let n € Nwithn > N.
Then

|anbn — 0] = |an] [bn]
< M |by| (lan| < M, |b,| > 0)
e 5
<M'H (|bn|<M7M>O)
=E£.

Therefore, for alln € Ny n > N = |a,b, — 0] < e. Since € > 0 was arbitrary, this is the definition
of 0 = lim(a,b,). O
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2.9 Cauchy Sequences

Definition 2.6: Cauchy Sequence

A sequence {a,} is said to be Cauchy if
Ve>03INeNVneN n>N = |a, —an| <e.
Equivalently (and more commonly), a sequence {a,} is Cauchy if

Ve>03INeNVn,meN nm>N = l|a, —an| <e.

Remark (Comparison with convergent sequences). Convergent: Ve > 03N e NVn € N n >
N = Ja, —lima,| < e. Cauchy: Ve > 03IN e NVn e N n > N = |a, —an| < e. The two
definitions have exactly the same shape, but the Cauchy definition compares every tail term to another
term of the sequence itself (ay), never to an external candidate limit — this is what makes it possible to
test convergence without knowing the limit in advance.

Remark (Cauchy sequences in Q). In Q, Cauchy sequences need not converge (in Q). For
instance, any sequence of rational numbers converging (in R) to an irrational number, such as successive

decimal truncations of v/2, is Cauchy but has no limit inside Q.

Common slip. The two forms of the Cauchy definition quantify over “for all n,m > N” (a statement
about every pair of tail indices), not “for some n,m > N.” Producing a single pair of close terms says
nothing; the bound must hold uniformly across the whole tail.

Worked Example (Tutorial 2, Q5(b) / Sample Midterm Q4): {a?} is Cauchy

Here {a,} is a Cauchy sequence. We show, using only the definition of a Cauchy sequence (no
Cauchy Criterion, no Algebraic Limit Theorem), that {a?} is Cauchy. This is a model answer for
the exam format: “write down the definition of ... and use it to show ...”

Method 1: Direct proof from the definition (bound, then ¢’)

Proof. Definition. {a,} is Cauchy iff Ve > 0 there is N € N such that Vn,m > N, |a, — a,,| < e.
Step 1: {a,} is bounded. By the definition of {a,} being Cauchy with ¢ = 1, there exists N; € N

such that for all n,m > Ny, |a, — a,,| < 1. Let n € N with n > N;. Taking m = N; (allowed, since
Ny > Ny) gives |a, — ap,| < 1, and hence, writing a,, = (a, — an,) + an,,

lan| < lan —an, | + |an, | (Triangle Inequality)
<1 + |CZN1| .
Let M := max{|ai|,...,|an, 1|, 1 + |an,|} (the list |ai|,...,|an, 1| is empty if N; = 1). Since

M > 1+ |an,| > 1, we have M > 0. Let n € N. If n < Ny, then |a,| is one of the numbers in the
list, so |a,| < M. If n > Ny, then |a,| < 1+ |ay,| < M. Therefore for every n € N, |a,| < M.

Step 2: {a?} is Cauchy. Let £ > 0 be given and let &’ := ﬁ; since M > 0, ¢’ > 0. By the definition

of {a,} being Cauchy with ¢’, there exists Ny € N such that for all n,m > Ny, |a, — a,,| < ¢’. Let
n,m € N with n,m > N,. Since a? — a2, = (a, — an)(an + am),

|ai - a’fn} = ’an - am| |an + a7n|
< lan — am| (lan] + |am) (Triangle Inequality, |a, — a,,| > 0)
S ’an_am| (M+M)=2M’an_am| (Step 1)
<2M-ﬁ:£ (lan — am| < €'y, 2M > 0).
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Therefore, for all n,m € N, n,m > Ny = |a2 —a?,| < e. Since ¢ > 0 was arbitrary, {a2} is
Cauchy (def. of Cauchy sequence).

‘M = max{|ai|,...,|an, 1], 1 + ‘G’Nl‘}‘

; &)

" T

Method 2: Contradiction via the negated definitions

Proof. Step 1: {a,} is bounded (by contradiction). By the definition of {a,} being Cauchy with
e = 1, there exists N; € N such that for all n,m > Ny, |a, —a,| < 1. Let M :=
max{|ai|,...,|an, 1|, 1 + |an,|} (the list |ai|,...,|an, 1| is empty if Ny = 1), so M > 1 > 0.
Suppose, for contradiction, that some n € N satisfies |a,| > M. If n < Ny, then |a,| is in the
list defining M, so |a,| < M, which contradicts |a,| > M. If n > Nj, then taking m = N; gives
|a, —an,| < 1, hence by the Triangle Inequality

‘an‘ < |aﬂ_a‘N1|+‘aN1’ < 1+|aN1‘ SM?

which again contradicts |a,,| > M. Both cases are impossible. Therefore for every n € N, |a,,| < M.
Step 2: {a2} is Cauchy (by contradiction). Suppose, for contradiction, that {a?} is not Cauchy.

Negating the definition, there is ¢ > 0 such that VN € N there are n,m > N with |a? —d? | > €.
Fix this € and let €’ := ﬁ > 0. By the definition of {a, } being Cauchy with ¢’, there exists N, € N

such that for all n,m > Na, |a, — a,,| < ¢’. Applying the negated statement with N = N, gives
n,m > N, with |a? — a?,| > . For these n,m, Step 1 and the Triangle Inequality give

|a721 — afn| = |an — am| |an + aml
< lan = aml (lan] + |am)
<2M ’an - am| (Step 1)

&3
<2Mm:€ (n,mZNg)

Hence € < |a? — a? | < ¢, i.e. € < €, which is false. Therefore the assumption is untenable, and {a?}

is Cauchy.

‘M = max{|ai|,...,|an, 1|, 1 + |aN1\}‘

2.10 The Cauchy Criterion

Theorem 2.8: Cauchy Criterion

A sequence {a,} is convergent if and only if it is Cauchy.

Idea (“only if”). (Scratch work — not part of the written answer.) If a, — a, then two tail terms
an,ay are each within £/2 of a, so within € of each other by the triangle inequality.
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Proof (“only if”: convergent — Cauchy). Let a denote the limit of {a,}. Let ¢ > 0 be
given. By the definition of ¢ = lima,, applied with %, there exists N € N such that for all n € N,

n>N = |a, —a| < % Let N/ := N, and let n € N with n > N’. Since also N’ = N > N, the same

€
bound applies to the term ay: |ay — al < 3 By the Triangle Inequality,

<§+E—€
2 2 7

|an — an S ’an_a‘ + ’a_CLN/

Therefore, for all n > N’, |a,, — an/| < . Since € > 0 was arbitrary, this is the definition of {a,} being
Cauchy.

Idea (“if”). (Scratch work — not part of the written answer.) This direction cannot use the Bolzano—
Weierstrass Theorem (it is only proved in Lecture 8); the course’s route uses the Nested Interval Property

(Lecture 3) instead. Fix ¢, := — — 0. For each m, Cauchyness gives an index N,, past which all terms

lie within ¢, of ay, . Record, TfrcL)r each m, the running maximum c,, of the lower endpoints ay, — €k
(k < m) and the running minimum d,,, of the upper endpoints ay, +¢; (kK < m). Because any sufficiently
late term ay (with N > max{Ni,...,N,,}) lies inside every one of these m windows simultaneously,
Cm < an < dp, forcing ¢,, < d,, and producing nested intervals I,, := [¢,, d,n]. The Nested Interval
Property gives a point a common to all of them, and a is then shown to be the limit.

. ) 1
Proof (“if”: Cauchy = convergent). Suppose {a,} is Cauchy. For each m € N, let &,,, := —

m
For every € > 0 the Archimedean Property gives N € N with 1/N < ¢, and since ¢,, = 1/m decreases in
m, we have ¢, < € for all m > N; hence 0 = lime,,.

Step 1: construct {N,,}. For each m € N, the definition of {a, } being Cauchy, applied with ¢,,, gives

some N,, € N such that for alln € N, n > N,, = |a, —an, | < em.
Step 2: construct nested intervals. For each m € N, define

Cm = max{an, — €1, an, — €2, ..., AN, — Em}, dy, = min{an, + €1, an, + €2, ..., an,, +Em}-
Since ¢, is a maximum over a list that only grows with m, and d,, is a minimum over the same growing
hSt, (&1 SCQSCgS"' andd1 ngngZ

We claim ¢,, < d,, for every m € N. Fix m € N and let N := max{Ny,...,N,,}. For each
ke {1,...,m}, since N > Ny, Step 1 gives |ax — an,| < €, 1.€. an, —€r < ay < ap, + €. As this
holds simultaneously for every k = 1,...,m, the term ay exceeds each lower endpoint ay, — €, and is
exceeded by each upper endpoint ay, + €; therefore ay exceeds their maximum c,, and is exceeded by
their minimum d,,, i.e. ¢, < ay < d,,. In particular c,, < d,,.

Combining ¢,, < d,, for every m with the monotonicity ¢; < --- < ¢,, and d,, < --- < dy: for any
p<4q,c, <c,<d, <d,, s0c, <d, and the intervals I, := [¢,,, d,,] satisfy I; D I D I3 D ---, a nested
sequence of closed and bounded intervals.

Step 3: extract a limit candidate. By the Nested Interval Property, there exists a € R such that

a € I, for every m € N, i.e.

<< --<e,<a<d,<---<dy<d; for every m € N.

In particular, since c,, is the maximum of a list containing ay, — €,,, we have ay, —en < ¢ < a;
similarly a < d,,, < ay,, + €. Hence

an, —em < a<ay, +em for every m € N,

which is equivalent to |a — ay, | < &, for every m € N.
€
Step 4: show a = lima,,. Let € > 0 be given. Since 0 = lim¢,,, there exists m € N such that ¢, < =

Let N := N,,, and let n € N with n > N. By Step 1, |a, — an,,| < &m; by Step 3, |[a —an,,| < &,. By
the Triangle Inequality,

la, —al < |a, —an, |+ |an, —a|] < e, +em =26, < e.

m
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Therefore, for all n > N, |a, — a| < €. Since € > 0 was arbitrary, this is the definition of a = lima,,, so
{a,} is convergent.

Extension: An Alternative Route via Bolzano—Weierstrass

The proof above of “Cauchy = convergent” is the course’s official route: it uses only the Nested
Interval Property, which is available from Lecture 3. Once the Bolzano—Weierstrass Theorem is
proved in Lecture 8 (Chapter 3), a shorter alternative becomes available: every Cauchy sequence is
bounded (Worked Example above, Step 1, adapted), so by Bolzano-Weierstrass it has a convergent
subsequence with some limit a; one then shows the whole Cauchy sequence converges to a by
combining the Cauchy bound (terms are eventually close to each other) with the subsequence’s
convergence (some term is eventually close to a). This route is not available yet at this point of the
course and must not be used until after Lecture 8.

2.11 Chapter Summary

Key Formula: Chapter 2 recap

a=lima,: Ve>03dINeNVn>N |a,—a|<e¢,
{an} Cauchy: Ve>03INeNVn,m>N |a,—an|<e,
ALT : lim(cay) = ca, lim(a,+b,) =a+Db,
. . 1 1
lim(a,by,) = ab, hm<an> = (a #0),
OLT: a,<b,ev. = lima, <limb,,
Squeeze :  ap < b, <c, ev., lima, =lime¢, =1 = limb, =1,

Cauchy Crit.: {a,} convergent <= {a,} Cauchy.

Exam Focus: the e-N proof template

e Structure every “verify using the definition” proof as: Idea (scratch algebra to find a bound and
choose N, not part of the written answer) then Proof (“Let € > 0 be given. By the Archimedean
Property [or: by the definition of .. .|, choose N € N such that .... Then for alln > N, ...”).

e N may depend on € (and, for Cauchy proofs, on constants like M derived from ¢) — it may never
depend on n.

e Limits preserve only non-strict inequalities (<, never <); the Squeeze Theorem is not a shortcut
for the Order Limit Theorem, since it additionally proves convergence.

e Before dividing by a, (Algebraic Limit Theorem part 4, or any reciprocal-sequence argument),
first show {a,} is eventually bounded away from 0, using a specific ¢ (commonly € = |a| /2 or
e = 1) in the definition of the limit.

e “For all n,m > N” (Cauchy) and “for all n > N” (convergent) are universal, not existential,
statements: a single close pair of terms proves nothing.
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3 Lectures 7-9: Subsequences, Bolzano—Weierstrass and
Monotone Convergence

This chapter answers three questions: (1) how can the convergence or divergence of a sequence be
determined by looking only at pieces of it (its subsequences)? (2) why does every bounded sequence,
however wild, always contain a convergent piece (the Bolzano-Weierstrass Theorem)? (3) why does
monotonicity, combined with boundedness, guarantee convergence outright (the Monotone Convergence
Theorem,)?

These three results — the Divergence Criterion, Bolzano—Weierstrass, and Monotone Convergence —
are the main toolkit the course adds to the e-N definitions of Lectures 4-6.

Tutorial 3 shows they are, in fact, logically equivalent to one another.

3.1 Subsequences

Two motivating slide examples set up the need for subsequences.

The alternating harmonic sum 1 — % + % — i + - -+ can be split into its odd-length partial sums and
its even-length partial sums.

The first sequence is decreasing, the second increasing, and both converge to the same value, hinting
that the whole series converges.

Conversely, the sequence sin(7/2),sin(27/2),sin(37/2), ... splits into an even-indexed piece converg-
ing to 0 and a piece indexed by {4k — 3} converging to 1.

Since these two pieces have different limits, the original sequence must diverge.

Both examples extract convergent pieces of a sequence while retaining the original order of terms —
this is the idea a subsequence makes precise.

Definition 3.1: Subsequence

Let {a,} be a sequence. A subsequence of {a,} is a sequence a,,,, an,, Gp,, - . ., written {a,, }, where
ny < ng < mz < --- is a strictly increasing sequence of natural numbers. The subsequence {a,, } is
said to be proper if n; # k for some k € N.

The definition of proper is deliberately weak: it fails only for the single index sequence n;, = k for
every k, i.e. the sequence {a,} counted against itself.

Every other subsequence — dropping a term, keeping only even indices, keeping only the indices past
10 — is proper.

Common slip. Two conditions are easy to blur but must both be checked: the indices n; must be
strictly increasing (not merely non-decreasing), and they must be a genuine sequence of terms drawn
from {a,} in order.

For {a,} = {(n — 1)/n}, the list 3. e, a0, ... is not a subsequence, because its index list
10, 5,100, 50, . .. is not increasing at all.

The list %, %, %, %, ... is also not a subsequence, because its index list 3,3,5,5,... is increasing but
not strictly so: a repeated index is not allowed.

The following fact is used repeatedly (in the proofs of Subsequential Limits and the Monotone Con-
vergence Lemma below) to relate a subsequence’s own counting index k to its position n; inside the

original sequence.

Theorem 3.1: Subsequence Index Bound

If {a,,} is a subsequence of {a,}, then n, > k for every k € N.

Idea. (Scratch work — not part of the written answer.)
Induct on k.
The base case is immediate, since every natural number is at least 1.
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The inductive step uses that consecutive indices are distinct integers with ng,; > n4, so in fact
Nkt > ng + 1.

Proof. We argue by induction on k.

Base case (k=1). Since n; € N={1,2,3,...}, we have n; > 1.

Therefore the claim holds when k& = 1.

Inductive step. Let k € N be given, and suppose n, > k.

Since {n;} is a strictly increasing sequence of integers, ny.1 > n, and as ng,1,n; are both integers
this forces ngi1 > np + 1.

Combining this with the inductive hypothesis n, > k gives

N1 >N +1> k41

Hence the claim holds for k£ 4+ 1 as well.

By the Principle of Induction, n, > k for every k € N. O

A first consequence, used in Lecture 9, is that convergence is unaffected by shifting a sequence’s
starting index by a fixed finite amount.

Remark (Tail Shift). If {a,} is a sequence, ¢ € Ny is fixed, and b, := aj.. for k € N, then {b,}
converges if and only if {a,} converges, and in that case lim b, = lim a,,.

Indeed, {b;} is a subsequence of {a,}, since its indices n, = k + ¢ are strictly increasing; so if
a = lim a,,, then the theorem on Subsequential Limits (proved below) gives a = lim b;, as well.

Conversely, suppose L = lim b,. Let € > 0 be given.

Since L = lim by, there exists K € N such that for all £ € N, k > K implies |by — L| = a1 — L| < €.

Let N:=K—+c Let n e Nwithn > N;thenk:=n—c> K and k€N, sincen>N=K+c¢ >
l+c>1givesn—c>K > 1.

Applying the previous sentence to this k gives |a, — L| = |ags. — L] < €.

Therefore, for every € > 0 there exists N € N such that for alln > N, |a,, — L| < ¢; hence L = lima,,.

3.2 Subsequential Limits and the Divergence Criterion

Theorem 3.2: Subsequential Limits

If {a,} converges to a € R and {a,, } is a subsequence of {a,}, then {a,, } converges to a.

Idea. (Scratch work — not part of the written answer.)

Given € > 0, the definition of a = lim a,, supplies an N that works for all terms with index at least
N.

The Subsequence Index Bound (nj > k) lets us reuse this same NN as the required K for the subse-
quence: once k > N, automatically n, > N too.

Proof. Let e > 0 be given. Since a = lima,,, there exists N € N such that for all n € N, n > N implies
la, —al <e.

Let K := N. Let k € N be given and suppose k > K.

By the Subsequence Index Bound (Theorem 3.1), ny > k.

Therefore ni, > k> K = N,son, > N.

Applying the definition of a = lima,, to the index ny gives |a,, —a| < e.

Hence, for every € > 0 there exists K € N such that for all K € N, k > K implies |a,, — a|] < €.

This is precisely the definition of ¢ = lima,, .

We can now state the course’s main tool for detecting divergence from pieces of a sequence.

Theorem 3.3: Divergence Criterion

A bounded sequence {a,} is divergent if and only if it has two subsequences {a,,} and {am,}
converging to different limits.
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This is an “if and only if” claim, and the course proves its two directions at two different points.

The “if” direction is proved now, in Lecture 7, directly from Subsequential Limits.

The “only if” direction needs the Bolzano—Weierstrass Theorem, which is not yet available, so its
proof is deferred to the next subsection (Lecture 8, immediately after Bolzano—Weierstrass is proved).

We record the “if” direction first, exactly in this order.

Idea (“if,” by contrapositive). (Scratch work — not part of the written answer.)

The contrapositive of “two different subsequential limits = divergent” is “convergent —> no two
different subsequential limits.”

This is an immediate consequence of Subsequential Limits: every subsequence of a convergent se-
quence converges to the same value.

Proof of “if.” We prove the contrapositive: if {a,} is convergent, then {a,} does not have two
subsequences converging to different limits.

Suppose {a,} converges, with limit a. Let {a,, } and {a,,, } be any two subsequences of {a,,}.

By the theorem on Subsequential Limits, lim a,, = a and lima,,, = a.

Therefore any two subsequences of {a,} converge to the same limit a, so {a,} cannot have two
subsequences converging to different limits.

This establishes the contrapositive, and hence the “if” direction of the Divergence Criterion.

Notice that boundedness was not used anywhere in this argument. O

Common Mistake: The Divergence Criterion needs boundedness

The sequence 1, 1,3, 1,5, ¢,... (odd positions 2k — 1 give ag,—; = 2k — 1 — 00, even positions give
asr = 1/(2k) — 0) is divergent, since it is unbounded, yet every one of its convergent subsequences
converges to 0: there is no second subsequential limit to contrast against. This sequence is not a
counterexample to the Divergence Criterion because it is not bounded, but it does show that an
unbounded divergent sequence need not exhibit two different subsequential limits. Unboundedness is
therefore a separate, sufficient reason for divergence (via the Boundedness of Convergent Sequences,

Lecture 4), and should be argued directly rather than through the Divergence Criterion.

3.3 The Bolzano—Weierstrass Theorem

An optimisation algorithm confined to a bounded feasible set produces a bounded sequence {a,}.
Splitting the bounding interval [— M, M] into n equal pieces, at least one piece must contain infinitely
many terms of the sequence, for every n.
Infinitely many terms keep gathering inside arbitrarily small intervals — this suggests that a bounded
sequence, whatever its individual behaviour, has terms clustering around some specific real number,
closely enough to extract a convergent subsequence.

Theorem 3.4: Bolzano—Weierstrass Theorem

If a sequence {a,} is bounded, then it has a convergent subsequence.

Idea. (Scratch work — not part of the written answer.)

Build a candidate limit a as the supremum of the set of numbers that lie below infinitely many terms
of the sequence.

Show every interval (a — 1/k,a + 1/k) still contains infinitely many terms, using the e-Criterion for
Suprema on one side and the definition of upper bound on the other.

Then greedily pick out a strictly increasing sequence of indices, each landing inside a shrinking such
interval.

Proof. Since {a,} is bounded, there exists M > 0 such that |a,| < M for every n € N. Define

A:={zx €R:z < a, for infinitely many n € N}.
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The set A is nonempty, since —M < a,, for every n € N (so in particular for infinitely many n), hence
-M e A

Moreover M is an upper bound for A: if x € A, then x < a,, for somen € N, and a, < M, soxz < M.

Since A is nonempty and bounded above, the Axiom of Completeness implies that A has a supremum;
let a := sup A.

Claim: for every k € N, the interval (a — 1/k, a + 1/k) contains a,, for infinitely many n € N.

Let k € N be given. By the e-Criterion for Suprema and Infima applied to a = sup A with € = 1/k,
there exists z, € A such that a — 1/k < .

Since z, € A, z), < a,, for infinitely many n € N; for each such n, a — 1/k < 3, < a,,.

On the other hand, a + 1/k > a, and since a is an upper bound for A, the number a + 1/k is not
itself an element of A.

By the definition of A, this means a + 1/k < a,, for only finitely many n € N.

Consequently, among the infinitely many indices n satisfying a,, > a — 1/k, all but finitely many also
satisfy a,, < a + 1/k, since only finitely many can fail this.

Removing a finite set from an infinite set leaves infinitely many elements, so there are infinitely many
ne€Nwitha—1/k <a, <a+1/k,ie. |a, —a| <1/k.

This proves the claim.

We now construct a subsequence recursively.

By the claim with k£ = 1, there is an index n; € N with |a,, —a| < 1.

Having chosen n; < ny < --+ < ny, the claim with k 4 1 gives infinitely many indices n satisfying
la, —al <1/(k+1).

Since only finitely many natural numbers do not exceed ny, at least one such index n exceeds ny,
and we let n,,; be such an index.

Then 141 > ny and |a,,,, —a| <1/(k+1).

Repeating this construction produces a strictly increasing sequence of indices n; < n, < ng < -+ —
that is, a genuine subsequence {a,, } — satisfying |a,, —a| < 1/k for every k € N.

Finally, we verify a = lima,, . Let € > 0 be given.

By the Archimedean Property, there exists K € N with 1/K < e. Then for every k € N with k£ > K,

1 1
\ank—a\<%§%<s.

Hence, for every € > 0 there exists K € N such that for all k > K, |a,, — a| < ¢; this is the definition
of a = lima,,.

Therefore {a, } has a convergent subsequence. O
Common Mistake: Bolzano—Weierstrass without boundedness
Boundedness cannot be dropped. The unbounded sequence {n} = 1,2,3,... has no convergent

subsequence whatsoever: if {a,,} = {n.} were any subsequence, the Subsequence Index Bound
gives ny > k — 00, so {n;} is itself unbounded and, by the Boundedness of Convergent Sequences
(Lecture 4), cannot converge.

Extension: The Bisection Proof of Bolzano—Weierstrass

The textbook route (not the one examined in this course, but logically equivalent) proves Bolzano—
Weierstrass via the Nested Interval Property instead of a supremum. Start with [; := [—M, M],
which contains all terms of {a,}. Bisect I; into two closed halves; at least one half contains a,, for
infinitely many n (otherwise both halves, and hence I;, would contain only finitely many terms), and
it is chosen as I,. Repeating this bisection produces nested closed intervals I, D I, D I3 D -- -, each
containing infinitely many terms of {a,}, with length(f}) = 2M/2*=! — 0. The Nested Interval
Property gives a point a € (), Ix. Choosing ny, strictly increasing with a,, € I), (possible since I}
contains infinitely many terms, so one can always be found past the previous index), the Squeeze
Theorem applied to |a,, — a| < length(l;) — 0 gives a,, — a.

We can now complete the Divergence Criterion (Theorem 3.3), whose “if” direction was proved above
using only Subsequential Limits.
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Idea (“only if”, via Bolzano—Weierstrass). (Scratch work — not part of the written answer.)
Since {a,} is bounded, Bolzano—Weierstrass names a first subsequential limit a. Because {a,} does not
converge to a, infinitely many terms stay at distance at least some ¢ from a; these terms form a bounded
subsequence, so a second application of Bolzano—Weierstrass extracts a subsequence converging to some
b with |b — a| > ¢, giving two different subsequential limits.

Proof of the Divergence Criterion, “only if” direction (completed). Suppose {a,} is
bounded and divergent.

Since {a,} is bounded, the Bolzano-Weierstrass Theorem implies that {a, } has a convergent subse-
quence {a,, }; let a :=lima,, .

Since {a,} is divergent, {a,} does not converge to a.

By the negation of the definition of @ = lima,,, there exists € > 0 such that for every N € N there
exists n € N with n > N and |a,, —a| > «.

In particular, for every N € N there is an index n > N with |a,, — a| > ¢, so the set of such indices
is not bounded above; since every finite subset of N is bounded above, there are infinitely many such n.

Let {b;} be the subsequence of {a,} consisting exactly of the terms with |a, —a| > ¢, listed in
increasing order of index; this is a genuine subsequence since infinitely many indices qualify.

Since {a,} is bounded and {b;} consists of terms of {a,}, {b;} is bounded as well.

Applying the Bolzano—Weierstrass Theorem a second time, now to {b;}, gives a convergent subse-
quence {a,, } of {b;}.

A subsequence of a subsequence of {a,} is itself a subsequence of {a, }, since composing two strictly
increasing index maps gives a strictly increasing index map; so {a,,, } is a subsequence of {a, }.

Let b := lima,y,, .

We claim b # a. Indeed, every term of {a,,, } satisfies |a,,, —a| > €.

Suppose, for contradiction, that b = a. Since {a,,, } converges to b, there exists k € N with |a,,, —b| <

But b = a would then give |a,,, — a| < &, contradicting |a,,, — a| > ¢ for every k.

Therefore b # a.

Consequently, {a,, } and {a,,, } are two subsequences of {a,,} converging to the different limits a and
b respectively.

This proves the “only if” direction, and completes the proof of the Divergence Criterion. 0

Common slip. The two applications of Bolzano—Weierstrass above serve different purposes: the first
extracts some convergent subsequence to name a candidate limit a; the second is applied not to {a,}
itself but to the (still bounded) subsequence of terms that stay at distance at least € from a, to produce
a second, different, subsequential limit. Forgetting to re-check boundedness of {b;} before the second
application is a common gap in exam write-ups.

3.4 Monotone Sequences and the Monotone Convergence Theorem

The Babylonian method for v/a (z,41 := 3(x, + a/z,)) applied to a = 31 from z; = 1 produces
1, 16, 8.96875, 6.2126. .., 5.6012..., 5.5679...,.. .,

a sequence that appears to be eventually decreasing.
This motivates asking whether monotonicity alone — together with boundedness — is already enough
to guarantee convergence, without having to guess the limit in advance.

Definition 3.2: Monotone Sequence

A sequence {a,} is said to be increasing (resp. strictly increasing) if for all n € N, a,, < a,41
(resp. a, < any1), and decreasing (resp. strictly decreasing) if for all n € N, a,, > a,41 (resp.
an > any1). In either case {a,} is said to be monotone (resp. strictly monotone). The sequence
{an} is eventually monotone if there exists Ny € N such that {a,},.y, is monotone — i.e. if some

tail of {a,} is monotone.
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Theorem 3.5: Monotone Convergence Lemma

If a sequence {a,, } is eventually monotone and has a convergent subsequence, then {a, } is convergent.

Idea. (Scratch work — not part of the written answer.)

By the Tail-Shift Remark, we may discard finitely many leading terms and assume {a,, } is monotone
outright.

Given € > 0, the convergent subsequence supplies indices ny and ny 1 that bracket an arbitrary n.

Monotonicity then sandwiches a, between a,,, and a,,,  , both already known to be e-close to the
limit.

+17

Proof. By passing to a tail, we may assume without loss of generality that {a,} is monotone.

Indeed, if Ny € N is such that {a,}, , is monotone, then proving the Lemma for this tail (which in-
herits a convergent subsequence from any tail of the given convergent subsequence, since removing finitely
many terms from a subsequence leaves a subsequence) and invoking the Tail-Shift Remark transfers the
conclusion back to {a,} itself.

So suppose {a, } is monotone.

We first record a sandwiching fact: if {a,} is monotone and p < g < r are natural numbers, then a,
lies between a, and a,.

If {a,} is increasing, then p < ¢ gives a, < a,, and g < r gives a, < a,; s0 a, < a, < a,.

If {a,} is decreasing, the reverse inequalities hold: a, > a, > a,.

In either case a, lies between a, and a,, so

la, — a| < max{|a, — a|, |a, — a|} for every a € R.

Let {a,, } be a convergent subsequence of {a,}, and let a := lima,,. Let € > 0 be given.

Since a = lim a,,, , there exists K € N such that for all £ € N, k > K implies |a,, —a| < .

Let N :=ng.

Let n € N with n > N. Consider the set S := {k € N:n;, <n}.

This set is nonempty, since nxg < n (as n > N = ng) shows K € S; and it is finite, since the
Subsequence Index Bound gives nj > k, so any k > n satisfies ny > k > n and hence k ¢ S.

Let k' := max S; then n; < n, and by maximality of k', ny1 > n (else ¥’ +1 € S, contradicting
maximality), so n < ng.

Since K € S and k' = max S, we have ¥’ > K, and hence also k' +1 > K.

Applying the sandwiching fact with p = nyp < n < ngyy = r (both valid natural-number indices
with p < ¢ =n <r) gives

la, —a| < max{|ank/ - a| @y — a‘}.

Since k' > K and k' + 1 > K, the choice of K gives ’ank, — a| < e and

Therefore |a,, — a| < e.

Hence, for every € > 0 there exists N € N such that for all n > N, |a,, — a| < €; this is the definition
of a = lima,,.

Therefore {a,} is convergent. O
Fidelity note. The slides write this argument using the shorthand n, for “the subsequence index nj
evaluated at k = n” and conclude with |a,, — a| < max{|a,, — a|,|an, —al}.

The write-up above avoids that shorthand for clarity, using the explicit bracketing indices ny < n <
ngy1 instead; the underlying argument is the one on the slides.

Apyyyy = a‘ <e.

Theorem 3.6: Monotone Convergence Theorem

If a sequence {a,} is eventually monotone and bounded, then {a,} is convergent.

Idea (Method 1: via Bolzano—Weierstrass). (Scratch work — not part of the written answer.)
Chain two already-proved results: boundedness gives some convergent subsequence, by Bolzano—
Weierstrass.
Eventual monotonicity plus that convergent subsequence then gives convergence of the whole se-
quence, by the Monotone Convergence Lemma.
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Proof (Method 1). Since {a,} is bounded, the Bolzano—Weierstrass Theorem implies that {a, } has
a convergent subsequence.

Since {a,} is, in addition, eventually monotone and now known to have a convergent subsequence,
the Monotone Convergence Lemma implies that {a,} is convergent. O

Idea (Method 2: directly from the Axiom of Completeness). (Scratch work — not part of
the written answer.) (Tutorial 3, Additional Question 4; QRS proof — the official hint only sketches it.)

Reduce to the increasing case by passing to a tail.

Let a := sup{a, : n € N}, which exists by the Axiom of Completeness.

Show a, — a using the e-Criterion for Suprema: for any € > 0, some ay exceeds a — €, and
increasingness pushes every later term above ay, while a itself is an upper bound.

Proof (Method 2). By passing to a tail and invoking the Tail-Shift Remark exactly as in the proof
of the Monotone Convergence Lemma, we may assume without loss of generality that {a,} is monotone,
not merely eventually monotone.

We treat the increasing case; the decreasing case follows by applying the increasing case to {—a,}
(which is increasing and bounded whenever {a,} is decreasing and bounded) and using the Algebraic
Limit Theorem to negate the resulting limit.

So suppose {a,} is increasing and bounded. Let A := {a,, : n € N}.

Then A is nonempty (it contains a;) and bounded above (since {a,} is bounded), so the Axiom of
Completeness implies that A has a supremum; let a := sup A.

We show a = lima,,. Let € > 0 be given.

Since a — € < a = sup A, the e-Criterion for Suprema and Infima implies that a — € is not an upper
bound for A; hence there exists N € N with ay > a — €.

Let n € N with n > N. Since {a,} is increasing, a,, > ax > a — e.

On the other hand, since a = sup A is an upper bound for A and a, € A, a, <a < a-+e.

Combining the two displayed bounds,

a—e<a, <a+te, ie. la, —a| < e.

Hence, for every € > 0 there exists N € N such that for all n > N, |a,, — a| < ¢; this is the definition
of a = lima,,.
Therefore {a,} is convergent, with limit sup{a,, : n € N}. O

Common slip. In Method 2, the bound a,, < a uses only that a is an upper bound (true for every
n, no index needed), while the bound a, > a — ¢ uses that a — ¢ is not an upper bound, which only
guarantees some index N works, and increasingness is needed to extend this to every n > N. Conflating
“an upper bound” with “the least upper bound” at the wrong step is the most common way this proof
goes Wrong on an exam.

Key Formula: Partial Converse

Combining the Monotone Convergence Theorem with the Boundedness of Convergent Sequences
(Lecture 4): an eventually monotone sequence is bounded if and only if it is convergent. (Without
monotonicity, only one direction survives: every convergent sequence is bounded, but a bounded
sequence need not converge.)

3.5 Worked Examples (Tutorial 3)

Worked Example (Tutorial 3, Question 3): The Shuffled Sequence

Problem. Let {a,} and {b,} be convergent sequences with the same limit, and let {c,} be the
shuffled sequence a, by, as, by, as, bs, . .. (odd-indexed terms of {¢, } coincide with {a, }, even-indexed
terms coincide with {b, }). Use the Divergence Criterion to show {c,} is convergent, without using
the definition of limit of a sequence directly.

Method 1: Divergence Criterion by contradiction
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Proof. Let L :=lima, = limb,. By the definition of the shuffle, ¢y,,_1 = a,, and ¢y, = b, for
every m € N.
Step 1: {c,} is bounded. Since {a,} and {b,} converge, they are bounded (Boundedness of Con-
vergent Sequences). Hence there are M,, M, > 0 such that |a,,| < M, and |b,,| < M, for every
m € N.
Let M := max{M,, M,}, and let n € N. If n is odd, then n = 2m — 1 with m = "T“ € N, and
therefore |c,| = |am| < M, < M. If n is even, then n = 2m with m = % € N, and therefore
len] = |bm| < My, < M. Hence |c,| < M for every n € N; that is, {c,} is bounded.
Step 2: every convergent subsequence of {c,} has limit L. Let {c,,} be a subsequence of {c,},
and suppose L' = limy ¢,,. Let O := {k € N : p; is odd} and E := {k € N : p; is even}, so that
OUFE = N. If both O and E were finite, then N would be a union of two finite sets and hence finite,
which is false. Therefore O is infinite or F is infinite.
Case O infinite. List the elements of O in increasing order as k; < ks < k3 < ---. For each j € N
the index py; is odd, so

pe; +1

Pk, = 2t — 1, where i; := 2 eN.

Let j € N. Then k; < k11, so px, < pi,,, because the indices p; are strictly increasing; therefore

ij < ij41. Hence {cpkj }j is a subsequence of {c,, },, and {a;, }j is a subsequence of {a;}. Moreover

Cp,. = C2i,—1 = a;, for every j € N, so these two subsequences are the same sequence. Applying

Sul]osequential Limits to {c,, } and then to {a;},

lime,, =1L (Subsequential Limits)
J J
lime,, =lima;, =L (Subsequential Limits)
J ’ J
L'=1L (Uniqueness of Limits)

Case E infinite. List the elements of E as ky < ky < k3 < --- and write py, = 2i; with i; := p% € N.
As in the odd case, k; < kj41 gives py; < py,,, and hence i; <iji1, and ¢, = ¢35, = b, for every
j € N. Therefore L’ = lim; ¢;,, and L = lim; b;; (Subsequential Limits), so L' = L (Uniqueness of
Limits).

Step 3: {c,} converges. Suppose, for contradiction, that {c,} diverges. By Step 1, {c,} is bounded;
therefore the Divergence Criterion gives two subsequences {c¢,, } and {c,, } of {¢,} with limits L; #
Ly. By Step 2, Ly = L and L, = L; hence L; = Lo, which contradicts L; # Ly. Therefore {c,}
converges.

Step 4: the limit is L. Since {c,} converges, it is a convergent subsequence of itself (with indices
pr = k). Therefore Step 2 gives limc¢, = L. O

‘{cn} converges (to L)‘

Method 2: Direct e-N argument from the definition of limit
This method should be used only if the course allows this interpretation: it uses the definition of
limit, which the question excludes.

Proof. Let L :=lima, = limb,, so that ¢;,,_1 = a,, and ¢y, = b,,, for every m € N. Let ¢ > 0
be given.

Since L = lima,,, there is K, € N such that for all m € N,
Since L = limb,,, there is K, € N such that for all m € N, m
N = max{2K, — 1, 2K, }, and let n € N with n > N.

If n is odd, write n = 2m — 1 with m € N. Then 2m —1=n> N > 2K, — 1, so m > K,, and
therefore

m > K, implies |a,, — L| < e.
> K, implies |b,, — L| < €. Let

len, — L| = |am — L| < e.
If n is even, write n = 2m with m € N. Then 2m =n > N > 2K, so m > K;, and therefore

len — L| = |bm — L| < €.
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Hence, for every € > 0 there is N € N such that for all n > N, |¢, — L| < ¢; that is, L = lim¢,, (def.
of limit). Therefore {c,} converges. O

{c,} converges (to L).

Worked Example (Tutorial 3, Question 4): Even, Odd and Triple Subsequences

Problem. Suppose {a,} is a sequence for which {as}, {aaxs1} and {as;} are all convergent. Show
{a,} is convergent.
Method 1: Common limit via {ag.} and {ag._3}, then the shuffled sequence

Proof. Let L :=limy asy, P := limy ay, and Q := limy, asy4 1, where k runs through N.
Step 1: P = L. For every k € N,

Qg = A2(3k) — A3(2k)-

For every k € N, 3(k + 1) = 3k + 3 > 3k; therefore the index j = 3k is strictly increasing in k, and
{aex}), is a subsequence of {ay;},. For every k € N, 2(k + 1) = 2k + 2 > 2k; therefore the index

= 2k is strictly increasing in k, and {ae}, is a subsequence of {as;},. Hence

lilgn agr, = P (Subsequential Limits)
liin agr, = L (Subsequential Limits)
wP=1L (Uniqueness of Limits)

Step 2: Q = L. For every k € N,

Qg —3 = A2(3k—2)+1 — A3(2k—1)-

For every k € N, the index j = 3k — 2 satisfies j > 1, so j € N, and it increases by 3 when k increases
by 1; therefore {a;—3}, is a subsequence of {ay;41};. For every k € N, the index j = 2k — 1 satisfies
Jj > 1,507 €N, and it increases by 2 when k increases by 1; therefore {ag,—_3}, is a subsequence of
{a/g]} Hence

liin agp—z = Q (Subsequential Limits)
lillcrn agp—3 = L (Subsequential Limits)
Q=L (Uniqueness of Limits)

Step 3: the odd-indexed terms. For k € N let uy := ag,—1 and vy := ag,. Then {vi} = {aa}, so
limv, = P = L by Step 1. For every k € N, ©y41 = a(k41)—1 = G2i41; therefore limy up, = Q = L
by Step 2. Hence, by the Tail-Shift Remark Wlth ¢ = 1 applied to {u;}, the sequence {uy} converges
and limwu;, = L.

Step 4: shuffle. Every n € N is of exactly one of the forms n = 2k — 1 or n = 2k with k£ € N, and
then a,, = uy, or a, = vy, respectively. Therefore {a,} is the shuffled sequence uy, vy, ug, vo, us, vs, . . .
of the two sequences {u} and {v;}, which have the same limit L. Hence, by the previous Worked
Example (Tutorial 3, Question 3) applied to {u,} and {v:}, the sequence {a,} converges to L. [

{a,} converges (to L = limasy). ‘

Method 2: Direct e-N argument on even and odd indices
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Proof. Let L := limy as,. By Steps 1 and 2 of Method 1, which use only Subsequential Limits
and Uniqueness of Limits, limy as, = L and limy, aspyy = L. Let € > 0 be given.

Since L = limy ayy, there is K; € N such that for all £ € N, k > K; implies |ag, — L| < e. Since
L = limy agg1, there is Ky € N such that for all ¥ € N, k > K, implies |agi1 — L] < . Let
N := max{2K;, 2K, + 1}, and let n € N with n > N.

If n is even, then n = 2k with k € N, and 2k = n > N > 2K;; therefore k > K, and

la, — L| = |aa, — L| < €.

If nisodd, thenn > N >2K,+1>3,son=2k+1 with k = ”T_l eNand 2k+1=n>2K5+1;
therefore k > K5, and

|an — L| = |a2k+1 — Ll < &
Hence, for every ¢ > 0 there is N € N such that for all n > N, |a, — L| < ¢; that is, L = lima,,
(def. of limit). Therefore {a, } converges, to L = lim as. O

{a,} converges (to L = limasy). ‘

Worked Example (Tutorial 3, Question 5): Extracting a Subsequence Converging to

Zero

Problem. Suppose {a,} is a sequence such that for every ¢ > 0, infinitely many terms satisfy
la,| < e. Show {a,} has a subsequence converging to 0.
Method 1: Recursive construction by Well-Ordering with ¢, = 1/k

Proof. For k € N let

Sk == {ne N:a,| < %}
Let k € N. Since § > 0, the hypothesis with ¢ = & shows that Sy is infinite.
Construction. Since S; is infinite, it is nonempty; therefore it has a least element (Well-Ordering),
and we let n; := min.S;. Suppose k € N and n; < ny < --- < ny have been chosen with n; € §; for
j=1,...,k If Syy1N{n € N:n > n,} were empty, then Sy C {1,2,...,n4}, so Sgr1 would be
finite, which is false. Therefore Sy,1 N {n € N: n > n;} is nonempty, and we let

Npyy = min(SkH N{neN:n> nk}) (Well-Ordering).

Then nyy 1 > ny and g1 € Sko1. By induction on k, this defines natural numbers n; < ny < n3 <
- with ny € Sy, for every k € N. Hence {a,, } is a subsequence of {a,}, and

1
lan, | < z for every k € N.

Convergence. Let € > 0 be given. By the Archimedean Property there is K € N with K > %, ie.
+ <e. Let k € Nwith k£ > K. Then ¢ < +, and therefore

| =

lan, — 0] = |an, | < = < = <e.

| =
VA

Hence, for every € > 0 there is K € N such that for all k¥ > K, |a,, — 0| < ¢; that is, 0 = lima,,
(def. of limit). O

{an, } converges to 0.

Method 2: Unbounded index sets and the Squeeze Theorem
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Proof. For k € Nlet S, :={n € N: |a,| < 1/k}. By the hypothesis with e = 1/k > 0, each S}, is
infinite.

An infinite subset of N is not bounded above. Let S C N be infinite, and suppose, for contradiction,
that B € R is an upper bound of S. By the Archimedean Property there is m € N with m > B.
Then every n € S satisfies n < B <m, so S C {1,2,...,m} is finite, a contradiction. Therefore S
has no upper bound.

Construction. Choose any n; € S;. Having chosen n; € Sj, the number n; is not an upper
bound of the infinite set Sy.1; therefore there is ny,q € Spy1 with n,.; > ng. By induction,
ny < mng <nsg<--- and ny € Sy for every k € N. Hence {a,, } is a subsequence of {a,}, and

1
0 < |an,| < Z for every k € N.

Squeeze. The sequence {1/k} converges to 0: given € > 0, the Archimedean Property gives K € N
with K > 1/e, and then for all k¥ > K, |1/k—0] = 1/k < 1/K < e. The constant sequence
0,0,0,... also converges to 0. Since 0 < |a,,| < 1/k for every k € N, the Squeeze Theorem gives
limy, |a,, | = 0. By the Algebraic Limit Theorem with ¢ = —1, limy (— |a,,|) = —1-0 = 0. For every
keN, —l|an,| < an, <lan,|- Therefore the Squeeze Theorem gives 0 = lima,, . O

{an,} converges to 0.
| |

Worked Example (Sample Midterm, Question 1(b) = Tutorial 3, Question 2(b))

Problem. True or false: there is a sequence with a subsequence that is bounded but contains no
subsequence that converges.
Method 1: Bolzano—Weierstrass on the bounded subsequence

Proof. The statement is false; we show that every bounded subsequence of every sequence contains
a convergent subsequence. Let {a, } be any sequence, and let {a,, }, be a subsequence of {a,,} that
is bounded, where n; < n, <ns < ---.

Since {a, }, is bounded, the Bolzano-Weierstrass Theorem implies that {a,, }, has a convergent

subsequence. That is, there are natural numbers k; < ks < k3 < --- such that {ankj } ~converges.
J

Let j € N. Then k; < k;,, and since the indices n;, are strictly increasing in k, this gives ny, < ng,,, .

Therefore n;, < ng, < ng, < -+, so {ankj}‘ is a convergent subsequence of {a,,}, and also a
J

subsequence of {a,}.
Hence every bounded subsequence of a sequence contains a convergent subsequence, and therefore
no sequence of the described kind exists. O

Method 2: Monotone subsequence via peak terms and the MCT

Proof. The statement is false. Let {a,} be any sequence and let {a,, }, be a bounded subsequence
of it. Write zy, := a,, for k € N, and let M > 0 be such that |z;| < M for every k € N. Call m € N
a peak if z,, > x; for every j € N with j > m, and let P C N be the set of peaks.

Case 1: P is infinite. Let k; := min P (Well-Ordering). Having chosen k; € P, the set PN{m € N:
m > k;} is nonempty, since otherwise P C {1,...,k;} would be finite; let k;,; be its least element
(Well-Ordering). Then k; < ky < k3 < ---. For each j € N, k; is a peak and k;; > k;; therefore
Ty, > Ty,,,. Hence {l‘k].}j is decreasing.

Case 2: P is finite. Let k; := 1 if P = (), and k; := 1 + max P otherwise; then k; exceeds every
element of P. Suppose k; has been chosen and exceeds every element of P. Then k; ¢ P, so k; is
not a peak: there is m € N with m > k; and x,, > @,. Let k;j;; be such an m. Then k;,; > kj,
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so kjy1 also exceeds every element of P, and xy,, , > x;,. By induction, k; < ky < k3 < --- and

Tr; < Tk, for every j € N. Hence {l’kj}j is increasing.

Conclusion. In both cases {mkj}j is a monotone subsequence of {z;}, and |mkj| < M for every

J € N, so it is bounded. Therefore {:vkj }j converges (MCT, whose Method 2 proof above uses only

the Axiom of Completeness). Since j — k; is strictly increasing, {mkj}j = {ankj } is a convergent
J

subsequence of {a,,},. Hence every bounded subsequence of a sequence contains a convergent
subsequence, and therefore no sequence of the described kind exists. O

Worked Example (Sample Midterm, Question 1(c) = Tutorial 3, Question 1(a))

Problem. True or false: if every proper subsequence of a sequence {a,} converges, then {a,}
converges as well.
Method 1: Tail shift and the definition of limit

Proof. The statement is true. Let {a,} be a sequence every proper subsequence of which con-
verges. Define b, := a1, for k£ € N; that is, by = a,, with ny := k+ 1. For every k£ € N,
Ngr1 = k + 2 > k + 1 = ny; therefore the indices are strictly increasing, and {b;} is a subsequence
of {a,}. Since n; = 2 # 1, the subsequence {b;} is proper. Hence, by hypothesis, {b;} converges;
let L :=lim by,.

Let € > 0 be given. Since L = lim by, there is K € N such that for all £ € N, k£ > K implies
|b, — L| < e. Let N := K+1, and let n € Nwithn > N. Then k := n—1satisfiesk > N—-1=K > 1,
so k € Nand k > K. Therefore

|a, — L| = |agt1 — L| = |bp — L| < e.

Hence, for every ¢ > 0 there is N € N such that for all n > N, |a, — L| < ¢; that is, L = lima,,
(def. of limit; this is the Tail-Shift Remark with ¢ = 1). Therefore {a,} converges. O

Method 2: Cauchy Criterion

Proof. The statement is true. Let {a,} be a sequence every proper subsequence of which con-
verges, and define by, := a1 for k € N. The indices k + 1 are strictly increasing in k and the first
one is 2 # 1; therefore {b;} is a proper subsequence of {a,}, and by hypothesis {b;} converges.
Hence {b;} is Cauchy (Cauchy Criterion, “only if”).

Let € > 0 be given. Since {b;} is Cauchy, there is K € N such that for all k£ € N, k > K implies
|br, — b | < e (def. of Cauchy sequence). Let N := K + 1, so that ay = axy1 = bx. Let n € N with
n > N. Then k :=n — 1 satisfies k¥ > K > 1, and therefore

la, — an| = |ak41 — ax41] = |by — bk| < e.

Hence, for every € > 0 there is N € N such that for all n > N, |a,, — ay| < ¢; that is, {a, } is Cauchy
(def. of Cauchy sequence). Therefore {a, } converges (Cauchy Criterion, “if”). O

Method 3: Divergence Criterion by contradiction
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Proof. The statement is true. Let {a,} be a sequence every proper subsequence of which con-
verges, and define by, := a4, for K € N. As in Method 1, {b;} is a proper subsequence of {a,};
hence it converges by hypothesis. Let L := lim by,.

Step 1: {a,} is bounded. Since {b.} converges, it is bounded (Boundedness of Convergent Se-
quences): there is M, > 0 such that |b.| < M, for every k € N. Let M := max{|a,|, M,}. Forn =1,
la;| < M. Forn>2n—1€N,so |a,|=|b,—1] < M, <M. Therefore |a,| < M for every n € N.
Step 2: every convergent subsequence of {a,} has limit L. Let {a,,} be a subsequence of {a,}, and
suppose L' = limy, a,, . For k € N let p;, := ny1 —1. By the Subsequence Index Bound, ny; > k+1,
so pr > k> 1 and py € N. Also pry1 = Ngy2 — 1 > ngyq — 1 = py; therefore {b,, },C is a subsequence
of {b;}, and

bp, = Qpyt1 = Qnyyy for every k € N.

Hence limy a,,,, = L (Subsequential Limits, applied to {b;}). On the other hand, k — k + 1 is
strictly increasing, so {a,, +l}k is a subsequence of {a,,},; hence lim; a,,,, = L’ (Subsequential
Limits). Therefore L' = L (Uniqueness of Limits).

Step 8: conclusion. Suppose, for contradiction, that {a,} diverges. By Step 1 it is bounded;

therefore the Divergence Criterion gives two subsequences of {a, } with limits L; # L,. By Step 2,
L, =L and Ly = L; hence Ly = Ly, which contradicts L; # L. Therefore {a, } converges. O

3.6 Chapter Summary

Key Formula: The Chapter 3 Logical Chain

Axiom of Completeness = Bolzano—Weierstrass Theorem

Monotone Convergence Theorem (via the Monotone Convergence Lemma)
and Divergence Criterion, “only if” (Bolzano—Weierstrass applied twice)

e Bolzano—Weierstrass: bounded {a,} = some subsequence of {a, } converges.

¢ Monotone Convergence Theorem: eventually monotone and bounded {a,} = {a,} itself
converges.

e Divergence Criterion: bounded {a,} is divergent <= it has two subsequences converging
to different limits. (“If”: contrapositive of Subsequential Limits, no boundedness needed. “Only
if”: Bolzano—Weierstrass, applied twice.)
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Exam Focus: Chapter 3 takeaways

e Subsequence indices must be strictly increasing; check this explicitly before calling something a
subsequence.

e Three results in this chapter each carry a boundedness hypothesis that is easy to forget under
time pressure: the Divergence Criterion, Bolzano—Weierstrass, and the Monotone Convergence
Theorem. State it every time.

e To compare two given subsequences {a,;} and {a,} (e.g. p = 2,¢ = 3), look for a common further
subsequence indexed by multiples of lem(p, ¢) (or, for the “41” families, the residue class shared
by both); Subsequential Limits plus Uniqueness of Limits then forces the two given subsequences
to share a limit.

e The “proper subsequence” definition (n, # k for some k) is weak: almost every subsequence,
including any single tail, is proper. Sample Midterm Question 1(c) hinges entirely on this.

¢ Two independent full proofs of the Monotone Convergence Theorem are examinable: via Bolzano—
Weierstrass + Monotone Convergence Lemma (Method 1), and directly from the Axiom of Com-
pleteness via sup{a, : n € N} (Method 2, Tutorial 3 Additional Question 4). Know both.
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4 Lectures 10—-12: Series

This chapter answers three questions: (1) what does it mean for an infinite sum a; +as+az+- - - to have
a value; (2) which tools decide, quickly, whether a given series converges or diverges; and (3) how does
convergence with signs (alternating, or general signs) differ from convergence of nonnegative terms. The
entire chapter reduces a series to a single object already understood from Lectures 4-9: the sequence
of its partial sums. Every test in this chapter — the Alternating Series Test, the Comparison Test, the
Absolute Convergence Test — is, at bottom, a disguised form of the Cauchy Criterion for sequences.

4.1 Series and Partial Sums

Definition 4.1: Series

An (infinite) series of real numbers is a formal expression of the form
a;t+ay+az+---,

where {a,} is a sequence of real numbers. The numbers in {a,} are called the terms of the series.

We use the notation )~ a, (or simply > a,) to denote the series. For each n € N, the number
a; + as + -+ - + a, is called the n-th partial sum of the series Y a,, and is written s,; that is,

Spi=a;+ax+ -+ ay,.

As with sequences, it is sometimes useful to start labelling a series from an integer other than 1. If a
series is to start from ao, it is denoted > - a,, and its partial sums are indexed accordingly. Both
conventions appear in this chapter; the theory is identical in either case.

Definition 4.2: Convergence of Series

A series > a,, is said to be convergent if its sequence of partial sums {s,, } is convergent. In this case
the limit s of {s,} is called the sum of the series, and we write

SES i ay, (or simply s = Z an)
n=1

to mean that s is the sum of the series, and say that " a, converges to s. Otherwise the series is
said to be divergent.

Remark (Terms and Partial Sums). It is important to keep a clear distinction between the terms
a, of a series and its partial sums a; +as+---+a,. A series is a statement about the sequence of partial
sums, not directly about the sequence of terms; the two sequences can behave very differently, as the
Harmonic Series below will show.

Four series recur throughout this chapter and the exercises; each is stated here as the slides state it, and
each is proved below once the tools needed to prove it have been assembled.

o0
Geometric series: E ar* =a+ar+ar*+ar®+---.

n=0
1 1 1 1

H i ies: B e

e Harmonic series E - + 5 + 3 4 1 +
. . ) (=)t 1 1 1

Alt t h : - =1 — R

) ernating harmonic series E - 5 + 51 +
. 1 1 1

¢ p-series: E ﬁ:1+27+§+"'(wetreatp=2).
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4.2 Terms, Algebra, and the Cauchy Criterion for Series

The slides state the next three theorems as immediate transports of results already proved for sequences
(Lectures 4-9) to the sequence of partial sums, but do not carry out the transport in writing. We supply
full proofs below, each flagged as a QRS proof — not on the slides, built entirely from results already
proved by Lecture 9.

Theorem 4.1: Terms of Convergent Series

If a series Y a, is convergent, then the sequence of its terms {a, } converges to 0.

Idea (QRS proof — not on the slides). (Scratch work — not part of the written answer.) Adopt
the convention sy := 0, so that a,, = s,, — s,,_; holds for every n € N. If s,, — s, then also s,,_; — s (the
same sequence, shifted by one index), so a,, = s, — s,_1 — s — s = 0 by the Algebraic Limit Theorem.
Turn this into an e-N argument with /2.

Proof. Let e > 0 be given. Since > a, converges, by the definition of convergence of a series the
sequence of partial sums {s, } converges to some s € R. By the definition of convergence of a sequence,
applied to £/2 > 0, there exists N € N such that for all n € N, n > N implies |s, — s| < &/2. Let n € N
with n > N. Then both n > N and n —1 > N hold, so |s,, — s| < ¢/2 and |s,_1 — s| < /2. Using the
convention sy := 0, we have a,, = s,, — s,,_1 for every n € N; therefore, by the triangle inequality,

e €
la, — 0] = |sp — Sp—1] = (50 — ) — (Sn—1 — 8)| < |80 — 8| + [Sn—1 — $] <5tg=e

Hence for all n € N, n > N implies |a,, — 0| < . Since € > 0 was arbitrary, this shows {a,} converges to
0.

Common slip. The converse is false: a,, — 0 is necessary for convergence of >_ a,,, but not sufficient.
The Harmonic Series below has terms tending to 0 yet diverges. The correct use of this theorem is as a
quick divergence test, via its contrapositive: if {a,} /4 0, then " a,, diverges.

Theorem 4.2: Algebraic Limit Theorem for Series

If the series > a,, converges to s and the series _ b, converges to t, then
(1) for each ¢ € R, ) ca, converges to cs; and

(2) >>(a,+b,) converges to s + t.

Idea (QRS proof — not on the slides). (Scratch work — not part of the written answer.) The
n-th partial sum of )" ca,, is ¢ times the n-th partial sum of ) a,, (distributivity applied to a finite sum),
and the n-th partial sum of 3 (a, +b,) is the sum of the two individual partial sums (regrouping a finite
sum). Apply the Algebraic Limit Theorem for sequences to these two rewritten partial-sum sequences.

Proof. Let {S,} and {T,} denote the sequences of partial sums of }_ a,, and >_ b, respectively; by the
definition of convergence of a series, S, — s and T,, — t.

(1) For each n € N, the n-th partial sum of 3 ca,, is ca; +cas+---+ca, = c(a;+as+---+a,) = cS,,
by distributivity applied to the finite sum. Since S,, — s, the Algebraic Limit Theorem (for sequences)
gives ¢S, — cs. Therefore the sequence of partial sums of ) ca,, converges to cs, so by the definition of
convergence of a series, Y ca,, converges to cs.

(2) For each n € N, the n-th partial sum of 3 (a, + b,) is

(a1+b1)+(a2+b2)++(an+bn):(al++an)+(bl++bn):5n+Tn7

where the middle equality regroups a finite sum. Since S,, — s and T,, — ¢, the Algebraic Limit Theorem
(for sequences) gives S, + 1,, — s +t. Therefore ) (a,, + b,) converges to s+ t. O
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Theorem 4.3: Cauchy Criterion for Series

A series Y a, is convergent if and only if its sequence of partial sums is a Cauchy sequence; equiv-
alently,
Ve>03AN eNVn,meN n>m>N = a1+ Gnia+ -+ an] <e.

Idea (QRS proof — not on the slides). (Scratch work — not part of the written answer.) By
definition Y a,, converges iff {s, } converges, and by the Cauchy Criterion (for sequences) {s,,} converges
iff {s, } is Cauchy. All that remains is the algebraic identity s, — S, = @1 + -+ + a,, for n > m, which
turns the Cauchy condition on {s,} into the stated tail-sum condition.

Proof. By the definition of convergence of a series, > a, is convergent if and only if the sequence of
partial sums {s,} is convergent. By the Cauchy Criterion (for sequences, Lecture 6), {s,} is convergent
if and only if {s,} is a Cauchy sequence, that is, if and only if for every £ > 0 there exists N € N such
that for all n,m € N,

n,m>N = |s, — s,| <e.

It remains to identify this condition with the one stated in the theorem. Let n,m € N with n > m. Then
Sp—8m = (a1 +ax+---+ay) — (a1 +ay+ -+ an) = A1+ Uiz + 0+ an,

since the first m terms cancel. Hence [s,, — s,,,| = |@y 41 + - - - + @,,| whenever n > m, and (by symmetry
of |s,, — 8| in n, m) the Cauchy condition on {s,} is equivalent to the stated condition with n > m > N.
Combining the two equivalences, we conclude that > a,, is convergent if and only if for every € > 0 there
exists N € N such that for all n,m € N,

n>m>N = |api1+ Qpio+ -+ a,| <e.

O
Remark (Finitely Many Terms Are Irrelevant to Convergence). The Cauchy Criterion for Series
is a statement purely about tails a,, 1 + -+ + a, with m,n > N. Consequently, changing, deleting, or
inserting finitely many terms of a series never changes whether it converges (although it can change the
sum, if it converges). We use this freely below, for instance to compare a series with one that starts at
a later index.

Exam Focus

Exam Focus: the Cauchy-tail recipe. Every test in this chapter after the Cauchy Criterion for
Series (the Alternating Series Test, the Comparison Test, the Absolute Convergence Test) is proved
by the same three-step recipe: (1) write the Cauchy condition for a reference series (or, for the
Alternating Series Test, for {b,} — 0); (2) bound the tail sum of the target series by the reference
tail, using |-|, nonnegativity, or a telescoping estimate; (3) conclude via the Cauchy Criterion for
Series. Recognising this pattern is the fastest way to reconstruct any of these proofs on the exam.

Theorem 4.4: Convergence of the Geometric Series

Let a € R with a # 0 and r € R. If |r| < 1, the geometric series > - ar™ converges, with sum

= a
E ar™ = 1 .
n=0 =7

If |r| > 1, the geometric series diverges.
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Idea (QRS proof — not on the slides; the slides list this only as an example). (Scratch
work — not part of the written answer.) Compute the partial sum in closed form by the standard
multiply-and-subtract trick, then let n — oo. This needs " — 0 for |r| < 1, which follows from
Bernoulli’s Inequality (1 4+ z)™ > 1 4+ nx (for z > —1, n € N, proved by induction on n, an elementary
algebraic fact independent of the course’s analysis theorems) and the Archimedean Property. For |r| > 1,
show instead that a,, = ar™ does not tend to 0, and invoke the contrapositive of the Terms of Convergent
Series theorem.

Proof. Case |r| < 1. For each n € N, direct computation gives

n—1

(I—=7r)s,=(1- T)Zark =a(l—r"),

k=0
by telescoping the finite geometric sum; since r # 1 (as |r| < 1), we may divide to get s,, = a(1—7")/(1—7)

for all n € N. We claim »™ — 0. If r = 0, then r™ = 0 for every n € N, so r™ — 0 trivially. Otherwise
0<|r|<1;lett:=1/|r| -1, so that ¢ > 0. By Bernoulli’s Inequality, (1 +%)" > 1+ nt for all n € N, so

0<|rff = — < 1
r .
1+ = 1+nt

Given ¢ > 0, by the Archimedean Property there exists N € N with N > (1/e—1)/t, so that 1/(1+Nt) <
g; since 1/(1 + nt) is decreasing in n, for all n > N we have 0 < |r|" < 1/(1+ nt) < e. Hence |r|" — 0,
sor™ — 0 (as |[r" — 0| = |r|"). Now, since s,, = a(1 —7r")/(1—r) for all n € N and r" — 0, the Algebraic
Limit Theorem gives " ; " " "

rt — 0=

“1—r 1—7r 1—r 1—1 1—7r

Therefore {s,} converges to a/(1—r), so by the definition of convergence of a series, Y~ , ar™ converges
toa/(1—r).
Case |r| > 1. We show a,, = ar™ does not converge to 0; since Y a, has terms a, = ar”, the

Sn

contrapositive of the Terms of Convergent Series theorem then gives divergence. If |r| = 1, then |a,| =
la| - |r|* = |a] > 0 for all n, which is bounded away from 0, so a,, /4 0. If |r| > 1, write |r| = 1 + u with
u > 0; by Bernoulli’s Inequality, |r|"* > 14nu for all n € N, and by the Archimedean Property 1+nu — oo
in the sense that for every M > 0 there is N € N with 1+ Nwu > M; hence |a,,| = |a| (1+u)™ > |a| (14+nu)
is unbounded, and in particular a,, /4 0 (a convergent sequence is bounded). Either way a, 4 0, so by
the contrapositive of the Terms of Convergent Series theorem, Y ar™ diverges. O

Theorem 4.5: Divergence of the Harmonic Series

. . 1.
The harmonic series » — diverges.
n

Idea (QRS proof — not on the slides; the slides list this only as an example). (Scratch
work — not part of the written answer.) Show the partial sums fail the Cauchy Criterion for Series:
grouping N terms from N + 1 to 2N, each at least 1/(2V), gives a block sum of at least 1/2, however
large N is. So € = 1/2 has no working N.

Proof. By the Cauchy Criterion for Series, it suffices to exhibit some € > 0 for which no N € N
satisfies the tail condition. Take e = 1/2. Let N € N be arbitrary, and set m := N, n := 2N; then
n >m > N. For each k € {N +1,...,2N} we have £ < 2N, so 1/k > 1/(2N). There are exactly N
such integers k, so

21 11

lani1 +ang2 + -+ aan| = Z 72N o

=_-=c¢.
Pyt k 2N 2

Thus for every N € N there exist n > m > N (namely m = N, n = 2N) with |a11 + -+ a,| > &,
so the Cauchy condition of the Cauchy Criterion for Series fails for ¢ = 1/2. Therefore the sequence of
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partial sums of Y 1/n is not Cauchy, so by the Cauchy Criterion for Series Y 1/n is not convergent, that
is, > 1/n diverges. O

Common Mistake

“The terms tend to 0, so the series converges.” The Harmonic Series is the standard coun-
terexample: a,, = 1/n — 0 (Lecture 46 limit facts), yet > 1/n diverges by the theorem just proved.
The Terms of Convergent Series theorem only ever certifies divergence (via its contrapositive); it
never certifies convergence.

4.3 The Alternating Series Test

Theorem 4.6: Alternating Series Test

If a sequence {b,} is decreasing and converges to 0, then the alternating series

(—l)n_lbn

n=1

is convergent.

Idea (Method 1: Cauchy Criterion, the slides’ route). (Scratch work - not part of the
written answer.) Group the tail sum byy; — byyo + - -+ into consecutive pairs; since {b, } is decreasing,
each pair is nonnegative, which both lower-bounds the tail sum by 0 and (grouping from the second term
instead) upper-bounds it by by.1. Squeeze the tail sum into [0, by 1], then use b, — 0 to make by; as
small as desired.

Proof (Method 1: via the Cauchy Criterion for Series). Let N,n € Nwithn > N. Consider
the block sum by 1 — byyo +byys — -+ (=1)""V=1p,. If n — N is even, we may group it as

(bng1 — bnga) + (Onys — bnga) + - 4 (b1 — by);
if n — N is odd, we may group it as
(bny1 — bnio) + (bnss — byaa) + -+ (by—2 — by1) + by,

In either case every bracketed difference is nonnegative, since {b,} is decreasing (so by — by,; > 0 for all
k), and in the odd case the leftover term b, is nonnegative. Therefore

bnii — bnya +byiz — -+ (=) N1p, > 0.
Since this quantity is nonnegative, its absolute value equals itself:
(=) Vo + (D) oo + -+ (=1)" by | = by — byga + byys — -+ (=1)" VD,
Regrouping this same sum from the second term onward,
b1 — bago +byss — -+ (1) Vb, = by — (bvse —byys + - — (=1)"V71b,),

and the bracketed quantity is again a sum of the same telescoping shape (starting one index later), hence
nonnegative by the argument above. Subtracting a nonnegative quantity from by, gives

byi1 — (bN+2 —byyz+— (—1)n_N_1bn) < bni1.
Combining the last three displays,

(=D Voni1 + (=) bygpo 4 - 4+ (=1)" by | < by

28


https://qrsntu.org

MH3100 Real Analysis I — Revision Notes QRSQNTU

Now let € > 0 be given. Since {b,} — 0 and {b, } is eventually nonnegative (being decreasing to 0), by
the definition of convergence of a sequence there exists N € N such that for all n € N, n > N implies
|b,| < e; in particular by, < . By the inequality just proved, for all n € N with n > N,

|(—1)NbN+1 + (—1)N+1b1\7+2 + -+ (—1)n71bn| S bN+1 <eE.

This is exactly the tail-sum condition of the Cauchy Criterion for Series applied to > (—1)""'b,, with
the roles of m,n in that theorem played by IV, n here. Since € > 0 was arbitrary, the Cauchy Criterion
for Series is satisfied, so Y (—1)""'b,, is convergent. O

Idea (Method 2: Monotone Convergence Theorem; the slides name this route but
do not carry it out). (Scratch work — not part of the written answer.) The odd- and even-indexed
partial sums move towards each other: evens increase, odds decrease, and the gap ss,_1 — So, = ba, — 0.
Get both subsequences to converge by the Monotone Convergence Theorem, show their limits coincide,
then merge the two subsequences back into {s,}.

Proof (Method 2: via the Monotone Convergence Theorem). For n €N,
Sont2 = San = bang1 — bopi2 >0 and  Su,up1 — Sap1 = —bay + bopi1 = —(b2n — bany1) <0,

since {b,} is decreasing; therefore {s,,} is increasing and {sz,_1} is decreasing. Moreover S, 11 — Sa, =
bant1 > 0 for all n, so sz, < Sa,41 < s1 for all n (the last step using that {ss,_1} is decreasing), which
shows {sz,} is bounded above by s;. Likewise, s, 1 — 82, = ba, > 0 (each b,, > 0, since {b,, } is decreasing
with limit 0), S0 Sg,_1 > Sa, > Sy for all n because {s,,} is increasing; hence {sy,_1} is bounded below
by sp. Since {s2,} is increasing and bounded above, and {ss, 1} is decreasing and bounded below, the
Monotone Convergence Theorem gives L., L, € R with s,, = L. and $5,_1 — L,.

We claim L, = L,,. Since {b,} — 0, and {bs, } is a subsequence of {b, }, the Theorem on Subsequential
Limits gives by, — 0 as well. Since Sg,_1 — S9, = by, for all n, the Algebraic Limit Theorem gives
Son_1 — S2n, — 0; but also sg,_1 — S92, — L, — L. by the Algebraic Limit Theorem applied to the two
convergent sequences {Ss, 1} and {ss,}. By the Uniqueness of Limits, L, — L. = 0, so L, = L; call this
common value L.

Finally we show s, — L. Let ¢ > 0 be given. Since sy, — L there is N; € N such that for all
n > Ny, |s2, — L| < ¢€; since Sa,_1 — L there is Ny € N such that for all n > Ny, |s3,-1 — L] < e.
Let N := max{2N;,2N; — 1}, and let m € N with m > N. If m is even, write m = 2n with n =
m/2 > N, 80 |Sy, — L| = |se, — L| < &; if m is odd, write m = 2n — 1 with n = (m +1)/2 > Ns, so
|$m — L| = |s2n—1 — L| < €. In either case |s,, — L| < €. Since € > 0 was arbitrary, {s, } converges to L,
so >_(=1)""'b, converges.

Common slip. The hypothesis that {b,} is decreasing cannot be dropped, even if b, — 0 and
0 < b, < 1/n: a nonmonotone choice such as b, = 1/n for even n and b, = 0 for odd n satisfies
0 <b, <1/n — 0, yet D (=1)""b, = =3, cven /1 diverges, being a constant multiple (by the
Comparison Test with the Harmonic Series, below) of a divergent series.

Example (Alternating Harmonic Series). Since b, = 1/n is decreasing (as 1/(n + 1) < 1/n for all
n € N) and b, — 0, the Alternating Series Test gives

f: (=1)n! 1 1 . 1 1 L+
~—— =1—=-+4—-— =4 .-+ converges.
Ty 273 1 8
(Its sum can be identified with calculus tools outside this course’s scope; the Alternating Series Test
itself only certifies convergence, not the value.)

Extension: Generalizing the Alternating Series Test (non-examinable)

An alternating series > (—1)""'b, has the form > a,b, with a,, = (=1)"~'. The slides pose, but do
not answer, the question: under what more general conditions on {a,} (with {b,} still decreasing
to 0) does Y a,b, remain convergent? No Dirichlet- or Abel-type test is stated or proved anywhere
in Lectures 10-17; the question is left open in the deck. (Tutorial 4, Question A1 develops one such
extension, Abel’s Test, as an optional, non-examinable exercise using summation by parts.)
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4.4 The Comparison Test and the Absolute Convergence Test

Theorem 4.7: Comparison Test

Let {a,} and {b,} satisfy 0 < a,, <b,, for all n € N. Then

g b, is convergent —- E a, is convergent.

Idea (Method 1: Cauchy Criterion, the slides’ route). (Scratch work — not part of the
written answer.) Nonnegativity removes the absolute value bars from the tail sum of }_ a,,; the hypothesis
a, < b, then bounds that tail sum by the tail sum of } b,,, which is small once }_ b,,’s Cauchy condition
kicks in.

Proof (Method 1: via the Cauchy Criterion for Series). Suppose Y b, is convergent. By the
Cauchy Criterion for Series, for every € > 0 there exists N € N such that for all n,m € Nyn>m > N
implies b1 + byyo + -+ b,| < €. Fix such € > 0 and the corresponding N. Let n,m € N with
n >m > N. Since a, > 0 for every k, the partial sum a,,11 + @i + - -+ + @, is a sum of nonnegative
terms, so it equals its own absolute value; and since a; < b, for every k (and b, > 0, as by > a; > 0),
term-by-term comparison of the finite sums gives

|am+1 +am+2+"'+an‘ :am+1+am+2+"'+an S bm+1 +bm+2++bn - |bm+1 ++bn| <e.

Thus, for the same N, n > m > N implies |11 + -+ + a,| < . Since € > 0 was arbitrary, the sequence
of partial sums of 3 a,, satisfies the Cauchy condition, so by the Cauchy Criterion for Series, > a, is
convergent. O

Idea (Method 2: Monotone Convergence Theorem; the slides name this route but
do not carry it out). (Scratch work — not part of the written answer.) Nonnegative terms make
both partial-sum sequences increasing; > b,’s convergence bounds them (via Boundedness of Conver-
gent Sequences); a, < b, carries the bound over to > a,’s partial sums; increasing and bounded gives
convergence.

Proof (Method 2: via the Monotone Convergence Theorem). Let {4,} and {B,} denote
the partial sums of > a,, and Y_b,.. Since a,, > 0 for all n, A,,; — A, = a1 >0, so {A,} is increasing;
similarly {B,} is increasing. Suppose Y b, converges, say B, — t. By the Boundedness of Convergent
Sequences, {B,} is bounded; since {B,} is also increasing, it is bounded above by ¢ itself: for each
n € N and every m > n we have B,, > B, so letting m — oo the Order Limit Theorem gives t > B,,;

hence B, <t for all n. Since 0 < a,, < b, for all n, summing over k = 1,...,n gives 4, < B, <t for
every n € N, so {A,} is bounded above. Since {A,} is increasing and bounded above, the Monotone
Convergence Theorem gives that {4, } converges, that is, Y a,, converges. O

Common Mistake

“The Comparison Test applies to any two series with a, <b,,.” The hypothesis 0 < a,, < b,
requires nonnegativity, not merely the inequality a,, < b,. Without a, > 0, the proof’s step
|@mi1 + -+ + an| = @pmy1 + -+ + a, fails, since the partial sum can then be negative. (For series
with mixed signs, use the Absolute Convergence Test, below, or compare |a,| against a nonnegative
bound.)

Theorem 4.8: Convergence of Y 1/n?

o1
The series E —, converges.
n

n=1
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Idea (QRS proof — not on the slides; the slides list this only as an example). (Scratch
work — not part of the written answer.) For n > 2, 1/n* < 1/(n(n —1)), and > 1/(n(n — 1)) telescopes
to a computable limit. Apply the Comparison Test on the tail n > 2, then restore the n = 1 term.

1
Proof. Forn >2,n(n—1) <n-n=n? (since n — 1 < n), and both sides are positive, so 0 < — <
n

( ] for all n > 2. For N > 2, using the partial-fraction identity 1/(n(n —1)) =1/(n—1) — 1/n,
n(n —

N N
1 1 1 1
S o)W
—nn-1) “Z\n n
by telescoping. Since 1/N — 0 (Lecture 4-6), the Algebraic Limit Theorem gives >._, 1/(n(n—1)) — 1
as N — 00, so >~ ,1/(n(n — 1)) converges (with sum 1). By the Comparison Test applied to 0 <

1/n? <1/(n(n—1)) for n > 2 (the Comparison Test extends immediately to hypotheses holding only for
n > 2, by the Remark on finitely many terms), > 7, 1/n? converges. Finally, writing the N-th partial

sum of 3200 1/n? as sy = 1+ 30, 1/n? and applying the Algebraic Limit Theorem to the convergent
sequence S0 1/n?, we conclude that 317 1/n? converges. O

Theorem 4.9: Absolute Convergence Test

If the series Y |a,| is convergent, then the series Y a,, is convergent.

Idea (Method 1: Cauchy Criterion, the slides’ route). (Scratch work — not part of the
written answer.) The triangle inequality bounds the tail sum of Y a,, by the tail sum of ) |a,|, which
is small once the latter’s Cauchy condition kicks in.

Proof (Method 1: via the Cauchy Criterion for Series). Suppose Y |a,| is convergent. By
the Cauchy Criterion for Series, for every € > 0 there exists N € N such that for alln,m € Nyn>m > N
implies | @y i1| + |[@maz] + -+ + |an|| < €; since each |ay| > 0, this reads |a,, 1|+ - +|an| < e. Fix such
e >0and N. Let n,m € N with n > m > N. By the (finite) triangle inequality,

|am+1 + Qg 0 A an‘ < ‘am+1’ + ’am+2’ +eee ’an’ <e.

Since £ > 0 was arbitrary, the sequence of partial sums of > a,, satisfies the Cauchy condition, so by the
Cauchy Criterion for Series, > a,, is convergent. O

Idea (Method 2: via the Comparison Test; the slides name this route but do not
carry it out). (Scratch work — not part of the written answer.) Split a,, as 2 - %‘a”‘

Ant|an|
2

— |a,|. Show

0 < fetlan] < |a,|, apply the Comparison Test to get convergence of 3 , then recombine via the

Algebrazic Limit Theorem for Series.

Proof (Method 2: via the Comparison Test). For every z € R, z < |z| and — |z| < x (that is,
x> —|z|), so z+|z| > 0 and z + |z| < 2|z|; dividing by 2, 0 < %Iz\ < |z|. Applying this with z = a,,
for each n € N gives 0 < %la”‘ < |a,| for all n. Since Y’ |a,| converges by hypothesis, the Comparison
Test gives that ) %la"l converges; call its sum u, and let w := " |a,|. Since a,, = 2 - 2=Hel |4 | for
every n, the Algebraic Limit Theorem for Series gives that > a, converges, with sum 2u — w. O

Definition 4.3: Absolute and Conditional Convergence

A series Y a,, is said to be absolutely convergent if the series > |a,| of absolute values converges. A
series Y a, is said to be conditionally convergent if it is convergent but not absolutely convergent,
that is, Y a, converges but Y |a,| diverges.
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Remark (Absolutely Convergent versus Convergent). The Absolute Convergence Test can be
rephrased as: every absolutely convergent series is convergent. The converse fails in general — the
Alternating Harmonic Series above is convergent (by the Alternating Series Test) but not absolutely
convergent, since Y [(—1)""!/n| = Y. 1/n diverges (the Harmonic Series); so it is conditionally conver-
gent. Consequently, every series is exactly one of: (i) absolutely convergent; (ii) conditionally convergent;
or (iii) divergent.

4.5 Absolute versus Conditional Convergence, and Rearrangements

A rearrangement of a series > a, is a series )b, in which every term of {a,} appears exactly once in
{b.}; equivalently, there is a bijection f : N — N with bs.,) = a, for all n. The slides pose, but do
not resolve, the question: if )" a,, converges, must every rearrangement Y b,, also converge (to the same
sum)?

Extension: Rearrangements Can Change the Sum (non-examinable; no theorem is

given in this course)

The slides leave this question fully open — no answer, example, or theorem is given anywhere
in Lectures 10-17, despite the Lecture 12 Objectives promising a condition for rearrangement-
invariance. The following is presented only as motivation, not as course material to reproduce.

For a conditionally convergent series such as the Alternating Harmonic Series, one can show that
the subseries of positive terms and the subseries of (absolute values of) negative terms both diverge:
if either converged, the other would too, since their difference equals the convergent >_ a,, and their
sum equals the divergent > |a,| (compare via the Algebraic Limit Theorem for Series). Because
each half individually diverges (sums to +o0o or —o0), one can rearrange the series — take enough
positive terms to overshoot any target value, then enough negative terms to undershoot it, and so
on — to make the rearranged partial sums converge to any prescribed real number, or to diverge
outright. This is why the Comparison Test and the Absolute Convergence Test matter: an absolutely
convergent series does not suffer this pathology (its sum is rearrangement-invariant), but this course
does not state or prove that fact either. Both directions are left as open questions in this deck.

4.6 Worked Examples (Tutorial 4)

Worked Example (Tutorial 4, Question 1): Convergence Decisions

Determine whether each series converges or diverges.
1

@Y 5

Method 1: Comparison Test with a geometric series

Proof. Let n € N. Since n > 0, we have 2" +n > 2" > (0. Taking reciprocals of two positive
numbers reverses the inequality; therefore

1 < L (1)n fi eN
— = = or everv n .
7 tn o Y

0< 5

Let T, := >;_,(1/2)* be the n-th partial sum of > (1/2)". For each k € N we have (1/2)¥1 =
2-(1/2)%, hence (1/2)* = (1/2)*=* — (1/2)*. Therefore the partial sum telescopes:

Tn:(l—%>+(%—%)+...+(%_%)

By Bernoulli’s Inequality, 2" = (1+1)" > 1+n > n, so 0 < (1/2)" < 1/n for every n € N. Since
1/n — 0 (Archimedean), the Squeeze Theorem gives (1/2)" — 0. Hence, by the Algebraic Limit
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Theorem, 7,, =1 —(1/2)" — 1 —0 = 1. Therefore {T,,} converges, so > (1/2)" converges (def. of
convergence of a series). Since 0 < 1/(2"+n) < (1/2)" for every n € N and »(1/2)™ converges, the
Comparison Test gives that Y 1/(2™ + n) converges. O

Method 2: Cauchy Criterion for Series with an explicit N

Proof. Let ay, :=1/(2* +k) for k € N. For each k € N, 2% +k > 2% > 0, hence 0 < a;, < (1/2)* =
(1/2)k=* — (1/2)*. Let € > 0. By the Archimedean Property there is N € N with N > 1/e. Let
n,m € N with n > m > N. The tail sum has positive terms, so it equals its absolute value, and

"1 1
amir 4t anl < Y (55— 5)

k=m+1
1 1 11
B (fm _12m+1>1 L (2n—1 - 27>
Tom2n T am

By Bernoulli’s Inequality, 2 = (1+ 1) > 14+ m > m > N > 1/e; therefore 1/2™ < ¢, and so
|@mi1 + -+ - + a,| < e. Hence for every € > 0 there is N € N such that for all n,mm € N,n >m > N
implies |am, 41 + -+ + a,| < . Therefore > a,, converges (Cauchy Criterion for Series). O

Method 3: Monotone Convergence Theorem on the partial sums

Proof. Let S, : =Y, _,1/(2"+k). Forevery n €N, S, 11 — S, = 1/(2""™ + n+1) > 0; therefore
{S,} is increasing. For each k € N, 2¥ + k > 2* > 0, hence 1/(2* + k) < (1/2)*. Summing over
k=1,...,n and telescoping (1/2)F = (1/2)*~1 — (1/2)*,

s (1= g+ (g=g) v+ =)

=1 1<1
= = .

Hence {S,,} is bounded above by 1. Since {S,} is increasing and bounded above, {S,,} converges
(MCT). Therefore Y 1/(2" + n) converges (def. of convergence of a series).

(b) Z sin(n).

n2
Method 1: Comparison Test followed by the Absolute Convergence Test

Proof. Letn € N. Since —1 < sin(n) < 1, we have [sin(n)| < 1; since n? > 0, dividing by n? gives

sin(n) _ |sin(n)] <

0<
n2

5 — for every n € N.
n n

The series Y 1/n? converges (Convergence of Y 1/n?). Hence, by the Comparison Test with
|sin(n)/n?| in the role of a,, and 1/n? in the role of b, the series > |sin(n)/n?| converges. Therefore,
by the Absolute Convergence Test, > sin(n)/n? converges. O

Method 2: Cauchy Criterion for Series with a telescoping bound
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Proof. Let a; :=sin(k)/k? for k € N. Let k € N with k > 2. Since |sin(k)| < 1, |ai| < 1/k?. Since

0 < k—1<Fk, wehave 0 < k(k—1) < k2, hence 1/k? < 1/(k(k—1)); and 17 — 1 = %55 = b5
Therefore 1 1
lag| < 1% for every k > 2.

Let ¢ > 0. By the Archimedean Property there is N € N with N > 1/e. Let n,m € N with
n >m > N. Then every index k € {m + 1,...,n} satisfies k > 2, so by the triangle inequality and
the bound above,

’am+1+"'+an’ < |am+1|+"'+|an|

1 1 1 1 11
<(E_m+1)+(m+1_m+2)+"'+(n—1_ﬁ)

1 1<1<1<
=— ——< —< —=<e
m n m_ N

Hence for every ¢ > 0 there is N € N such that for all n,m € N, n > m > N implies
|@pmi1 + -+ + a,| < e. Therefore Y sin(n)/n? converges (Cauchy Criterion for Series). O

Method 1: Contradiction via the even-indexed partial sums

Proof. For k € Nlet a, := 1/k if k is odd and a; := —1/k? if k is even, so that the series is Y ay,
and let S, := a; + --- + a,. Suppose, for contradiction, that ) a; converges. Then S, — S for
some S € R (def. of convergence of a series). For each N € N, grouping the first 2N terms into the
N consecutive pairs agy_1 + agr, k= 1,..., N, gives

NE

N 1 1
Suv = (oo +aw) =3 (577 ~ )
k=1

=
Il
i

Il
NE

1 N
2k—1_z(2k)2 = Py = Q.

k=1

b
Il
—_

Step 1: {Qn} converges. For each k € N, 1/(2k)*> = 1 - 1/k. Since ) 1/k? converges (Convergence
of > 1/n?), the Algebraic Limit Theorem for Series with ¢ = I gives that Y 1/(2k)* converges.
Hence Qx — ¢ for some q € R.

Step 2: {Py} is not bounded above. If Y 1/(2k) converged, then the Algebraic Limit Theorem
for Series with ¢ = 2 would give that > 2 - i = Z% converges, which contradicts the Divergence
of the Harmonic Series. Therefore Y 1/(2k) diverges. For each k € N, 0 < 2k — 1 < 2k, hence
0<1/(2k) < 1/(2k—1). If > 1/(2k — 1) converged, then the Comparison Test would give that
>~ 1/(2k) converges, which is false. Therefore > 1/(2k—1) diverges, that is, { Py } does not converge.
Moreover Py, 1—Pyx =1/(2N+1) > 0 for every N € N, so { Py} is increasing. If { Py} were bounded
above, then it would converge (MCT). Hence { Py} is not bounded above.

Step 3: the contradiction. Since {2N} is strictly increasing, {Soy} is a subsequence of {S,}, so
Son — S (Subsequential Limits). Since Py = Son + Qn for every N, the Algebraic Limit Theorem
gives Py — S + q. Therefore {Py} converges, so {Py} is bounded (Boundedness of Convergent
Sequences). This contradicts Step 2. Hence the assumption is false, and ) a;, diverges. O

Method 2: Failure of the Cauchy Criterion for Series with ¢ = é
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Proof. Let a;, := 1/k for odd k and a;, := —1/k? for even k, as in Method 1. By the Cauchy
Criterion for Series, it suffices to find € > 0 such that for every N € N there are n,m € N with
n>m > N and |ap41+ -+ a,| > e Takee = +. Let N € N, and set M := N + 1, m := 2M,
n:=4M. Then M > 2 and n > m > N. The odd indices in {2M + 1,...,4M} are 2j — 1 and the
even indices are 2j, for j = M + 1,...,2M; each family has M members. Hence

2M 1 2M 1
Gyl + o+ Qay = Z - - Z -
j=1 ) T 1 J=M+1 (27)?

Let je {M+1,...,2M}. Then2j—1<4M—1<4M,so1/(2j—1) > 1/(4M); and 2j > 2M +2 >
2M, so (25)* > 4M? and 1/(25)* < 1/(4M?). Summing the M terms of each family,

1 11 L | 1 11

LTI Y D VO S

v 25 —1 4M 4 v (25)? a4M? 4 8
where the last inequality uses M > 2. Therefore a1 +---+a, > i—% = %, SO |@my1 + -+ an| >
% = ¢. Since N € N was arbitrary, the Cauchy condition fails for ¢ = %. Hence the partial sums of
>~ ay are not Cauchy, and Y a; diverges (Cauchy Criterion for Series). O

Worked Example (Tutorial 4, Question 2(a) = Sample Midterm Q2(a)): Two Divergent

Series with Convergent Product

Statement. There are two divergent series Y a,, and Y b,, for which > a,b, converges.
Answer. True.

Method 1: Witness a,, = b, = 1/n checked against the chapter’s standard series

Proof. Let a, := 1/n and b, := 1/n for every n € N. Then > a, = > b, =Y 1/n, and >, 1/n
diverges (Divergence of the Harmonic Series); hence )" a,, and Y b, are both divergent. For every
n €N,

1 1 1

by = — = = —.

n n o n
Since > 1/n? converges (Convergence of > 1/n?), > a,b, converges. Therefore there exist two
divergent series > a,, Y. b, for which > a,b, converges, and the statement is true. O

True: a, = b, = %

Method 2: Same witness, verified by a block-grouping estimate and the M CT

Proof. Leta,=b,:=1/n, H,:=3;_1/kand Q, =3 ;_, 1/k* forn € N. '

Y. a, = Y. b, diverges. Let j € N. The block k = 27! +1,...,27 has 2/ — 277" = 277! terms,
and each satisfies k < 27, hence 1/k > 1/27. Therefore 35y, 1., 1/k > 2-1. L = L Splitting
{1,...,27} into {1} and the blocks j = 1,...,J gives, for every J € N,

27

d 1 J
Hy=1+4) > 2>1+75.

j=1 k=2i-141

Let B > 0. By the Archimedean Property there is J € N with J > 2B, hence Hys > 1+ J/2 > B.
Therefore {H,,} is not bounded above, so {H,} does not converge (Boundedness of Convergent
Sequences), that is, Y a,, = > b, diverges.
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>~ anb, converges. Since a,b, = 1/n?, the partial sums of Y a,b, are Q,,. For every n, Q, 1 —Q,
1/(n+1)? >0, so {Q,} is increasing. For k > 2, 0 < k(k — 1) < k?, hence 1/k* < 1/(k(k — 1))
1/(k — 1) — 1/k. Therefore, for n > 2,

0 te S g e (PGt (D)

1
—2-- <2
n

and @; = 1 < 2. Hence {@, } is bounded above by 2. Since {Q,} is increasing and bounded above,
it converges (MCT); therefore > a,b, converges. Hence the statement is true. O

True: a, = b,, = %

Worked Example (Tutorial 4, Question 4): A Cauchy Estimate Without Naming the

Shortcut Theorems

Problem. Prove that if the series Y |a,| has a Cauchy sequence of partial sums and the sequence
{b,} is bounded, then the series > a,b, has a Cauchy sequence of partial sums. Do not use the
Cauchy Criterion, the Comparison Test, or the Absolute Convergence Test.

Method 1: Direct e—N estimate on the partial sums

Proof. ForneNlet A, :=|ay| + -+ |a,| and C,, := a1b; + - - - + a,b,. Since {b,} is bounded,
there is My > 0 such that |b,| < M, for every n € N; let M := My + 1. Then M >0 and |b,| < M
for every n € N. For n,m € N with n > m, the first m terms cancel, so
An - Am = ‘am—i-l’ SFoco g ‘an’ > 07 Cn - Cm = am—i—lbm—i-l SF oo =F anbn'
Let € > 0. Since e/M > 0 and {A, } is a Cauchy sequence, there is N € N such that for all n,m € N,
n,m > N implies |A, — A,,| < ¢/M (def. of Cauchy sequence). Let n,m € N with n,m > N. If
n =m, then |C,, — C,,| =0 < e. If n > m, then
|Cn - Cm| = |am+1bm+1 S oooF anbn|
<amgt| [bms1] + -+ + |an| |b,] (triangle inequality)
< M(|amsa] + - + |an)) (1bx| < M)
€
=MI|A, —A,|<M.-— ==¢.

If n < m, then the case just proved with n,m interchanged gives |C,, — C,,| = |C,, — C,| < e.
Hence for every € > 0 there is N € N such that for all n,m € N, n,m > N implies |C,, — C,,| < €.
Therefore {C,,}, the sequence of partial sums of } a,b,, is a Cauchy sequence. O

Method 2: Contradiction via the negated Cauchy condition

Proof. Define 4, C,, and M > 0 as in Method 1, so that |b,| < M for every n € N. Suppose, for
contradiction, that {C,,} is not a Cauchy sequence. Negating the definition, there is &g > 0 such that
for every N € N there are n,m € N with n,m > N and |C,, — C,,,| > &¢. Since |C,, — C,,| =0 < &,
such n, m are distinct, and interchanging them if necessary we may take n > m. Since £o/M > 0 and
{A,} is Cauchy, there is Ny € N such that for all n,m € N, n,m > Ny implies |4, — A,,| < g9/M.
Apply the negated condition with N = Njy: there are n > m > Ny with |C,, — C,,,| > ¢. By the
triangle inequality and [b,| < M,

g0 < |Cn - Om| < |am+1| |bm+1| +- |an| |bn|

€
< M(Jama] + - + lan]) = M |Ap — Ap| < M- 7 =<0,

Hence ¢ < €y, a contradiction. Therefore {C,} is a Cauchy sequence, that is, the partial sums of
> anb, form a Cauchy sequence. O
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Worked Example (Tutorial 4, Question 5): Regrouping Preserves the Sum

Problem. Given Y a, and a strictly increasing sequence {n;} C N (with ny := 0), let by :=
Qny 141+ Gy 42 + -+ ay, for each k € N. Prove that if ) a, sums to s, then ) b, sums to s.

Method 1: Induction on k£ and Subsequential Limits

Proof. Let s, :=a;+---+a, and ty := by + -+ + by for n,k € N. We claim ¢;, = s,,, for every
k € N, by induction on k. For k =1, since ny =0,

tr=b1 = lngt1 + o Fn, =014+ Ay = Sy

Suppose t; = s,, for some k£ € N. Then
tryr =t 4 bpgy = (a’l +- ank) + (a”k+1 +ot a’nk+1) = Snpya-

Hence t, = s,, for every k € N. Since {n;} is a strictly increasing sequence in N, {s,,} is a
subsequence of {s,}. Since ) a, sums to s, s, — s (def. of convergence of a series); therefore
Sn, — $ (Subsequential Limits). Since t; = s, for every k, t;, — s. Therefore Y by sums to s. O

Method 2: Telescoping the block sums and the definition of limit

Proof. Let s,, t; be as in Method 1, and let sy := 0. For each j € N, the first n;_; terms cancel
In Sy, —8p,_,,80b; =an, 11+ "+ an, =S8y, — S,,_,. Hence, for every k € N, the sum telescopes
term by term:

te = (Snl - Sno) + (8"2 - snl) +o Tt (Snk - S”kfl) = S T Sno = Snas

since s,, = sp = 0. Next, ny > k for every k € N (Subsequence Index Bound), by induction:
ny > ng = 0 gives ny > 1; if n, > k, then niy1 > ny, > k, and since ny,; is an integer, ng,1 > k+ 1.
Let € > 0. Since s,, — s, there is N € N such that for all n € N, n > N implies |s,, — s| < & (def.
of limit). Let k € N with £ > N. Then n;, > k > N, therefore |t, — s| = |s,, — s| < e. Since e > 0
was arbitrary, t, — s. Therefore > by sums to s. O

Worked Example (Tutorial 4, Question 3(a)): Absolute Convergence of }_a, Implies

Absolute Convergence of Y a?

Statement. If " a, converges absolutely, then Y a2 also converges absolutely.

Method 1: Eventual bound |a,| < 1 and the Comparison Test on a tail

Proof. Suppose Y |a,| converges. Let A, := |ai| + - + |an|, Ao := 0, Q, := a} + -+ + a2,
Qo :=0, and A :=lim A,,. By the Terms of Convergent Series applied to 3 |a,|, |a,| — 0. By the
definition of limit with € = 1, there is N € N such that for all n € N, n > N implies |a,| < 1. Let
n > N. Multiplying 0 < |a,| < 1 by |a,| > 0 gives

0< ai = |an| : |an| < |an|

For j € N let ¢; := a}_,,; and d; := |ay_14,]; then 0 < ¢; < d; for every j. The J-th partial
sum of Y d; is D; = Ay_145 — Ay—1. Since {N — 1+ J}_ is strictly increasing, {An_14,} is a
subsequence of {A,}, so Ay_14; — A (Subsequential Limits); hence D; — A — Ay_; (Algebraic
Limit Theorem), and ) d; converges. By the Comparison Test, > ¢; converges; let C; be its partial
sums and ¢ := limC;. For every n > N, Q, = Qn_1 + C,_n11. Let € > 0. There is Jy € N such
that for all J > Jy, |C; —¢| < e. Hence for all n > N —14J, (so that n > N and n— N +1 > .Jy),
|Qn — (Qn-1+¢)| = |Cr_yt1—¢| < &. Therefore Q, — Qn_1 + ¢, so Y. a2 converges. Since
|a2| = a2 for every n, > |a?| converges, that is, > a? converges absolutely. O

Method 2: Global bound by the sum and the Monotone Convergence Theorem
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Proof. Suppose > |a,| converges. Let A, := |ai| + -+ + |an|, Ap : =0, A:=1lim A4, and Q, :=
a?+---+a?. Since A, — A, = |an1] > 0, {A,} is increasing. Fix n € N. For every m > n,
A,, > A,; letting m — oo, the Order Limit Theorem gives A > A,,. Hence A,, < A for every n € N.
Therefore, for every n € N,

|lan| = Ap — Ap_y < A, < A, hence a? = |ay| - |an| < Alan]|.

Summing over k =1,...,n gives Q,, < A-A,, < A? for every n € N, s0 {Q,,} is bounded above. Since
Qi1 — Qn =a2,, >0, {Q,} is increasing. Therefore {Q,,} converges (MCT), so >_ a2 converges.
Since |a?| = a2 for every n, > a2 converges absolutely. O

Method 3: Cauchy Criterion for Series with N = max{/N;, N,}

Proof. Suppose > la,| converges. As in Method 1, |a,| — 0 (Terms of Convergent Series), so
there is N; € N such that for all n > Ny, |a,| < 1, and therefore 0 < a2 < |a,|. Let ¢ > 0. By the
Cauchy Criterion for Series applied to ) |a,|, there is Ny € N such that for all n,m € N, n > m > N,
implies |a,,11| + -+ + |a,| < e. Let N := max{Ny;, No} and let n,m € N with n > m > N. Every
index k € {m +1,...,n} satisfies k > Ny, so 0 < ai < |ay|; therefore

laZ 1+ 4all=ad 1+ +al <|ampr] + - +an| <e.
Hence for every € > 0 there is N € N such that for all n,m € N, n > m > N implies

la2,,; 4+ -+ +a’| < e. Therefore > a2 converges (Cauchy Criterion for Series); since |a2| = a2,
>~ a? converges absolutely. O

4.7 Chapter Summary

Key Formula: Series Tests at a Glance

e Terms of Convergent Series. ) a, convergent —> {a,} — 0. (Contrapositive is a divergence
test only.)

e Algebraic Limit Theorem for Series. > a, — s, >. b, >t = > ca, — cs, Y (a, +b,) —
s+t

e Cauchy Criterion for Series. ) a, convergent <= Ve > 0 dN € NVn > m > N,
|Gt + -+ an] <e.

e Alternating Series Test. {b,} decreasing, b, -0 = > (—1)""'b, convergent.
e Comparison Test. 0 < a,, < b, for all n, > b, convergent = > a,, convergent.
e Absolute Convergence Test. ) |a,| convergent — > a,, convergent.

e Geometric series. |[r| <1 = > ar" =a/(1—7r); |r| >1 = divergent.

e Standard comparisons. > 1/n diverges; > 1/n? converges.
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Exam Focus

Exam Focus: the series decision flow.

1. Do the terms tend to 0?7 If not, stop: divergent by the Terms of Convergent Series (contra-
positive). If yes, continue — this alone never proves convergence.

2. Is it alternating, with decreasing |a,|? If yes, the Alternating Series Test settles convergence
immediately.

3. Compare. Bound a, (or |a,|) above by a series already known to converge (geometric with
Ir] < 1; >°1/n?; a telescoping sum) via the Comparison Test, or below by a series known to
diverge (> 1/n) via the contrapositive of the Comparison Test.

4. Absolute, then conditional. If > |a,| converges by any of the above, the Absolute Con-
vergence Test gives > a,, convergent (absolutely). If > |a,| can be shown divergent but 3 a,
converges by the Alternating Series Test (or otherwise), the series is conditionally convergent —
and its sum is not safe to rearrange.

Every one of these tests, once past the first step, is secretly the Cauchy Criterion for Series in
disguise (Exam Focus box, Section 4.2): if a proof is forgotten under time pressure, rebuild it from
the three-step Cauchy-tail recipe.
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5 Lectures 13—15: Limit Points, Closures and Closed Sets

This chapter answers three questions:

(1) when does a number a € R sit arbitrarily close to a set A without necessarily belonging to it?

(2) how do we enlarge A to a set that already contains every point it ”almost” contains?

(3) which sets already contain everything they almost contain?

It builds on Chapter 4 (series, and the Cauchy Criterion and Algebraic Limit Theorem for sequences
that every e-proof below quietly relies on) and prepares Chapter 6 (compact sets, which are built out of
closed and bounded sets).

A note on scope. This course never defines an open set, an open cover, or the Heine-Borel property.
Closed sets are defined here purely in terms of limit points, closures, and sequential limits.
”Closed” is never treated as ”the complement of open,” and that equivalence should not be imported

from other courses.

Non-circular order used in this chapter. The slides state four results in Lectures 14-15 without
a written proof: the e-Criterion for Closures, the Sequential Criterion for Closures, the Corollary on
Closures of Closures, and the Closure Criterion for Closed Sets (the last is only justified by a five-step
remark, not a labelled proof).

Full proofs of all four are given below, each flagged QRS proof — not on the slides, using only
material available by that point of the course.

The order used is as follows.

(1) Limit Points and Isolated Points, with the Sequential Criterion for Limit Points proved first, since
nothing later depends on anything but the raw definitions.

(ii) The Closure, with the e-Criterion for Closures proved directly from the definitions of closure
and limit point; then the Sequential Criterion for Closures proved from the e-Criterion for Closures and
the Sequential Criterion for Limit Points; then Limit Points of Closures (proved on the slides) from the
e-Criterion for Closures and the triangle inequality; then Closures of Closures as a corollary of Limit
Points of Closures.

(iii) Suprema Lie in the Closure, proved from the e-Criterion for Suprema and Infima together with
either the e-Criterion for Closures or the Sequential Criterion for Closures.

(iv) Closed Sets, with the Closure Criterion for Closed Sets proved directly from the definitions
of closure and closed, and the Sequential Criterion for Closed Sets (proved on the slides) obtained by
substituting the Sequential Criterion for Closures into the Closure Criterion for Closed Sets.

Each result below is used only after every item it depends on has already been established, so no
circularity is possible.

5.1 Limit Points and Isolated Points

The definition of the limit of a function f : D C R — R at a point a € R requires points of D \ {a}
arbitrarily close to a.

Without this requirement, the limit statement is vacuously true for every candidate value L, so limits
of functions would not even be unique.

The number a that makes this requirement meaningful is called a limit point of D; the two definitions
below make this precise.

Definition 5.1: Limit Point

Let A C R. A number a € R is a limit point of A (also called a cluster point or an accumulation
point) if for every € > 0 there exists € A\ {a} such that

|z —al| <e.

Intuition. A limit point of A is a number with other points of A crowding arbitrarily close to it from
some direction, no matter how small a window around a is chosen.

The point a itself is deliberately excluded from the witness x: otherwise every point of every nonempty
set would trivially be a ”limit point” of itself, and the definition would carry no information.
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Definition 5.2: Isolated Point

Let A CR. A number a € R is an isolated point of A if a € A and a is not a limit point of A.

Intuition. An isolated point is a member of A that has a personal safety margin: some positive distance
¢ within which no other point of A intrudes.

Two consequences follow immediately from the two definitions.

First, a limit point of A may or may not itself belong to A: the definition only asks for other points
of A nearby, never for a € A.

Second, every number in A is either an isolated point or a limit point of A, and never both.

Indeed, if a € A, then either a fails the limit-point condition (so a is isolated by definition) or a
satisfies it (so a is a limit point); these two cases are mutually exclusive by definition.

A number outside A is never isolated, since isolation requires membership in A; it may still be a limit
point of A.

Common Mistake: limit points, isolated points, and where they live

e A limit point of A need not be in A: e.g. 0 is a limit point of {1/n:n € N} but 0 ¢ {1/n: n € N}
(Example below).

e Isolated points are always in A, by definition; "isolated” does not mean ”outside the set.”

e In the Sequential Criterion for Limit Points below, the witnessing sequence must lie in A\ {a},
not merely in A; a constant sequence at a proves nothing.

e This course has no notion of "open set”: ”F' is not closed” is not the same statement as ” F is
open,” and neither implies the other in general.

Theorem 5.1: Sequential Criterion for Limit Points

Let ACR and a € R. Then a is a limit point of A if and only if there is a sequence {a,,} contained
in A\ {a} with a =lima,,.

Idea. (Scratch work — not part of the written answer.) This proof is on the slides.

For ”only if,” turn the e-statement defining a limit point into a sequence by plugging in a null sequence
€, = 1/n (the ”¢,-trick”): for each n, the definition supplies a point a,, within €,, of a, and &,, — 0 forces
a, — a.

For ”if,” run the trick in reverse: extract a single e-witness x = ay from the definition of ¢ = lima,,.

Proof. (=) Suppose a is a limit point of A.

Let {e,} be the sequence of positive numbers ¢, = 1/n, which converges to 0 by the Archimedean
Property.

Since a is a limit point of A, applying the definition of limit point with ¢ = ¢,, shows that for each
n € N there exists a point a, € A\ {a} with |a, — a| < e,.

This defines a sequence {a,} contained in A\ {a}.

Let € > 0 be given.

Since €, — 0, the tail of {e,} eventually satisfies |¢,,| < €, so there is an N € N such that for all
n> N, |a, —a| <&, =g, <e.

Since £ > 0 was arbitrary, this shows that {a,} converges to a.

(<) Suppose there is a sequence {a,} contained in A\ {a} with a = lima,,.

Let € > 0 be given.

By the definition of sequence convergence, there is an N € N such that for all n > N, |a,, — a| < ¢;
in particular, the point = ay belongs to A\ {a} and satisfies |x — a| < e.

Since € > 0 was arbitrary, we have produced, for every € > 0, a point x € A\ {a} with |z —a| < e.

This is exactly the definition of a being a limit point of A.
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Common slip. The witnessing sequence must avoid a itself: a constant sequence a,, = a converges
to a but is not contained in A\ {a}, and says nothing about limit points.

Do not confuse this with the closure version in Theorem 5.3 below, where a constant sequence is
allowed.

5.2 The Closure of a Set

A continuous function f on [a,b]\ {0} that happens to have a limit at 0 can be extended to a continuous
function g on all of [a,b], after which the Closed Interval Method applies to g and its extrema can be
located.

This motivates enlarging a set A to include every point that A ”almost reaches”: the resulting set is
the closure of A.

Definition 5.3: Closure of a Set

Let A C R. The closure of A, written A, is

A = AU {limit points of A}.

Intuition. A patches every ”"gap” that A almost fills: it keeps every original point of A and throws in
every number that has points of A crowding arbitrarily close to it.

Since A C AU {limit points of A} = A trivially, every set is contained in its own closure; the closure
can only add points, never remove them.

Theorem 5.2: e-Criterion for Closures

Let ACR and a € R. Then a € A if and only if for every & > 0 there exists x € A with |z —a| < e.

Idea. (Scratch work — not part of the written answer.) QRS proof — not on the slides.

Split on whether a € A.

If a € A, the point z = a trivially witnesses every ¢.

If @ is a limit point of A but a ¢ A, the limit-point definition already supplies an z € A\ {a} C A
within ¢ of a.

Conversely, given an e-witness x € A for every e: if a € A we are done immediately; if a ¢ A, the
witness x automatically differs from a (since z € A, a ¢ A), so it also witnesses the limit-point definition.

Proof. (=) Suppose a € A.

By the definition of closure, either a € A or a is a limit point of A.

Let € > 0 be given.

Ifae A, take z =a € A; then |z —a| =0<e.

If instead a is a limit point of A, then by the definition of limit point there exists x € A\ {a} C A
with |z —a| < e.

In either case there is a point = € A with |x — a| < €; since € > 0 was arbitrary, this holds for every
e >0.

(<) Suppose that for every € > 0 there exists © € A with |z —a| < e.

If a € A, then a € A C A by the definition of closure, and we are done.

If a ¢ A, let € >0 be given and let € A be a point with |z —a| < e.

Since x € A and a ¢ A, necessarily z # a, so z € A\ {a}.

As e > 0 was arbitrary, we have shown that for every € > 0 there exists x € A\ {a} with |z — a| < ¢,
which is the definition of a being a limit point of A.

Therefore a belongs to {limit points of A} C A. O

Common slip. Do not restrict the witness to A\ {a} here: the criterion quantifies 2 over all of A,
precisely so that a point a € A can witness itself.
Doing this over A\ {a} instead reproduces the limit-point definition, not the closure criterion.
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Theorem 5.3: Sequential Criterion for Closures

Let ACRand a € R. Then a € A if and only if there is a sequence {a,} contained in A with
a = lima,. In other words, A = {limits of convergent sequences in A}.

Idea. (Scratch work — not part of the written answer.) QRS proof — not on the slides.

For ”only if,” split on whether a € A: if so, use the constant sequence a,, = a; if a is a limit point of
A, invoke the Sequential Criterion for Limit Points directly.

For ”if,” feed the definition of sequence convergence into the e-Criterion for Closures just proved.

Proof. (=) Suppose a € A.

By the definition of closure, either a € A or a is a limit point of A.

If a € A, the constant sequence a,, = a for every n € N is contained in A and converges to a.

If instead a is a limit point of A, then by the Sequential Criterion for Limit Points (Theorem 5.1)
there is a sequence {a,} contained in A\ {a} C A with a = lima,.

In either case there is a sequence contained in A that converges to a.

(<) Suppose {a,} is a sequence contained in A with a = lima,,.

Let € > 0 be given.

By the definition of sequence convergence, there is an N € N such that for all n > N, |a,, — a| < ¢;
in particular, the point = ay belongs to A and satisfies | — a| < €.

Since € > 0 was arbitrary, we have shown that for every e > 0 there exists z € A with |z —a| < e.

By the e-Criterion for Closures (Theorem 5.2), a € A. O

Common slip. Unlike the Sequential Criterion for Limit Points, the sequence here is allowed to be
constant and is allowed to include a itself.
Requiring a,, # a here would wrongly exclude every point of A from its own closure.

Theorem 5.4: Limit Points of Closures

Let A C R and a € R. Then q is a limit point of A if and only if a is a limit point of A.

Idea. (Scratch work — not part of the written answer.) This proof is on the slides.

The easy direction only needs A C A.

The hard direction takes a point € A close to a and, since x € A, pulls a nearby point y € A out
of the e-Criterion for Closures.

The radius fed into that criterion must be min{|x — a|,e — |z — a|}, both to force y # a and to keep
y inside the target e-ball once the triangle inequality is applied.

Proof. (<) Suppose a is a limit point of A.

By definition, for every € > 0 there exists x € A\ {a} with |z —a| < e.

Since A C A by the definition of closure, the same point x belongs to A\ {a}.

Hence, for every e > 0 there exists € A\ {a} with |z — a| < &, which is the definition of a being a
limit point of A.

(=) Suppose a is a limit point of A, so that for every e > 0 there exists z € A\ {a} with |z — a| < e.

Let € > 0 be given and let x be such a point.

Since x # a, both |z — a| and € — |z — a| are positive, so their minimum is a valid radius.

Since x € A, the e-Criterion for Closures applied to z with this radius gives a point y € A with

ly — 2| < min{|z —a|, ¢ — |z —al}.
Because |y — z| < |z — a|, we must have y # a: if y = a then |a — x| = |y — z| < |z — a|, a contradiction.
Hence y € A\ {a}.
By the triangle inequality,

y—al <ly—z|+]e—a| < (e~ | —al) + |z —a| = <.
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Since € > 0 was arbitrary, we have shown that for every € > 0 there exists y € A\ {a} with |y —a| < ¢,
which is the definition of a being a limit point of A. O

Common slip. Feeding the raw radius € (instead of min{|z — a|,e — |z — a|}) into the e-Criterion for
Closures can produce a y equal to a, or a y whose distance to a exceeds € once added to |z — al; both
failures break the proof.

Theorem 5.5: Corollary: Closures of Closures

Let A CR. Then A=A

Idea. (Scratch work — not part of the written answer.) QRS proof — not on the slides.

Unfold A using the definition of closure, substitute Theorem 5.4 to replace ”limit points of A" by
"limit points of A,” and note that the limit points of A already lie in A by definition.
The reverse containment is a one-line triviality.

Proof. By the definition of closure applied to the set A,
A=4U {limit points of A}.

By the Theorem on Limit Points of Closures (Theorem 5.4), {limit points of A} = {limit points of A}.
By the definition of closure applied to A, {limit points of A} C A U {limit points of A} = A.
Combining these,

A=4U {limit points of A} C AU A = A.

For the reverse containment, A C A U {limit points of A} = A holds trivially, since any set is contained
in its union with another set.

Therefore A = A. O

Common slip. Both inclusions must be checked; it is not enough to observe that A 7already looks
closed” and skip the reverse containment A C A.

5.3 Suprema Lie in the Closure

Lecture 16 needs the fact that sup A always lies in A, in order to prove the Theorem on Extrema of
Closed and Bounded Sets, but the slides leave this fact as an exercise.

Tutorial 5, Question 3 asks for exactly this proof, so it is given in full here, via the route the tutorial
hint suggests, together with a second route via the Sequential Criterion for Closures.

Theorem 5.6: Suprema Lie in the Closure

Let A C R be nonempty and bounded above, and let s = sup A. Then s € A.

Idea. (Scratch work — not part of the written answer.) QRS proof — not on the slides (Tutorial 5,
Question 3; Lecture 16 leaves this as an exercise and then uses it to prove the Theorem on Extrema of
Closed and Bounded Sets).
Method 1 feeds the e-Criterion for Suprema and Infima directly into the e-Criterion for Closures.
Method 2 builds an explicit sequence in A converging to s by taking ¢ = 1/n and invokes the
Sequential Criterion for Closures instead.
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Proof (Method 1: via the e-Criterion for Closures). Let e > 0 be given.

By the e-Criterion for Suprema and Infima (Lecture 2) applied to s = sup A, there exists a € A such
that s —e < a <s.

Since a < s, we have |a — s| = s — a; since s — € < a, we have s —a < .

Therefore |a — s| < ¢.

Since £ > 0 was arbitrary, we have shown that for every ¢ > 0 there exists a € A with |a — s| < ¢,
which is exactly the statement of the e-Criterion for Closures (Theorem 5.2).

Therefore s € A. O

Method 2: via a sequence and the Sequential Criterion for Closures. For each n € N,
apply the e-Criterion for Suprema and Infima with e = 1/n to obtain a point a,, € A such that s—1/n <
a, < s.

This defines a sequence {a, } contained in A.

Since 1/n — 0 by the Archimedean Property and s — 1/n < a,, < s for every n € N, the Squeeze
Theorem (Lecture 5) gives a,, — s.

Hence {a,} is a sequence contained in A converging to s, so by the Sequential Criterion for Closures

(Theorem 5.3), s € A. O

Common slip. sup A need not belong to A itself, only to its closure; do not write s € A when only
s € A has been justified.

Also, the e-Criterion for Suprema and Infima gives a > s — &, not a < s — ¢; reversing the inequality
breaks the bound on |a — s|.

5.4 Closed Sets

The Extreme Value Theorem guarantees global extrema for a continuous function on a closed interval
[a,b], and this extends readily to finite unions of closed intervals.

The notion of a closed set generalises ”closed interval” (and finite unions thereof) to the class of sets
on which this extremal behaviour can be expected; Chapter 6 will show that ”closed and bounded” is
exactly the right generalisation.

Definition 5.4: Closed Set

A set FF C R is closed if it contains all its limit points, i.e. {limit points of F'} C F. Equivalently,
F is closed if F' has no limit points outside of F'.

Intuition. A closed set never "loses” a point it is approaching: whatever number the set’s own points
crowd toward is already a member.

A set with no limit points at all (such as N, in the Worked Example below) is closed vacuously, since
the empty set of limit points is trivially contained in any F'.

Theorem 5.7: Closure Criterion for Closed Sets

A set F C R is closed if and only if F C F. Equivalently, F is closed if and only if F = F.

Idea. (Scratch work — not part of the written answer.) QRS proof — not on the slides (the slides
only justify this by a five-step remark, with no separately labelled proof).

Unfold F' = F U {limit points of F'} directly and compare with the definition of closed; no other
theorem is needed. o
The ”equivalently” clause follows since F' C F' always holds.

Proof. (=) Suppose F is closed, i.e. {limit points of F'} C F.

By the definition of closure, F' = F U {limit points of F'}.
Since F' C F and {limit points of F'} C F by closedness, we get

F = F U {limit points of F} C FUF = F.
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Therefore FF C F.

(<) Suppose F' C F.

By the definition of closure, F C F U {limit points of F'} = F always holds; combined with the
hypothesis F' C F, this gives F = F.

Since {limit points of F'} C F U {limit points of F} = F = F, we conclude {limit points of F'} C F,
which is the definition of F' being closed.

For the “equivalently” clause: since F' C F always holds (by the same trivial containment used
above), the condition F' C F is equivalent to F' = F. O

Common slip. F C F holds for every set F, closed or not; the content of the theorem is the reverse
containment F C F.

Also, "closed” carries no relation to ”open” in this course: it is never true, and never needs to be
argued, that ” F' is not closed” implies ” F' is open.”

Theorem 5.8: Sequential Criterion for Closed Sets

A set F' C R is closed if and only if every convergent sequence contained in F' has its limit in F'.

Idea. (Scratch work — not part of the written answer.) This proof is on the slides, via an ”identify-
and-substitute” route rather than an e-chase. o

Let A be the set of limits of all convergent sequences contained in F'; identify A with F' using the
Sequential Criterion for Closures, then identify ”closed” with ” F C F” using the Closure Criterion for
Closed Sets just proved.

Proof. Let A := {limits of convergent sequences contained in F'}.

By the Sequential Criterion for Closures (Theorem 5.3), F' = A.

By the Closure Criterion for Closed Sets (Theorem 5.7), F' is closed if and only if F' C F.

Combining these two facts, F' is closed if and only if A C F.

Unfolding the definition of A, the statement A C F says precisely that every real number that is
the limit of some convergent sequence contained in F' is itself a member of F'; in other words, every
convergent sequence contained in F' has its limit in F.

Therefore F' is closed if and only if every convergent sequence contained in F' has its limit in F. O

Common slip. The hypothesis is that the sequence’s terms lie in F’; the criterion says nothing about
a sequence with terms outside F', even if that sequence happens to converge to a point of F.

5.5 Worked Examples

Worked Example (Tutorial 5, Question 1): limit points, isolated points and closures

For each set, determine its limit points, isolated points, and closure.
2

(a) A= {(—1)”+ —ine N}.

Write a,, := (—1)" +2/n for n € N, so that A = {a,, : n € N}.

For every n € N let p,, := (—=1)" € {—1,1}; then a,, — p, = 2/n, so |a, — p,| = 2/n.
The terms split by parity: for k£ € N,

2 1
a2k21+7:1+*>1, a%,l:—l—l—

—1,1].

2k —1

Hence a,, = 1 if and only if n = 1 (for n even a,, > 1, and forn =2k—1odda, =1 < 2k—1=1),
and a, # —1 for every n € N, since ag; > 1 and aq;,_; > —1.
Method 1: Sequential Criterion for +1, e-neighbourhood exclusion elsewhere
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Proof. Step 1: 1 and —1 are limit points. By the Algebraic Limit Theorem and 1/k — 0
(Archimedean),

. .1 1
kIL%a2k =1 +k1Lr1;o% = 1, hm Qo—1 = —1 +2£Lrgom —1.

Since ag, > 1 for every k € N, the sequence {as,} is contained in A \ {1} and converges to 1;
therefore 1 is a limit point of A (Sequential Criterion for Limit Points).

Since ag;,_; > —1 for every k € N, the sequence {ag,_1} is contained in A\ {—1} and converges to
—1; therefore —1 is a limit point of A (Sequential Criterion for Limit Points).

Step 2: no other number is a limit point. Let ¢ € R with ¢ ¢ {—1,1}, and let d :=
min{|c — 1], |c + 1|}; then d > 0 and |c — p,| > d for every n € N.

By the Archimedean Property choose N € N with N > 4/d; then for every n > N we have
2/n < 2/N < d/2.

For every n > N the triangle inequality |c — p,| < |¢ — a,| + |a,, — p,| gives

2 d d
n - > — Pn| T [Yn T Pn >d_*>d_7:7-
jan —¢l 2 le=pul = lan —pul 2 d—— 2= 73

The set G :={|a, —c|: 1 <n < N, a, # c} is a finite set of positive numbers, so
e :=min({d/2} UG) > 0

Let x € A\ {c}; then x = a,, for some n € N with a,, # c.

If n > N, then |z —¢[ > d/2 > ¢;if n < N, then |z — ¢| € G, hence |z — ¢| > «.

Therefore no € A\ {c} satisfies |z — ¢| < ¢, so ¢ is not a limit point of A (negation of def. of limit
point).

Hence the set of limit points of A is exactly {—1,1}.

Step 3: isolated points and closure. For n > 2 we have a,, ¢ {—1,1}, so a,, € A is not a limit point;
therefore a,, is isolated (def. of isolated point).

The point a; = 1 belongs to A and is a limit point, so it is not isolated; hence the isolated points
are {a, :n>2} =A\{1}.

By the definition of closure, A = AU {-1,1} = AU{—1}, because 1 =a; € A; and —1 ¢ A, so —1
is a genuinely new point. O

limit points = {—1,1}; isolated points = A\ {1}; A= AuU{-1}.

Method 2: e-definition for +1, contradiction via the Sequential Criterion elsewhere

Proof. Step 1: 1 and —1 are limit points. Let € > 0. By the Archimedean Property choose k € N
with k£ > 2/e; then 1/k <e and 2/(2k+1) < 1/k < e.

The point  := agr, = 1+ 1/k lies in A, satisfies z # 1, and |z — 1| =1/k < e.

The point y := agy1 = —1 4+ 2/(2k + 1) lies in A, satisfies y # —1, and [y + 1| =2/(2k+ 1) <e
Since € > 0 was arbitrary, 1 and —1 are limit points of A (def. of limit point).

Step 2: no other number is a limit point. Suppose, for a contradiction, that ¢ ¢ {—1,1} is a limit
point of A, and let d := min{|c — 1|, |c+ 1]} > 0.

By the Sequential Criterion for Limit Points there is a sequence {z,,} contained in A\ {c} with
Tm — ¢; for each m € N choose n,, € N with z,,, = a,,_.

Claim: for every K € N there is M € N such that n,, > K for all m > M. If not, then n,, < K for
infinitely many m; since n,, can then take only the values 1,..., K — 1, some value ¢ < K satisfies
N, = ¢ for infinitely many m, which gives a subsequence of {z,,} that is constant equal to a,.
That subsequence converges to a,, and also to ¢ (subsequences of a convergent sequence, Lecture
7); hence a, = ¢ (uniqueness of limits), contradicting z,, # c.

By the Archimedean Property choose K € N with K > 4/d, and by the Claim choose M; € N with
N, > K for all m > M;; then |z, — p,, | =2/n, < 2/K < d/2 for all m > M.

By the definition of z,, — ¢ with ¢ = d/2, choose M, € N with |z,, — ¢| < d/2 for all m > M.
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For m := max{M,, M,} the triangle inequality gives

d d
d < |lc—pn,| < lc—zm|+|Tm —DPn,| < s +t5=4d

which is impossible. Therefore no ¢ ¢ {—1,1} is a limit point, and the limit points are exactly
{-1,1}.

Step 3: isolated points and closure. The points a,, with n > 2 lie in A and are not in {—1,1}, so
they are isolated, while a; =1 € A is a limit point and hence not isolated.

Therefore the isolated points form A\ {1}, and A =AU {-1,1} = AU{—1} since 1 € A. O

limit points = {—1,1}; isolated points = A\ {1}; A= AU{-1}.

(b)) B={zeQ:0<z<1}.
Method 1: e-definition with the Density of Q

Proof. Step 1: every x € [0,1] is a limit point. Let x € [0,1] and let £ > 0.

If x < 1, then x < min{z + ¢, 1}, so by the Density of Q there is ¢ € Q with < ¢ < min{z + ¢, 1}.
Then0<z<qg<l,soqg€B;alsoq#z,and |g—z|=qg—x <e.

If x = 1, then max{1 —¢,0} < 1, so by the Density of Q there is ¢ € Q with max{1 —¢,0} < ¢ < 1.
Then 0 <g<1l,sog€ B;alsog#1,and |[¢g—1|=1—-¢<e.

In both cases there is ¢ € B\ {z} with |¢ — z| < ¢; since € > 0 was arbitrary, x is a limit point of
B (def. of limit point).

Step 2: no x ¢ [0,1] s a limit point. Let x > 1 and put 0 :=x — 1 > 0; every ¢ € B satisfies ¢ < 1,
hence | —z| =2z —¢>z—1=0.

Let 2 < 0 and put § := —x > 0; every q € B satisfies ¢ > 0, hence |[¢ —z| =q¢—z > —z = 0.

In both cases no point of B\ {z} lies within ¢ of x, so x is not a limit point of B. Therefore the
limit points of B form exactly [0, 1].

Step 3: isolated points and closure. Since B C [0, 1], every point of B is a limit point of B, hence
no point of B is isolated.

By the definition of closure, B = BU [0, 1] = [0, 1]. O

limit points = [0,1]; isolated points =); B =0, 1].

Method 2: Sequential Criteria with the Order Limit Theorem

Proof. Step 1: every x € [0,1] is a limit point. Let = € [0, 1].

If z < 1, for each n € N use the Density of Q to choose ¢, € Q with z < ¢, < min{z + 1/n, 1}; then
gn € B\ {z} and 0 < ¢, —z < 1/n.

If x = 1, for each n € N use the Density of Q to choose ¢, € Q with max{1 —1/n,0} < ¢, < 1; then
¢go € B\{l} and 0<1—¢, <1/n.

In both cases |¢, — x| < 1/n for every n € N, and 1/n — 0 (Archimedean), so ¢, — x by the
Squeeze Theorem.

Therefore {g, } is a sequence contained in B\ {z} with limit z, and z is a limit point of B (Sequential
Criterion for Limit Points).

Step 2: no x ¢ [0,1] is a limit point. Let {x,} be any sequence contained in B that converges to
some z € R.

Then 0 <z, <1 for every n € N, s0 0 < z <1 (Order Limit Theorem).

Hence a number z ¢ [0,1] is not the limit of any sequence contained in B, in particular of none
contained in B \ {z}; therefore = is not a limit point of B (Sequential Criterion for Limit Points).
Step 3: isolated points and closure. Steps 1 and 2 show that the limit points of B form [0,1] DO B,
so no point of B is isolated.

By the Sequential Criterion for Closures, B is the set of limits of sequences contained in B; by Step
2 this set lies in [0, 1], and by Step 1 it contains [0, 1], so B = [0, 1]. O

limit points = [0,1]; isolated points =0; B =]0,1].

(c) C={zeR:z#0}.

Method 1: e-definition with an explicit witness
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Proof. Let a € R and let € > 0.

The two numbers a 4+ ¢/2 and a + £/3 are distinct, so at most one of them equals 0; let x be one of
them with x # 0.

Then z € C, and = # a because x — a € {¢/2,¢/3} is positive.

Moreover |z —a| <e/2 < e.

Hence x € C'\ {a} and |z — a| < ¢; since £ > 0 was arbitrary, a is a limit point of C' (def. of limit
point).

Since a € R was arbitrary, every real number, including 0 ¢ C, is a limit point of C.

Therefore every point of C' is a limit point of C, so no point of C' is isolated, and C = CUR =R
by the definition of closure. O

limit points = R; isolated points = 0; C =R.

Method 2: Sequential Criterion with a sign-preserving sequence

Proof. Leta€R.

If @ > 0, define z,, :== a+ 1/n for n € N; then z,, > a >0, so z,, # 0 and z,, # a.

If a < 0, define z,, :=a — 1/n for n € N; then z,, < a <0, so z,, # 0 and z,, # a.

In both cases {z,} is contained in C'\ {a}, and |z,, — a| = 1/n — 0 (Archimedean), so =, — a.
Therefore a is a limit point of C' (Sequential Criterion for Limit Points); since a € R was arbitrary,
the limit points of C' form all of R.

Hence no point of C' is isolated, and C = C' UR = R by the definition of closure. O

limit points = R; isolated points = 0; C =R.

1 1 1

Write s, := > ,_, 1/k?, so that D = {s,, : n € N}.

The sequence is strictly increasing, because s, — s, = 1/(n+ 1)? > 0 for every n € N.
It is bounded above: for k > 2 we have k? > k(k — 1), hence k% < m =1 - %, and the sum
telescopes:

o1 1 1
s < 1+;(k_1—k) - 1+(1—5) —2-- <2

Therefore {s,} converges to some S € R (MCT); this S =3~ 1/n?

For fixed n € N we have s, > s, for all & > n, so letting k — oo gives S > s, (Order Limit
Theorem).

Hence s, < s,41 < S for every n € N, so s, < S for every n € N, and therefore S ¢ D.

Method 1: Sequential Criterion for S, e-neighbourhood exclusion elsewhere

Proof. Step 1: S is a limit point. Since s,, < S for every n € N, the sequence {s,,} is contained
in D\ {S}, and s, — S.
Therefore S is a limit point of D (Sequential Criterion for Limit Points).
Step 2: no ¢ # S is a limit point. Let ¢ € R with ¢ # S, and let d := |c — S| > 0.
Since s, — S, applying the definition of limit with € = d/2 gives N € N such that |s, — S| < d/2
for all n > N.
For every n > N the triangle inequality gives
d d
|sn —¢| > lc—=8|—|sn—95] > d 5= 5

The set G :={|s, —¢|: 1 <n <N, s, # c} is a finite set of positive numbers, so € := min({d/2} U
G) > 0.

Let x € D\ {c}, say x = s, with s,, # ¢; if n > N then |z —¢| > d/2 > ¢, and if n < N then
|z —cl € G,s0 |z —c|>e.
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Therefore no point of D \ {c} lies within ¢ of ¢, so ¢ is not a limit point of D; the only limit point
of Dis S.

Step 3: isolated points and closure. Every s, € D satisfies s,, # S, so s, is not a limit point of D;
therefore every point of D is isolated.

By the definition of closure, D = D U {S}. O

limit points = {S}, S=>"",%; isolated points = D; D= DU{S}.

n=1 np2?’

Method 2: e-definition for S, contradiction via the Sequential Criterion elsewhere

Proof. Step 1: S is a limit point. Let € > 0. Since s,, — S, there is N € N with |s,, — S| < ¢ for
all n > N (def. of limit).

The point x := sy lies in D, satisfies # # S because sy < S, and |z — 5| < e.

Since € > 0 was arbitrary, S is a limit point of D (def. of limit point).

Step 2: no c # S is a limit point. Suppose, for a contradiction, that ¢ # S is a limit point of D.
By the Sequential Criterion for Limit Points there is a sequence {z,,} contained in D \ {c} with
Tm — ¢; for each m € N choose n,, € N with z,, = s, .

Claim: for every K € N there is M € N such that n,, > K for all m > M. If not, then n,, < K for
infinitely many m, so some value ¢ < K satisfies n,,, = ¢ for infinitely many m, giving a subsequence
of {x,,} that is constant equal to s,.

That subsequence converges to s, and also to ¢ (subsequences, Lecture 7), so s, = ¢ (uniqueness of
limits), contradicting x,, # c.

Now let € > 0; choose N € N with |s,, — S| < € for all n > N, and by the Claim choose M € N with
Ny, > N for all m > M.

Then |z, — S| = |s,, — S| < € for all m > M; since € > 0 was arbitrary, z,, — S.

Hence z,, — ¢ and z,, — S, so ¢ = S (uniqueness of limits), contradicting ¢ # S. Therefore S is
the only limit point of D.

Step 3: isolated points and closure. Every point of D differs from S, so it is not a limit point and
is therefore isolated; and D = D U {S} by the definition of closure. O

limit points = {S}, S =37, %; isolated points =D; D = DU{S}.

1 1 1
E={1+-4-4+-:neN}.
(e) { + 2 + 3 +--+ ~inE }
Write ¢, := Y.._, 1/k, so that E = {t, : n € N}; the sequence is strictly increasing, because
tni1 —tn =1/(n +1) > 0.

It is unbounded above: for j € N the block Z?;]-,IH % has 277! terms, each at least 57, so the block
is at least %, and therefore for every K € N

27

K
toxe = 14> > % > 1+§

J=1 i=2i-141

Method 1: e-neighbourhood exclusion using the finitely many small terms

Proof. Let ¢ € R. By the Archimedean Property choose K € N with K > 2 |c|, and put N := 2K,
Then ty > 14+ K/2 > 1+ |c| > ¢+ 1, and since {t,} is increasing, t,, >ty > c+ 1 for every n > N.
Hence [t, —c¢| =t, —c > 1 for every n > N.

The set G := {|t,, —¢|: 1 <n < N, t, # c} is a finite set of positive numbers, so & := min({1}UG) >
0

Let x € E\ {c}, say v = t,, with ¢, # ¢; if n > N then |[x —c| > 1 > ¢, and if n < N then
|z —cl € G,s0 |z —c| >e.

Therefore no point of E \ {c} lies within ¢ of ¢, so ¢ is not a limit point of E; since ¢ € R was
arbitrary, £ has no limit points.
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Hence every point of E belongs to £ and is not a limit point, so every point of E is isolated, and
E = EU( = E by the definition of closure. 0

limit points = (); isolated points = E; E =E.

Method 2: Contradiction via the Sequential Criterion

Proof. Suppose, for a contradiction, that some ¢ € R is a limit point of E.

By the Sequential Criterion for Limit Points there is a sequence {xz,,} contained in E \ {c} with
Tm — ¢; for each m € N choose n,, € N with z,,, =t,_.

Claim: for every K € N there is M € N such that n,, > K for all m > M. If not, then n,, < K for
infinitely many m, so some value ¢ < K satisfies n,,, = ¢ for infinitely many m, giving a subsequence
of {x,,} that is constant equal to %,.

That subsequence converges to t, and also to ¢ (subsequences, Lecture 7), so t, = ¢ (uniqueness of
limits), contradicting x,, # c.

By the Archimedean Property choose L € N with L > 2 |c|; then tor > 1+L/2 > c+1,s0t, > c+1
for every n > 2% because {¢,} is increasing.

By the Claim with K = 2¥ there is M € N such that n,, > 2% for all m > M, hence |x,, — ¢| =
t,, —c>1forall m> M.

But z,, — ¢ gives, with ¢ = 1, some M’ € N with |z, — ¢| < 1 for all m > M’'; at m = max{M, M’}
both |z,, —¢| > 1 and |z,, — ¢| < 1 hold, which is impossible.

Therefore E has no limit points, every point of E is isolated, and F = E by the definition of closure.
O

limit points = ); isolated points = E; FE = E.

Worked Example: a limit point proved directly from the definition

Show, directly from the definition of limit point (not the Sequential Criterion), that 0 is a limit
point of A = {1/n:n € N} but 0 ¢ A, and that every point of A is isolated.
Method 1: Direct e-witness and explicit gaps

Proof that 0 is a limit point. Let ¢ > 0. By the Archimedean Property choose N € N with
N > 1/e; hence 1/N < e.

The point x := 1/N belongs to A, and x # 0 because 1/N > 0; therefore x € A\ {0} and
|t —0|=1/N <e.

Since £ > 0 was arbitrary, for every € > 0 there is x € A\ {0} with [z — 0| < ¢, so 0 is a limit point
of A (def. of limit point).

Finally 1/n > 0 for every n € N, hence 1/n # 0 for every n € N, and therefore 0 ¢ A. O

Proof that every point of A is isolated. Fix m € N. If m > 2, let g,, := min{1 —
s g — s if m=1,let gy := 1 — 5. In both cases g, > 0.

Let n € N with n # m.

If n > m, thenn > m+1, so 1/n < 1/(m + 1), and therefore |1/n —1/m| = 1/m — 1/n >
I/m—1/(m+1)> gm.

If n < m (possible only when m > 2), then n < m — 1, so 1/n > 1/(m — 1), and therefore
1/n—1/m|=1/n—1/m>1/(m—1)—1/m > g,.

Hence |1/n —1/m| > g, for every n € N with n # m, so no point of A\ {1/m} lies within g,, of
1/m.

Therefore 1/m is not a limit point of A; since 1/m € A, the point 1/m is isolated (def. of isolated
point). O
Method 2: Contradiction with the Archimedean Property and the identity
[1/n —1/m| = [m —n| /(mn)

Proof that 0 is a limit point. Suppose, for a contradiction, that 0 is not a limit point of A.
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Negating the definition, there is 5 > 0 such that every x € A\ {0} satisfies |x — 0] > «o.

Since 1/n € A\ {0} for every n € N, this gives 1/n > &, that is n < 1/, for every n € N.

Hence 1/, is an upper bound for N, which contradicts the Archimedean Property; therefore 0 is a
limit point of A.

Since 1/n > 0 for every n € N, we have 0 ¢ A. O

Proof that every point of A is isolated. Fix m € N and suppose, for a contradiction, that
1/m is a limit point of A.

Applying the definition of limit point with ¢ := 1/(2m?), there is n € N with n # m and
|1/n—1/m| < 1/(2m?).

Since 1/(2m?) < 1/(2m), this gives 1/n > 1/m — 1/(2m) = 1/(2m), hence n < 2m.

Since n # m are integers, |m — n| > 1, and therefore

> — > = ,
mn mn m-2m  2m?

‘1 1 ‘ _|m —n] 1 1 1
n ml
which contradicts |1/n — 1/m| < 1/(2m?).

Therefore 1/m is not a limit point of A; since 1/m € A, the point 1/m is isolated (def. of isolated
point). O

Worked Example (Sample Midterm, Question 2(b)): true or false

Claim: C = {z € R: z # 0} is closed.
Method 1: A limit point outside C' (def. of closed set)

Proof. We show that 0 is a limit point of C. Let ¢ > 0 and put x := /2.

Then z #0,s0 x € C'\ {0}, and |z — 0| =¢/2 < e.

Since € > 0 was arbitrary, for every € > 0 there is x € C'\ {0} with | — 0] < €; therefore 0 is a limit
point of C' (def. of limit point).

But 0 ¢ C by the definition of C'; hence {limit points of C} Z C.

Therefore C' does not contain all its limit points, so C' is not closed (def. of closed set), and the
claim is false. O
Answer.

Method 2: Sequential Criterion for Closed Sets

Proof. Define z, := 1/n for n € N. Since 1/n > 0, we have x, # 0, so {x,} is a sequence
contained in C.

By the Archimedean Property, z,, = 1/n — 0, so {z,,} is a convergent sequence contained in C' with
limit 0.

But 0 ¢ C, so not every convergent sequence contained in C' has its limit in C.

Therefore C' is not closed (Sequential Criterion for Closed Sets), and the claim is false. O

Answer.

Worked Example (Tutorial 5, Question 4): closedness under union and arbitrary in-

tersection

(a) If Fy and F, are closed sets, then F; U F, is closed.
Method 1: Sequential Criterion for Closed Sets with a subsequence

Proof. Let {z,} be a sequence contained in F; U F; with z,, — x for some x € R.

For every n € N we have x,, € F} or x,, € F3; since there are infinitely many indices n, at least one
of the two index sets {n : z,, € Fi}, {n: x, € Fy} is infinite.

Relabelling F; and F, if necessary, assume {n : z, € F)} is infinite, and list its elements as
NG <ng <ng < ---.

Then {z,, } is a subsequence of {z,} contained in F}, and z,, — z because every subsequence of a
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convergent sequence converges to the same limit (Lecture 7).

Since F] is closed, every convergent sequence contained in F} has its limit in F; (Sequential Criterion
for Closed Sets); hence x € Fy C Fy U Fs.

Since {x,} was an arbitrary convergent sequence contained in F; U F;, every such sequence has its
limit in F1 U FQ.

Therefore F; U Fy is closed (Sequential Criterion for Closed Sets). O
Method 2: Contradiction via the limit-point definition with ¢ = min{e;,e,}

Proof. Let z be a limit point of F; U F},, and suppose, for a contradiction, that = ¢ F; U Fy, so
x ¢ Fy and = ¢ Fs.

Since F is closed and x ¢ F}, the point z is not a limit point of F; (def. of closed set); negating the
definition of limit point, there is ; > 0 such that every y € Fy \ {z} satisfies |y — x| > €;.

In the same way, since F is closed and x ¢ F5, there is €5 > 0 such that every y € F, \ {z} satisfies
ly — x| > .

Let € := min{e;, g5} > 0, and let y € (Fy U Fy) \ {z}.

If y € Fi, then |y — x| > e, > ¢g;if y € Fy, then |y — x| > ey > €.

Hence no point of (F; U Fy) \ {x} lies within € of z, so x is not a limit point of F; U Fy, which
contradicts the choice of x.

Therefore every limit point of F; U F» belongs to F; U F,, and F; U Fy is closed (def. of closed set).
(|

(b) If {F,}icr is an arbitrary collection of closed sets, then (N, F; is closed.

Method 1: Sequential Criterion for Closed Sets

Proof. Let {x,} be a sequence contained in (,., F; with z,, — « for some x € R, and fix t € T'.
Since N,op Fs C F;, the sequence {x,} is contained in F}.

Since F; is closed and {z,} is a convergent sequence contained in F}, its limit satisfies z € F;
(Sequential Criterion for Closed Sets).

Since t € T' was arbitrary, x € F; for every ¢t € T, that is, x € (), Fi.

Therefore every convergent sequence contained in (), £} has its limit in (), F}, so the intersection
is closed (Sequential Criterion for Closed Sets). O
Method 2: Limit-point definition

Proof. Let z be a limit point of (. F}, and fix t € T'.

Let ¢ > 0. By the definition of limit point there is y € (,cp Fs) \ {z} with |y — z| < e.

Since N,or Fs € F,, this y belongs to F, \ {«} and satisfies |y — z| < €.

Since € > 0 was arbitrary, = is a limit point of F; (def. of limit point); since F} is closed, x € F;
(def. of closed set).

Since t € T' was arbitrary, x € F; for every t € T, hence x € (), F}.

Therefore (), F} contains all its limit points, so it is closed (def. of closed set). a

Worked Example: N is closed, with no limit points at all

Show that N C R is closed.
Method 1: Sequential Criterion for Closed Sets via the Cauchy Criterion

Proof. Let {z,} be a sequence contained in N with z,, — x for some z € R.

Since {z,} converges, it is a Cauchy sequence (Cauchy Criterion, Lecture 6); applying the definition
of Cauchy sequence with e = L gives Ny € N such that |z, — z,,| <  for all n,m > No.

Two distinct natural numbers differ by at least 1; hence, for n,m > Ny, the inequality |z, — x,,| <
% < 1 forces z,, = Tp,-

Therefore z,, = k := zy, for all n > Ny, where k£ € N; the sequence is eventually constant, so
z=limz, =k € N.

Since {z,} was an arbitrary convergent sequence contained in N, every convergent sequence con-
tained in N has its limit in N.

Therefore N is closed (Sequential Criterion for Closed Sets). O
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Method 2: No limit points, so closed vacuously (def. of closed set)

Proof. Let ¢ € R. If n,n’ € N both satisfy [n—¢| < 1 and |[n' —¢| < 3, then |n—n/| <
|n —¢| + |c — n'| < 1, hence n = n’, because distinct natural numbers differ by at least 1.
Therefore at most one natural number lies within 3 of c.

If no natural number other than possibly c itself lies within % of ¢, put € := 2.
Otherwise there is exactly one ng € N with ng # ¢ and |ng —¢| < ; put € := |ng — ¢|, so that
0<e<s.

Let y € N\ {c}. In the first case |y — ¢| > 1 = ¢; in the second case either y = ng, so |y —¢| = ¢, or
Yy # ng, s0 |y —¢| > 3 > e. Hence |y — ¢[ > ¢ in every case.

Therefore no point of N\ {c} lies within ¢ of ¢, so ¢ is not a limit point of N; since ¢ € R was
arbitrary, N has no limit points.

Hence {limit points of N} = ) C N, and N is closed (def. of closed set). O

[V

5.6 Chapter Summary

Key Formula: equivalent characterisations

For ACR,a€R, and FF CR:

a is a limit point of A <= Ve >03zx € A\ {a}, |z —a|<e
<~ J{a,} C A\ {a}, a =lima,.

A := AU {limit points of A}; a€A < Ve>0Tzx €A, |[xr—a|<e¢
<~ F{a,} CA, a=1lima,.

A=A A nonempty, bdd. above = sup A € A.

Fis closed <= {limit points of F} CF < FCF < F=F
<= every convergent sequence in F' has its limit in F.

Exam Focus: Chapter 5 takeaways

e There is no "open set” in this course: never answer a closedness question by discussing comple-
ments or open covers.

e To disprove " F' is closed,” exhibit one limit point of F' outside F' (the fastest route on true/false
questions, as in the Sample Midterm example above).

e To prove " F' is closed,” the Sequential Criterion for Closed Sets is usually faster than chasing the
raw limit-point definition: take an arbitrary convergent sequence in F' and show its limit is in F'.

e A limit point need not be in the set; an isolated point must be. Every point of a set is exactly
one of the two.

e sup A € A always (for A nonempty and bounded above), but sup A need not be in A itself; this

is the fact Lecture 16 needs (and leaves as an exercise) for the Theorem on Extrema of Closed
and Bounded Sets.

e Closure is idempotent: A=4. Applying = a second time never adds anything new.

L



https://qrsntu.org

MH3100 Real Analysis I — Revision Notes QRSQNTU

6 Lectures 16—17: Compact Sets

This chapter answers three questions: (1) when does a nonempty set of real numbers actually attain
a largest and a smallest element, rather than merely a supremum and an infimum? (2) what single
sequential property of a set turns out to be exactly equivalent to being both closed and bounded? (3) why
must an infinite nested chain of closed and bounded sets always share a common point? 1t builds on
Chapter 5 (limit points, closures, and closed sets, Section 5) and prepares the midterm synthesis chapter,
which reviews Lectures 1-17 as a whole.

Throughout, “compact” always means (sequentially) compact in the sense defined below; this is the
only notion of compactness used in this course, and it is defined entirely in terms of sequences, without
reference to open sets or open covers.

6.1 Extrema of Closed and Bounded Sets

A nonempty, bounded-above set always has a supremum, by the Axiom of Completeness; but a supremum
need not belong to the set, so a set need not have a maximum. This lecture identifies exactly the extra
ingredient — closedness — that upgrades a supremum into an honest maximum.

Extension: Why Boundedness Matters (Motivation)

The Extreme Value Theorem (Lectures 18-20, out of scope for the midterm) asserts that a continu-
ous function on a closed and bounded interval attains a maximum and a minimum. Boundedness of

the domain is essential there too: the function f: x € R — > is continuous and bounded below

14+x
by 0, but has no global minimum on any closed interval [a, c0), since f(x) — 0 as x — oo without f
ever equalling 0. This chapter proves the analogous, purely set-theoretic fact — that closedness and
boundedness of a set (not yet a function) already guarantee attained extrema — which is one of the
two ingredients the Extreme Value Theorem itself will later combine with continuity. No continuity
or function-limit result from Lectures 18-20 is used anywhere below.

Recall (Maximum versus Supremum). An upper bound for a set A that also belongs to A is
called the maximum of A, written max A; the supremum sup A is the least upper bound for A, which
may or may not belong to A. Consequently max A, when it exists, always equals sup A, and conversely
sup A is the maximum of A if and only if sup A € A. The theorem below identifies exactly when this
last condition holds.

Theorem 6.1: Extrema of Closed and Bounded Sets

A nonempty, closed, and bounded set K C R has a maximum and a minimum.

By the identity min K = — max(—K), where —K := {—a : a € K} is again nonempty, closed, and
bounded whenever K is, it suffices to prove that every nonempty closed and bounded set has a maximum;
the proof below does exactly this and then transfers the conclusion to the minimum.

Idea. (Scratch work — not part of the written answer.) We already have almost every ingredient from
Chapter 5. The Axiom of Completeness gives s := sup K. The Closure Criterion for Closed Sets says
that a closed set contains its own closure, K C K, so it suffices to show s € K: once that holds, s is
an upper bound for K that also lies in K, i.e. the maximum. The one missing ingredient is the fact
that a supremum always lies in the closure of the set that produced it (Theorem 5.6, Suprema Lie in
the Closure); the slides leave this as an exercise, so it is a QRS proof — not on the slides. For self-
containedness we reprove it here directly from the e-Criterion for Suprema: given € > 0, that criterion
hands us a point of K strictly above s — e, and since s is an upper bound, that same point cannot exceed
s, so it is automatically within € of s on both sides — exactly the e-Criterion for Closures.

Proof. Let K C R be nonempty, closed, and bounded. Since K is nonempty and bounded above, the
Axiom of Completeness asserts that s := sup K exists.
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We first show that s € K. This fact — that the supremum of any nonempty, bounded-above set lies
in the closure of that set — was proved directly in Chapter 5 (Section 5, “Suprema lie in the closure”);
since the slides leave it as an exercise at exactly this point in the course, we reprove it here from first
principles so that this chapter is self-contained. Let € > 0 be given. Since s = sup K is an upper bound
for K that is no greater than any other upper bound, the e-Criterion for Suprema and Infima asserts
that there is a number ¢ € K with s — e < a. Because s is an upper bound for K and a € K, also
a < s < s+ ¢e. Combining the two inequalities gives s — e < a < s+ ¢, i.e. |a — s| < e. Since € > 0 was
arbitrary, this produces, for every € > 0, a number a € K with |a — s| < €; this is exactly the e-Criterion
for Closures for the statement s € K. Therefore s € K. o

Since K is closed, the Closure Criterion for Closed Sets asserts that K C K. Therefore the upper
bound s = sup K € K C K is an upper bound for K that also belongs to K; that is, s = max K. This
proves that K has a maximum.

For the minimum, apply the maximum case just proved to the set —K. Since K is nonempty, so is
—K. Since K is bounded, so is —K, because a € K satisfies |a| < B for some bound B exactly when
—a € —K satisfies |[—a| < B. Since K is closed, so is —K: if {b,} is a convergent sequence contained
in —K with limit b, then {—b,} is a convergent sequence contained in K with limit —b (negation is
compatible with limits by the Algebraic Limit Theorem), so the Sequential Criterion for Closed Sets
applied to K gives —b € K, hence b € —K; since {b, } was arbitrary, the Sequential Criterion for Closed
Sets asserts that — K is closed. Thus —K is nonempty, closed, and bounded, so by the maximum case,
—K has a maximum max(—K). Therefore min K := — max(—K) exists. O

Common slip. A supremum need not belong to its set; it is closedness, via the Closure Criterion
for Closed Sets, that forces sup K into K. Do not write “K is bounded above, so it has a maximum” —
boundedness alone only gives a supremum (Axiom of Completeness); closedness is the separate, necessary
ingredient that upgrades it to a maximum. A bounded but non-closed set, such as (0, 1), has a supremum
(1) that is not a maximum.

6.2 (Sequentially) Compact Sets

The Extrema theorem suggests that closed and bounded sets behave unusually well with sequences: every
sequence they contain is, in a sense to be made precise, “trapped” inside the set. The next definition
isolates exactly this sequential behaviour, independently of closedness or boundedness, and the theorem
after it shows the two notions coincide.

Definition 6.1: (Sequentially) Compact Set

A set K C R is said to be (sequentially) compact if every sequence contained in the set has a
convergent subsequence converging to a limit in the set.

Remark (Comparison with Sequential Criterion for Closedness). The two notions differ
in exactly one place — where “subsequence” appears:

e Closedness: every convergent sequence in K has its limit in K.

e Sequential compactness: every sequence in K has a convergent subsequence with limit in K.
Compactness is the stronger requirement: it does not assume the original sequence converges at all, only
that some subsequence of it does, and that this subsequence’s limit lies in K. Every compact set is

closed (this is proved as part of the next theorem), but as Worked Example 1(b) below shows, not every
closed set is compact.
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Extension: Compactness via Open Covers (not used in this course)

Other textbooks define compactness topologically, via open covers (a set is compact if every open
cover admits a finite subcover), and then prove the Heine-Borel Theorem that this coincides with
“closed and bounded” for subsets of R. This course never uses open covers or the Heine-Borel
Theorem by name; the sequential definition above is the only definition of compactness used here,
and it is proved equivalent to “closed and bounded” directly, without any open-cover machinery, in
the next theorem.

6.3 Sequential Compactness of Closed and Bounded Sets

Theorem 6.2: Sequential Compactness of Closed and Bounded Sets

A set K C R is closed and bounded if and only if every sequence {a,} contained in the set has
a convergent subsequence converging to a limit in the set (i.e. if and only if K is (sequentially)
compact).

Idea. (Scratch work — not part of the written answer.) The theorem has two directions, and the “if”
direction itself splits into two independent parts, exactly as the slides present it.

e (=) Closed and bounded implies compact: take any sequence in K; it is bounded because K is;
Bolzano—Weierstrass gives a convergent subsequence; closedness of K (Sequential Criterion) forces the
limit into K.

e (<=, closedness) Compact implies closed: take any convergent sequence in K; compactness gives it a
convergent subsequence with limit in K; but a convergent sequence and its subsequences all share the
same limit (Subsequential Limits), so the original sequence’s limit is that same point of K.

e (<=, boundedness) Compact implies bounded, proved by contrapositive: if K were unbounded, build
a sequence a, € K with |a,| exceeding an unbounded control sequence M, ; then no subsequence of
{a,} can be bounded, hence none can converge, contradicting compactness.

Proof. Let K CR.

Part 1 (= ): if K is closed and bounded, then K is compact. Suppose K is closed and bounded.
Let {a,} be an arbitrary sequence contained in K. Since K is bounded, the sequence {a, } is bounded.
Hence the Bolzano—Weierstrass Theorem asserts that {a,} has a convergent subsequence {a,, }. Since
{a,,} is a convergent sequence contained in the closed set K, the Sequential Criterion for Closed Sets
asserts that its limit lies in K. Since {a,} was an arbitrary sequence contained in K, every sequence
contained in K has a convergent subsequence with limit in K; that is, K is (sequentially) compact.

Part 2 (<=, closedness): if K is compact, then K is closed. Suppose K is compact. Let {a,} be an
arbitrary convergent sequence contained in K, with limit a := lima,. Since K is compact, {a,} has a
convergent subsequence {a,, } with a limit in K. The theorem on Subsequential Limits asserts that the
convergent sequence {a, } shares the same limit a as each of its subsequences, so {a,, } also converges to
a, and therefore a € K. Since {a, } was an arbitrary convergent sequence contained in K, the Sequential
Criterion for Closed Sets asserts that K is closed.

Part 3 (<=, boundedness, by contrapositive): if K is compact, then K is bounded. We prove the
contrapositive: if K is unbounded, then K is not compact. Suppose K is unbounded. Let {M,,} denote
a positive, increasing, and unbounded sequence (for instance M,, := n). For each n € N, negating the
definition of boundedness of K produces a number a, € K with |a,| > M,; carrying this out for every
n € N forms a sequence {a, } contained in K.

Let {a,, } denote an arbitrary subsequence of {a, }; we show it diverges. Let M > 0 be given. Since
{M,} is unbounded and positive, negating the definition of its boundedness produces an index n € N
with M,, > M. Set k := n. Since {a,,} is a subsequence, its index sequence satisfies n;, > k for every
k € N; applying this at k = n gives ny > n. Since {M,,} is increasing, n, > n implies M,,, > M,. By
construction of {a,}, the term at index n; satisfies |a,,| > M,,. Chaining these three facts,

\an, | > M,, > M, > M.
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Since M > 0 was arbitrary, this produces, for every M > 0, an index k (namely k = n) with |a,, | > M;
this is exactly the negation of the definition of boundedness for {a,, }, so {a,,} is unbounded. The
contrapositive of the theorem on Boundedness of Convergent Sequences then asserts that {a,, } diverges.
Since {a,,} was an arbitrary subsequence of {a,}, every subsequence of {a,} diverges, so in particular
no subsequence of {a,} converges to a limit in K. Hence {a,} is a sequence contained in K with no
convergent subsequence with limit in K, so K is not compact.

Combining Parts 1-3: K is closed and bounded if and only if K is (sequentially) compact. O

Common slip. In Part 3, the argument needs {M,,} to be increasing, not merely unbounded: this is
exactly what lets an index n witnessing M,, > M transfer to the later index ny, > n via M,,, > M,,. More
generally, when disproving compactness, the witnessing sequence must have no subsequence converging
to a limit inside the set — it is not enough for the sequence itself to diverge, or for it to be merely
unbounded “on average”; every single subsequence must fail. Finally, remember compactness demands
the subsequential limit lie n the set: a bounded sequence with a convergent subsequence whose limit
lies just outside the set is not a counterexample to unboundedness, but it is a valid witness against
compactness (see Worked Example 3).

6.4 Nested Set Property

Theorem 6.3: Nested Set Property

If K,, C R is a nonempty, closed, and bounded set for each n € N, and K,, O K, for every n € N,
then the resulting nested sequence of closed and bounded sets

KiDK;,DK;DK;2---20

has a nonempty intersection; that is, there is a number a € R with a € K,, for every n € N.

Remark (Comparison with the Nested Interval Property). The Nested Interval Property
(Chapter 1) is the special case of the Nested Set Property in which each closed and bounded set K,
is a closed and bounded interval [a,,b,]. The proof below replaces that theorem’s interval-specific
“supremum of left endpoints” argument with a sequential argument that works for an arbitrary nested
chain of closed and bounded sets, using the Sequential Compactness of Closed and Bounded Sets in place
of interval-specific reasoning.

Idea. (Scratch work — not part of the written answer.) Pick one point a,, € K,, from each set; the whole
sequence {a,} lands inside the outermost set K, since the sets are nested. Because K; is nonempty,
closed, and bounded, it is compact, so {a,} has a convergent subsequence {a,,} with limit a € Kj.
Nesting also forces every sufficiently late term a,, (once ny > n) into any fixed K, so the tail of the
subsequence, from that point on, is a convergent sequence sitting entirely inside the closed set K, — and
that tail converges to the very same limit a, by the theorem on Subsequential Limits applied to the tail
(which is itself a subsequence). Hence a € K,,, and this argument repeats for every n.

Proof. For each n € N, since K, is nonempty, there is a number a,, € K,,; carrying this out for every
n € N forms a sequence {a,}. Since K; DO K, for every n € N (the sets are nested with K; outermost),
each term satisfies a,, € K,, C K, so {a,} is a sequence contained in K;. Since K is nonempty, closed,
and bounded, the Sequential Compactness of Closed and Bounded Sets asserts that K is (sequentially)
compact; applying the definition of compactness to {a, } gives a convergent subsequence {a,, } with limit
a:=lima,, € K;.

We now show that a € K,, for every n € N. Fix n € N. For every k € N with £ > n, the property
ny > k of subsequence indices gives n, > k > n; since the sets K, are nested and decreasing, n, > n
implies K,,, C K,,, and therefore a,, € K,, C K,. Since this holds for every k > n, the tail {a,,},., is
a sequence contained in K,,. Moreover, this tail is itself a subsequence of the convergent sequence {a,, },
so the theorem on Subsequential Limits asserts that it converges to the same limit @ = lima,,. Thus
{an, },o, is a convergent sequence contained in the closed set K,,, so the Sequential Criterion for Closed
Sets asserts that its limit a lies in K,.

88


https://qrsntu.org

MH3100 Real Analysis I — Revision Notes QRSQNTU

Since n € N was arbitrary, a € K,, for every n € N; that is, a € (., K,,. Hence the intersection is
nonempty. |

Common slip. It is tempting to argue as though the whole subsequence {a,, } lies in a fixed K,;
only a tail of it does, from the point where the subsequence’s index n; has caught up to n. Early terms
an,, for small k, are guaranteed only to lie in the outermost set K;. The fix is that a tail of a convergent
sequence is itself a subsequence and so converges to the very same limit (Subsequential Limits); this
is what lets the argument recover the single limit a inside every K, rather than producing a different
candidate point for each n.

6.5 Worked Examples

Worked Example (Tutorial 5, Question 2): Deciding Compactness

Determine if each of the following sets is (sequentially) compact.
A=10,11U[5,6], B=R;, C={r€R:0<z<1and z is irrational},
D={1+1+%i++%:neN}, E={1+1+1+...4+1:neN}.
(a) A=10,1]U[5,6]. Method 1: Closed-and-bounded characterisation.

Proof. For every a € A, either 0 <a <1 or 5 < a < 6; in both cases —6 <0 < a < 6, so |a|] < 6.
Therefore A is bounded, and A is nonempty because 0 € A.

Every closed bounded interval [c, d] is closed. Indeed, let {z,} be a convergent sequence contained
in [¢,d], with « := limz,,. Then ¢ < z,, < d for every n € N, so the Order Limit Theorem gives
¢ < x < d, that is, x € [c,d]. Hence every convergent sequence contained in [c,d]| has its limit
in [c,d], and the Sequential Criterion for Closed Sets asserts that [c,d] is closed. In particular
[0,1] and [5, 6] are closed. Since the union of two closed sets is closed (Tutorial 5, Question 4(a)),
A =10,1] U [5,6] is closed.

Therefore A is nonempty, closed and bounded, so the Sequential Compactness of Closed and
Bounded Sets (Theorem 6.2) asserts that A is (sequentially) compact. O

‘A is compact. ‘

Method 2: Sequential compactness definition with Bolzano—Weierstrass.

Proof. Let {a,} be an arbitrary sequence contained in A. Let I, := {n € N : a, € [0,1]} and
I, ;= {n € N:a, € [56]}. Since every a, lies in [0,1] or in [5,6], we have N = I; U I5. Since
N is infinite and a union of two finite sets is finite, at least one of I, I, is infinite. Let I be an
infinite one of them, and let [c,d] be the corresponding interval ([0, 1] for I, [5, 6] for I,). List the
elements of I in increasing order as m; < my < ms < ---. Then {amj} is a subsequence of {a, },
and ¢ < a,,, < d for every j € N.

Hence {amj} is bounded, so the Bolzano—Weierstrass Theorem asserts that it has a convergent
subsequence {amjk }; let a ;= lims_ A, - Since ¢ < Uy, < d for every k € N, the Order Limit
Theorem gives ¢ < a < d. Therefore a € [¢,d] C A. The indices m;, < mj;, < --- are strictly
increasing, so {am:‘k} is a subsequence of {a,}. Hence {a,} has a convergent subsequence with

limit in A. Since {a,} was arbitrary, every sequence contained in A has a convergent subsequence
with limit in A; that is, A is (sequentially) compact. O

‘A is compact. ‘

(b) B =R} = [0,00). Method 1: Witnessing sequence with no convergent subse-
quence.
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Proof. Let b, := n for every n € N. Since n > 1 > 0, b, € B for every n € N, so {b,} is a
sequence contained in B. Let {b,, } be an arbitrary subsequence of {b,}. The Subsequence Index
Bound gives n;, > k for every k € N; hence

b,, =nr >k for every k € N.

Let M > 0 be given. The Archimedean Property gives K € N with K > M, and therefore
|bn,| = nkx > K > M. Since M > 0 was arbitrary, no M > 0 satisfies |b,,| < M for every k € N;
hence {b,, } is unbounded. The contrapositive of Boundedness of Convergent Sequences then asserts
that {b,, } diverges. Since {b,, } was an arbitrary subsequence, no subsequence of {b,} converges,
so in particular none converges to a limit in B. Therefore B is not (sequentially) compact. O

‘B is not compact. ‘

Method 2: Contradiction via the closed-and-bounded characterisation.

Proof. Suppose, for contradiction, that B is (sequentially) compact. Then the Sequential Com-
pactness of Closed and Bounded Sets (Theorem 6.2) asserts that B is closed and bounded. Hence
there is M > 0 such that |z| < M for every z € B. Since M +1 > 0, we have M + 1 € B, and
|M + 1| = M +1 > M. This contradicts |z| < M for every x € B. Therefore B is not (sequentially)
compact. [l

‘B is not compact. ‘

(c) C ={xz € [0,1] : x irrational}. Method 1: Witnessing sequence converging to a
point outside the set.

2
Proof. Let z, := {1 for every n € N. Each =z, is irrational: if x, = ¢ for some ¢ € Q, then
n

V2 = (n + 1)q € Q, which contradicts the irrationality of v/2 (Lecture 1). Since 1 < v/2 < 2 and

n+12>2,
v2 §£<1 for every n € N.
n—+1

Therefore x,, € C for every n € N, so {z,} is a sequence contained in C'.

The Archimedean Property gives % — 0; the sequence {#1} is the subsequence with n, = k + 1,

SO n%rl — 0 (Subsequential Limits). Hence the Algebraic Limit Theorem gives

1
limz, = V2 lim——— =v2-0=0.
n+1

Let {z,,} be an arbitrary subsequence of {z,}. Subsequential Limits asserts that z,, — 0, and by
Uniqueness of Limits, 0 is its only limit. Since 0 = % € Q, the number 0 is not irrational, so 0 ¢ C.

Hence no subsequence of {x, } converges to a limit in C. Therefore C' is not (sequentially) compact.
O

0<

‘C is not compact.‘

Method 2: Contradiction via Extrema of Closed and Bounded Sets.

Proof. Suppose, for contradiction, that C is (sequentially) compact. Then C' is closed and
bounded (Theorem 6. 2) Also C' is nonempty: % is irrational (if * V2 — g€ Q, then V2 =2q € Q),

and 0 < \2[ <1, so %2 Y2 ¢ (. Hence the Extrema of Closed and Bounded Sets (Theorem 6.1) asserts
that m := mmC exists; that is, m € C and m < z for every x € C.
SincemEC’,misirrationaland0§m§1; since 0 € Q, m # 0,500 <m < 1. If % = ¢ for

some ¢ € Q, then m = 2q € Q, a contradiction; hence 7 is irrational. Moreover 0 < & < m < 1.

Therefore 7 € C and 3 < m, which contradicts m < x for every x € C. Hence C is not

(sequentially) compact. O

‘C’ is not compact.‘
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(d) D= {1 + }L + et # 'n € N}. Method 1: Witnessing sequence converging to the
sum of the series.

Proof. Let d, := 3} , {5 for every n € N. Then d,, € D for every n € N, so {d,,} is a sequence

contained in D. The series Y =, # converges (Convergence of > 1/n?), so by the definition of

convergence of a series its partial sums converge:

d, — L := i;
k=1

For every n € N, d,,1 — d,, = ﬁ > 0, so {d,} is strictly increasing. Fix n € N. Then d,,, > d,, 1
for every m > n 4+ 1, so the Order Limit Theorem (letting m — o) gives

1
L>dy=d,+ CESIE > d,.
Since n € N was arbitrary, L # d,, for every n € N; that is, L ¢ D.
Let {d,, } be an arbitrary subsequence of {d,}. Subsequential Limits asserts that d,, — L, and by
Uniqueness of Limits, L is its only limit. Since L ¢ D, the subsequence does not converge to a limit
in D. Hence {d,} is a sequence contained in D with no subsequence converging to a limit in D.
Therefore D is not (sequentially) compact. O

’D is not compact. ‘

Method 2: Contradiction via Extrema of Closed and Bounded Sets.

Proof. Let d, := Y} | 5, so that D = {d, : n € N}. Suppose, for contradiction, that D
is (sequentially) compact. Then D is closed and bounded (Theorem 6.2), and D is nonempty
because d; = 1 € D. Hence the Extrema of Closed and Bounded Sets (Theorem 6.1) asserts that
M := max D exists; that is, M € D and ¢ < M for every x € D. Since M € D, there is m € N
with M =d,,. But d,,,1 € D and

dm—i—l dm + (m I 1)2 > dm M7

which contradicts < M for every x € D. Therefore D is not (sequentially) compact. O

’D is not compact. ‘

(e) E = {1 + % + .4 % ‘n e N}. Method 1: Witnessing sequence with unbounded
subsequences.

Proof. Let e, := Y, + for every n € N. Then e, € E for every n € N, so {e,} is a sequence

contained in E. For every n € N, e,,,1 — €, = n%rl > 0, so {e,} is strictly increasing; hence m > k

implies e,, > e;. If {e, } were bounded, the Monotone Convergence Theorem would assert that {e, }

converges, that is, that > % converges; this contradicts the Divergence of the Harmonic Series.

Hence {e,} is unbounded. Since e, > e; = 1 > 0 for every n € N, this means: for every M > 0
there is K € N with ex > M.

Let {e,,} be an arbitrary subsequence of {e,}. The Subsequence Index Bound gives n, > k,
SO €,, > e for every K € N. Let M > 0 be given, and choose K € N with ex > M. Then
lenk| = eny > ex > M. Since M > 0 was arbitrary, {e,, } is unbounded, so the contrapositive
of Boundedness of Convergent Sequences asserts that {e,, } diverges. Since {e,, } was an arbitrary
subsequence, no subsequence of {e,} converges to a limit in E. Therefore E is not (sequentially)
compact.

‘E is not compact. ‘

Method 2: Contradiction via Extrema of Closed and Bounded Sets.
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Proof. Let e, := Y, +, so that E = {e, : n € N}. Suppose, for contradiction, that E is
(sequentially) compact. Then E is closed and bounded (Theorem 6.2), and E is nonempty because
e; = 1 € E. Hence the Extrema of Closed and Bounded Sets (Theorem 6.1) asserts that M := max E
exists; that is, M € E and z < M for every x € E. Since M € FE, there is m € N with M = e,,.

But e,;,+1 € E and

€m+1 = €m + > e, =M,

m—+1
which contradicts x < M for every = € E. Therefore E is not (sequentially) compact. O

‘E is not compact. ‘

Worked Example (Tutorial 5, Question 5): A Closed Subset of a Compact Set is
Compact

Use the definition of (sequential) compactness to prove that a closed subset of a (sequentially)
compact set is (sequentially) compact; i.e., for any compact set K C R and any subset A C K,
prove that A is compact if it is closed. Do not use the Sequential Compactness of Closed and
Bounded Sets or the Bolzano—Weierstrass Theorem.

Method 1: Compactness definition with the Sequential Criterion for Closed Sets.

Proof. Let K C R be compact, and let A C K be closed. Let {a,} be an arbitrary sequence
contained in A. Since a, € A and A C K, we have a,, € K for every n € N; therefore {a,} is a
sequence contained in K. Since K is compact, the definition of (sequential) compactness asserts
that {a,} has a convergent subsequence {a,,} with limit ¢ := lima,, € K. Since a,, € A for
every k € N, {a,,} is a convergent sequence contained in A. Since A is closed, the Sequential
Criterion for Closed Sets asserts that the limit of {a,, } lies in A; that is, a € A. Hence {a,} has a
convergent subsequence with limit in A. Since {a,} was arbitrary, every sequence contained in A
has a convergent subsequence with limit in A. Therefore A is (sequentially) compact. O
Method 2: e-Criterion for Closures with the Closure Criterion for Closed Sets.

Proof. Let K C R be compact, and let A C K be closed. Let {a,} be an arbitrary sequence
contained in A. Since A C K, {a,} is a sequence contained in K, so the definition of (sequential)
compactness of K gives a convergent subsequence {a,, } with limit a := lima,, € K.

We show that a € A. Let ¢ > 0 be given. By the definition of a = lima,,, , there is N € N such that
|an, —a| < e for every k > N. In particular, z := a,, satisfies x € A and |z — a|] < €. Since € > 0
was arbitrary, for every € > 0 there is z € A with |x — a| < €; hence the e-Criterion for Closures
asserts that a € A. - o
Since A is closed, the Closure Criterion for Closed Sets asserts that A C A. Therefore a € A C A,
so {a,} has a convergent subsequence with limit in A. Since {a,} was arbitrary, every sequence

contained in A has a convergent subsequence with limit in A; that is, A is (sequentially) compact.
O

Worked Example (Sample Midterm, Question 2(c)): Compact Minus Closed

True or false: if K is a compact set and F' is a closed set, then K \ F' is a compact set.

Answer. False.
Method 1: Counterexample with a witnessing sequence converging outside the set.

Proof. Let K :=0,1] and F := {0}. The set K is nonempty, since 0 € K, and bounded, since
|z] <1 for every # € K. The set K is closed: if {z,} is a convergent sequence contained in [0, 1]
with limit «, then 0 < x,, < 1 for every n € N, so the Order Limit Theorem gives 0 < z < 1, that
is, x € K; hence the Sequential Criterion for Closed Sets asserts that K is closed. Therefore K is
nonempty, closed and bounded, and Theorem 6.2 asserts that K is compact.
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The set F'is closed: if {y,} is a convergent sequence contained in {0}, then y,, = 0 for every n € N,
0 |y, — 0] = 0 < ¢ for every € > 0 and every n € N; hence limy,, = 0 € F (def. of limit, Uniqueness
of Limits), and the Sequential Criterion for Closed Sets asserts that F' is closed.

Now K\ F ={z €(0,1] :  # 0} = (0,1]. Let a, :=  for every n € N. Since 0 < £ <1 for every
n € N, {a,} is a sequence contained in (0, 1], and a,, — 0 (Archimedean). Let {a,, } be an arbitrary
subsequence of {a,}. Subsequential Limits asserts that a,, — 0, and by Uniqueness of Limits, 0
is its only limit. Since 0 ¢ (0, 1], the subsequence does not converge to a limit in K \ F. Hence
{a, } has no subsequence converging to a limit in K \ F, so K \ F is not compact. Therefore K is
compact, F is closed, and K \ F' is not compact, so the statement is false. O

‘FALSE; counterexample K = [0,1], F'={0}, K\ F = (0,1] is not compact.‘

Method 2: Definitions for the hypotheses, contradiction via Extrema of Closed and
Bounded Sets.

Proof. Let K :=10,1] and F := {0}.

The set K is compact by the definition. Let {z,,} be an arbitrary sequence contained in [0, 1]. Since
|z,| <1 for every n € N, {x,} is bounded, so the Bolzano—Weierstrass Theorem asserts that it has
a convergent subsequence {z,, }; let z := limz,,. Since 0 < z,,, < 1 for every k € N, the Order
Limit Theorem gives 0 < z < 1, so € K. Since {z,,} was arbitrary, every sequence contained in
K has a convergent subsequence with limit in K’; hence K is (sequentially) compact.

The set F' is closed by the definition of closed set: we show that £’ has no limit points. Let ¢ € R.
If ¢ =0, then F\ {c} = 0, so with € := 1 there is no z € F \ {c} with |z —¢| < e. If ¢ # 0, then
F\ {c} = {0}; with € := |¢| > 0, the only candidate x = 0 satisfies |0 — ¢| = |¢| = ¢, which is not
less than €. In both cases ¢ is not a limit point of F. Hence the set of limit points of Fis ) C F,
and F' is closed.

Now K \ F' = (0,1]. Suppose, for contradiction, that (0, 1] is compact. Then (0, 1] is closed and
bounded (Theorem 6.2), and it is nonempty since 1 € (0,1]. Hence the Extrema of Closed and
Bounded Sets (Theorem 6.1) asserts that m := min(0, 1] exists; that is, m € (0,1] and m < x for
every = € (0,1]. Since m € (0,1],0 <m < 1,500 < % <m < 1. Therefore % € (0,1] and % < m,
which contradicts m < z for every x € (0, 1]. Hence K \ F' is not compact, while K is compact and
F' is closed; so the statement is false. O

‘FALSE; counterexample K = [0,1], F'={0}, K\ F = (0,1] is not Compact.‘

Worked Example: An Application of the Nested Set Property

Let K, := [0, %] U [2, 3] for each n € N. Verify that {K,} satisfies the hypotheses of the Nested Set
Property, and determine (', K.

Proof (hypotheses). Let n € N. Every closed bounded interval [c,d] is closed: if {z,,} is a
convergent sequence contained in [c, d] with limit z, then ¢ < z,,, < d for every m € N, so the Order
Limit Theorem gives ¢ < x < d; hence the Sequential Criterion for Closed Sets asserts that [c, d] is
closed. Therefore [0, 1] and [2,3] are closed, and K, is closed because a union of two closed sets is
closed (Tutorial 5, Question 4(a)). For every x € K, either 0 < z < % <1lor2 <z < 3; hence
0 <z <3and |z| <3, so K, is bounded. Since 0 < 0 < %, we have 0 € [O, %] C K, so K, is
nonempty.

. 1 1 . 1 1 1 17.
Smcen<n+1,wehaven—+l<g. Hence, if z € {O },then0§x§m<f so x € [0 ]7

? n41 n? n

that is, [0, %H} C [0, %] Since the second piece [2, 3] is the same for every n,

Kyt = [0 L} U[2,3] € [0,1] U2,3] = K.

1
? n+1 n

Since n € N was arbitrary, each K, is nonempty, closed and bounded, and K,,; C K, for every
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n € N. Therefore the Nested Set Property (Theorem 6.3) asserts that () -, K,, # 0. O
Method 1: Double inclusion with contradiction via the Archimedean Property.

Proof. We prove (), K, = {0} U[2, 3] by double inclusion.

(D) Let x € {0} U[2,3]. Ifxe[ ,3], then z € [2,3] C K,, for every n € N. If £ = 0, then 0 < 2 < £,
so x € [O, %] C K, for every n € N. In both cases x € K, for every n € N, so z € (., K,

Q) Let z € N, K, and suppose, for contradiction, that =z ¢ {0} U [2,3]. Since z € K; =
[0,1] U [2,3] and = ¢ [2,3], we have = € [0, 1]; since x # 0, we have 0 < z < 1. Since xz > 0, the
Archimedean Property gives n € N with £ < z. Then z ¢ [0,2] because z > %, and = ¢ [2,3]
because < 1 < 2. Hence x ¢ K,,, which contradicts z € (., K,,. Therefore z € {0} U [2, 3].
Combining both inclusions, (7~ , K,, = {0} U[2,3]. O

ﬂK {0} U [2,3].

Method 2: Distributing the intersection and the Order Limit Theorem.

Proof. First we show N2, ([0, 2] U[2,3]) = (No2, [0, 1]) U[2,3]. Let x lie in the left-hand side.

‘n n=1 ‘n

If z € [2,3], then x lies in the right-hand side. If = ¢ [2, 3], then for every n € N, z € [0, 2] U [2, 3]
and z ¢ [2,3] give € [0,2]; hence « € (N~ [0, 2], which is contained in the right-hand side.
Conversely, let z lie in the right-hand side. If x € [2,3], then x € K, for every n € N; if = €
N, [0, %], then z € [(), %] C K, for every n € N. In both cases z lies in the left-hand side, so the
two sets are equal.

Next we show (>, [0, %] = {0}. Since 0 < 0 < % for every n € N, 0 lies in every |0, %], SO
{0} € N2, [0,2]. Conversely, let z € 7, [0,2]; then 0 < < L for every n € N. The constant
sequence {x} converges to z, the sequence {1} converges to 0 (Archimedean), and = < - for every
n € N; hence the Order Limit Theorem gives x < 0. Combined with 0 < z, this gives z = 0.
Therefore N, [0, ] = {0}.

Substituting into the first identity, (-, K, = {0} U [2, 3]. O

ﬁ K, = {0} U[2,3].

Worked Example: Extrema of a Compact Set, Attained Versus Unattained

1
Let K := { in € N} U {0}. Determine whether K is compact, and if so, find max K and min K.
n

Contrast the result with the set D of Worked Example 1(d), whose supremum is not attained.
Method 1: Closed-and-bounded characterisation, with closedness from limit points.

Proof. For every n € N, 0 < % < 1,and also 0 < 0 < 1; hence 0 < z < 1 for every z € K.
Therefore |z| < 1 for every x € K, so K is bounded, and K is nonempty because 0 € K.
We show that every limit point of K equals 0. Let ¢ € R with ¢ # 0.

Case ¢ < 0. Let € := —¢ > 0. For every x € K, x > 0,s0 |t —¢| =2 —¢ > —c = ¢. Hence no
x € K \ {c} satisfies |z — ¢| < ¢, and ¢ is not a limit point of K.

Case ¢ > 0. The Archimedean Property gives N € N with &+ < . If z € K satisfies [z —¢| < §
thenz > c— 7 = 7>—>O sox;éOandm—iforsomemermh—>— that is, m < N.
Let

er=min({£}U{|2 —c]:meN, m< N, L£c}),

the minimum of finitely many positive numbers, so ¢ > 0. Suppose z € K \ {c} satisfies |z — ¢| < €.
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Then |z —c| < &, s0 & = & with m < N and L # ¢; hence |z —¢| > ¢ by the choice of ¢, a
contradiction. Hence no = € K \ {c} satisfies |x — ¢| < ¢, and ¢ is not a limit point of K.

Therefore {limit points of K} C {0} C K, so K is closed by the definition of closed set. Since K is
nonempty, closed and bounded, Theorem 6.2 asserts that K is compact, and Theorem 6.1 asserts
that max K and min K exist. Since 2 < 1 for every z € K and 1 = 1 € K, the number 1 is an
upper bound for K that belongs to K; hence max K = 1. Since 0 < z flor every x € K and 0 € K,

the number 0 is a lower bound for K that belongs to K; hence min K = 0. O

‘K is compact, maxK =1, minK = 0.‘

Method 2: Sequential compactness definition with witnessing subsequences.

Proof. Let {z,} be an arbitrary sequence contained in K.

Case 1: some v € K satisfies x, = v for infinitely many n € N. List these indices in increasing
order as n; < ny < n3 < ---. Then {z,,} is a subsequence with z,, = v for every k € N, so
|z, —v| =0 < e for every € > 0 and every k € N. Hence z,, — v (def. of limit), and v € K.

Case 2: every v € K satisfies x,, = v for only finitely many n € N. For each k € N, let F}, :=
{n eN:zg, € {0, 1, %, ey %}}, it is a union of k£ + 1 finite sets, hence finite. Since F; is finite and N
is infinite, there is n; € N with n; ¢ F;. Having chosen ny, since Fj, is finite and {n € N:n > n;}
is infinite, there is ng1 > ny with ngy ¢ Firyq. Then ny < ng < ---, so {z,,} is a subsequence of

{x,}. For each k €N, z,, € K and z,, ¢ {0,1,1,...,+}, so z,, = = for some m > k; hence

1
0<x,, < % for every k € N.

Since the constant sequence {0} converges to 0 and % — 0 (Archimedean), the Squeeze Theorem
gives x,, — 0, and 0 € K.

In both cases {z,} has a convergent subsequence with limit in K. Since {z,} was arbitrary, K is
(sequentially) compact by definition.

For the extrema, every z € K satisfies z < 1 (since £ < 1 and 0 < 1), and 1 € K; hence 1 is an
upper bound for K that belongs to K, so max K = 1nby the definition of maximum. Every xz € K
satisfies z > 0, and 0 € K; hence 0 is a lower bound for K that belongs to K, so min K = 0 by the
definition of minimum. O

‘K is compact, maxK =1, minK = 0.‘

Contrast with D. Let L := 3> - and d, := > _, 75. By Worked Example 1(d), Method
1, {d,} is a sequence contained in D with d,, — L and L ¢ D; hence, by the Sequential Criterion
for Closed Sets, D is not closed. Moreover L = sup D: L > d,, for every n € N, so L is an upper
bound for D; and for every € > 0 the convergence d,, — L gives n € N with L — e < d,,, so the
e-Criterion for Suprema applies. Since sup D = L ¢ D, the supremum of D is not attained, and D
has no maximum (Worked Example 1(d), Method 2). By contrast, K contains its only limit point

0, so K is closed, and sup K =max K =1 € K.

6.6 Summary of Sets of Real Numbers

This section reproduces the deck’s own cumulative review of Lectures 13—17: the theory of limit points,
closures, closed sets, and closed-and-bounded (compact) sets, in one place.

Limit Points (Chapter 5, Section 5).

e A limit point a of a set A is a number for which there are other numbers in the set arbitrarily close to
it.

e Equivalently, a is not isolated from the rest of A: there is no ¢ > 0 for which A lies completely outside
(a—e,a)U(a,a+e).
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e An isolated point is a number in the set that is isolated from the rest of the set; that is, it is in the
set but is not a limit point.

e Limit points are important in the definition of limits of functions; functions may only have limits at
limit points of their domains.

e Limit points are precisely the limits of sequences in the set whose terms are not the limit point itself;
this is the Sequential Criterion for Limit Points.

Closure (Chapter 5, Section 5).

e When all limit points of a set A are added to the set, the result is the closure A of the set.

e When a continuous function has limits at all limit points of its domain D, the domain can be extended
to D while maintaining continuity.

e The closure of a set is precisely the set of all limits of convergent sequences in the set; this Sequential
Criterion for Closures is a straightforward consequence of the Sequential Criterion for Limit Points.

e Taking the closure of a set does not introduce new limit points; that is, A=4.

Closed Sets (Chapter 5, Section 5).

e The closure of a set is an example of a closed set, which is a set containing all its limit points.
e Since a closed set contains all its limit points, it coincides with its closure.

e Closed sets generalise closed intervals.

e Closed sets are precisely those containing all limits of convergent sequences in the set; this is the
Sequential Criterion for Closed Sets.

Closed and Bounded (Compact) Sets (this chapter).

e All closed and bounded sets have maxima and minima; this is deduced directly from the Axiom of
Completeness together with the Closure Criterion for Closed Sets (Theorem 6.1).

e A set is closed and bounded precisely when it is (sequentially) compact: every sequence in the set
has a subsequence converging to a limit in the set. This is the Sequential Compactness of Closed and
Bounded Sets (Theorem 6.2), a consequence of the Bolzano—Weierstrass Theorem.

e Closed and bounded sets generalise closed and bounded intervals; for example, the Nested Set Property

(Theorem 6.3) generalises the Nested Interval Property from closed and bounded intervals to nonempty,
closed, and bounded sets in general.

Sequential Criteria for Sets. Two pairs of criteria run in exact parallel, differing only in whether
a subsequence is needed:

a is a limit point of A <= 3 {a,} in A\ {a} with a =lima,,

aisin A < 3{a,} in A with a =lima,,
A is closed < for every {a,} in A, {a,} convergent —> lima, € A,

A is compact <= for every {a,} in A, 3 convergent subsequence {a,,} with lima,, € A.
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6.7 Chapter Summary

Key Formula: Chapter 6 Recap

For a nonempty set K C R,
K closed and bounded <= K (sequentially) compact <= max K, min K both exist.

Nested nonempty closed and bounded sets K; O K, D --- always satisfy () —, K,, # () (Nested Set
Property), generalising the Nested Interval Property from intervals to arbitrary closed and bounded
sets.

Exam Focus: Chapter 6 Takeaways

e To show a set is compact: verify it is nonempty, closed, and bounded, then cite the Sequen-
tial Compactness of Closed and Bounded Sets (Theorem 6.2) — do not re-derive closedness or
boundedness from scratch if either was already established (e.g. via Tutorial 5, Question 4, for
unions/intersections of closed sets).

e To show a set is not compact: exhibit one explicit sequence contained in the set with no
subsequence converging to a limit in the set. Two standard recipes: (i) an unbounded witness
sequence (e.g. a, = n), whose every subsequence is itself unbounded and hence divergent; (ii) a
convergent witness sequence whose limit lies just outside the set (e.g. 1/n — 0 for (0, 1]), so every
subsequence shares that same outside limit, by the theorem on Subsequential Limits.

e Compactness is strictly stronger than closedness alone: R{ is closed but unbounded, hence not
compact (Worked Example 1(b)).

e Tutorial 5, Question 5’s restricted method (definition of compactness plus the Sequential Criterion
for Closed Sets, without Bolzano—Weierstrass or Theorem 6.2) is a favourite source of exam
instructions of the form “prove using the definition only.”

e Set operations do not all preserve compactness: unions and intersections of closed sets stay closed
(Tutorial 5, Question 4), but K \ F for compact K and closed F' need not be compact (Worked
Example 3) — removing points can destroy closedness even when both original sets were well-
behaved.
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7 Midterm Summary: Lectures 1-17

This chapter compresses Lectures 1-17 — the real numbers and the Axiom of Completeness, sequences
and their limits, subsequences, the Bolzano—Weierstrass and Monotone Convergence Theorems, series,
and the topology of sets of real numbers — for the Midterm Test. It introduces no new material; it
compares, connects, and drills. The Midterm follows a fixed format: four questions worth six marks each
(twenty-four marks in total), to be completed in sixty minutes under closed-book conditions (calculators
are allowed). Questions 1 and 2 are true/false items, each with three parts, for which no justification
is required. Questions 3 and 4 each ask the student to write down a definition and use that definition
to show a stated result, and each typically bans one or more named theorems from the proof, forcing
a first-principles argument. Students may cite any result proved in the lectures or tutorials, unless the
question asks them to prove that very result.

7.1 Comparison of Central Results

The six tables below list every named Axiom, Theorem, Lemma, or Lecture Definition from Lectures
1-17, grouped by topic block, together with the hypotheses it needs, the result it is proved from, and
where it was tested (lecture, tutorial question, or sample Midterm question).

Real numbers and completeness (Lectures 1-3).

Result Statement (brief) Hypotheses Proved from Tested
Bounds & s = supA: upper ACR definitions only L2; T1 Q1-5;
Extrema (Def.) bound; 3 no smaller Sample Q3
upper bound. m =
max A: m € A and up-
per bound.
Axiom of Nonempty, bounded- A # (), bdd. above axiom (no proof) L2; used
Completeness above A has a supre- everywhere
mum.
e-Criterion s = supA iff s upper - unpacks Def. of sup L2; T1 Q5;
(Sup, Inf) bound and Ve > 0 Ja € T5 Q3
A s—e<a.

Nested Interval Nested closed bdd. I, = I, closed, bdd., nested Axiom of Completeness L3; T1 QA2
Property [an, bn): N In #£ 0.

Archimedean Voe RIneN:n>a - Axiom of Completeness  L3; used
Property (equiv. Vb > 0 In: % < everywhere
b).

Sequences, limit theorems, and Cauchy sequences (Lectures 4-6).
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Result Statement (brief) Hypotheses Proved from Tested
Uniqueness of A convergent sequence {a,} convergent e-chase 4+ triangle in- 14
Limits has a unique limit. equality
Boundedness of Convergent = {a,} convergent the e =1 trick L4; L16 (con-
Conv. Seq. bounded. trapositive)
Algebraic Limits respect a, —a, b, > 0b e-splitting (£/2, etc.) L5; T2 Q4
Limit Thm. +,—, X, +. Parts

1-3 proved; part 4

(reciprocal) stated only.
Order Limit Limits respect <. Part 1  eventually a,, > 0 (etc.)  definition of limit L5
Thm. proved; parts 2-3 stated

only.
Squeeze Thm. a, < b, < ¢,, same eventual sandwich Def. of limit (not OLT)  L5; T2 Q3

limit / on outer two —>

b, — 1.
Cauchy Convergent iff Cauchy. - “only if’: triangle ineq.; L6; T2 Q5;
Criterion 7if”: NIP Sample Q4
Subsequences and the big convergence theorems (Lectures 7-9).
Result Statement (brief) Hypotheses Proved from Tested
Subsequential Every subsequence of a, —a ng > k + Def. of limit L7; T3 Q3,
Limits a convergent sequence Q4

shares its limit.
Divergence Bounded seq. divergent {a,} bounded 7if”:  Subseq. Limits; L7-8
Criterion iff two subseq. with dif- "only if”: B-W (twice)

ferent limits.
Bolzano— Every bounded sequence  {a,} bounded Axiom of Completeness L8; T3 QA3;
Weierstrass has a convergent subse- + e-Criterion Sample Q1(b)
Thm. quence.
Monotone Eventually monotone + - B-W Thm. + Monotone L9; T3 QA1,
Conv. Thm. bounded = conver- Conv. Lemma QA2, QA4
(+Lemma) gent.

Series and series tests (Lectures 10-12).
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Result

Statement (brief)

Hypotheses

Proved from

Tested

Convergence of
Series (Def.)

Terms of Conv.
Series

Alg. Limit
Thm. for Series

Cauchy
Criterion for
Series

Alternating
Series Test

> a, convergent iff par-
tial sums {s,} — s.

> a, convergent —
a, — 0.

San = $,>.b, =
t = > ca, = cs,
d(an +by) =s+t.

> a, convergent iff par-
tial sums Cauchy.

{bn} decreasing, — 0
= > (-1)""'b, con-
vergent.

b, > 0, decr., = 0

definition

not shown on slides (cite
as known)

not shown (transport of
ALT)

Cauchy Crit. (seq.) on

{sn}

Cauchy Criterion for Se-
ries

L10
L10; T4 Q3(c)

L10; T4
Q2(c), Q5

L10; T4 Q4,
QAL, QA2,
QA3

L11; T4
Q1(c), Q2(d)

Comparison 0<a, <b,, > b, conv. - Cauchy Criterion for Se- L12; T4
Test = Y a, conv. ries Q1(a),(b),
Q3(a)

Absolute Conv. Y |ap| conv. = > a, - Cauchy Crit. for Series L12; T4
Test conv. + triangle ineq. Q3(a)
Abs./Cond. Absolutely: Slan| - definition L12; Sample
Conv. (Def.) conv. Conditionally: Q2(a)

conv. but not abso-

lutely.
Limit points and closure (Lectures 13-14).
Result Statement (brief) Hypotheses Proved from Tested
Limit Point / a limit pt. of A: Ve >0 - definition L13; T5 Q1
Isolated Pt. dx € A\ {a}: |z —al| <
(Def.) e. Isolated: @ € A, not

a limit pt.
Seq. Criterion a limit pt. of A iff - Def. of limit (both direc- L13; T5 Q1
for Limit Pts. I{a,} C A\ {a}: a, — tions)

a.
Closure (Def.) A = A U - Def. (e-Crit. not shown) L14; T5 Q3
+ e-Criterion {limit pts. of A}; a € A

iff Ve > 0 dz € A:

|z —a| <e.
Seq. Criterion a € Aiff 3{a,} Cc A: - transport of Seq. Crit. L14
for Closures a, — a. for LP
Limit Pts. of a limit pt. of A iff limit — e-Crit. for Closures + L14

Closures /
A=A

pt. of A; hence A=A

triangle ineq.

Closed sets and compactness (Lectures 15-17).
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Result Statement (brief) Hypotheses Proved from Tested

Closed Set F closed: contains all - Limit Pts. of Closures L15; Sample

(Def.) + limit pts.; equiv. ' C F. Q2(b)

Closure Crit.

Seq. Criterion F' closed iff every conv. - Seq. Crit. Closures + L15; T5 Q4

for Closed Sets  seq. in F' has limit in F. Closure Crit.

Extrema of Nonempty closed bdd. K closed, bdd., # 0 Axiom of Completeness L16; T5 Q3

Closed & Bdd. K has a max and a min. + sup A € A (exercise)

Sets

Sequential K closed and bounded - B-W Thm. + Seq. Crit. L16; T5 Q2,

Compactness iff K is (sequentially) Closed Sets Q5; Sample
compact. Q2(c)

Nested Set Nested nonempty closed K, nested, closed, bdd., Seq. Compactness + L17

Property bdd. {K,}: NK, #0. #0 Subseq. Limits + Seq.

Crit. Closed

7.2 Standard Problem Types and Solution Patterns

Method Pattern: prove s = sup A

Two routes are exam-legal; the sample Midterm (Q3) explicitly bans the e-Criterion route, so both
must be drilled.
Method A (raw definition).

1. State the goal: show (i) s is an upper bound for A, and (ii) s is not greater than any other upper
bound for A.

2. For (i), let a € A be arbitrary and show a < s directly.

3. For (ii), let b be an arbitrary upper bound for A and show s < b, typically by supposing b < s
and constructing an ' € A with a’ > b, contradicting that b is an upper bound.

4. Conclude, by the definition of supremum, that s = sup A.

Skeleton A. Proof. We show that s is an upper bound for A and that s is not greater than any
other upper bound for A. Let a € A be arbitrary. [Algebra showing a < s.] Therefore s is an upper
bound for A. Now let b be an arbitrary upper bound for A, and suppose, for contradiction, that
b < s. [Construct a’ € A with @’ > b.] Since @’ € A and a’ > b, b is not an upper bound for A, which
is a contradiction. Therefore s < b. Since b was an arbitrary upper bound, s is an upper bound
for A that is no greater than any other upper bound for A. Hence, by the definition of supremum,
s = sup A. O
Method B (e-Criterion, when not banned).

1. Show s is an upper bound for A (as in Method A).

2. Fix € > 0 arbitrary. Construct a € A with s — e < a.

3. Conclude, by the e-Criterion for Suprema, that s = sup A.

Skeleton B. Proof. [Upper bound, as before.] Let € > 0 be given. [Construct a € A with a > s —¢.]

Therefore Ve > 0 da € A with s — ¢ < a. Since s is an upper bound for A satisfying this condition,
the e-Criterion for Suprema asserts that s = sup A. O
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Method Pattern: prove a set has no maximum

1. Recall: m = max A means m € A and m is an upper bound for A.
2. Let m € A be arbitrary (a ”candidate” maximum).

3. Construct an explicit a’ € A, depending on m, with @’ > m (often ' = m + é(m) for a small
0(m) > 0 chosen so @’ stays in A).

4. Conclude m is not an upper bound for A, hence not the maximum. Since m € A was arbitrary,
A has no maximum.

Skeleton. Proof. Let m € A be arbitrary. [Construct a’ € A with a’ > m.] Since @’ € A and a’ > m,
m is not an upper bound for A. Therefore m is not the maximum of A. Since m € A was arbitrary,
therefore A has no maximum. O

Method Pattern: e-N proof of a limit

1. (Idea, scratch only.) Start from the target |a, — a| < € and simplify algebraically until a clean

bound of the form |a, — a| < - (constants C,p > 0) appears.
n

C
2. Solve — <€ for n to see how large n must be; this suggests the choice of N.
n

1
3. Use the Archimedean Property to produce an N € N with N < % (or the p-th-root analogue).

4. (Proof, write-up.) State "Let € > 0 be given,” invoke the Archimedean Property for N, then
take arbitrary n > N and chain the inequalities down to |a, — a| < e.

Skeleton. Proof. Let € > 0 be given. By the Archimedean Property, there exists N € N such that

1 cC C
N<E' Let n € N with n > N. Then ]an—a\g—gﬁ<e. Therefore, Ve > 0 dN € NVn > N:
n

|a, — a|] < &, which is the definition of a = lim a,,. 0

Method Pattern: c-arguments with absolute values

1. Triangle inequality is the default tool: |z +y| < |z| + |y|, and its extension |z — 2| < |z —y| +
|y — z| for inserting a midpoint.

2. Add-and-subtract a convenient middle term to split a product or quotient difference into pieces
each controlled by one hypothesis (e.g. a,b, — ab = (a, — a)b, + a(b, —b)).

3. To bound a denominator away from 0 (needed for quotients/reciprocals): use the hypothesis’s
own convergence with a small fixed €’ (e.g. ¢’ = |a| /2) to show that eventually |a,| > |a| /2 > 0,
then bound 1/ |a,| <2/ |al.

4. Split a target € into pieces that sum back to e: either equal pieces (¢/2+4¢/2) or hypothesis-shaped
pieces (e.g. €/(2(Ja] + |b] + 1))) so that each controllable error contributes a fair share.

Skeleton (bounding a denominator). Proof. Since a, — a and a # 0, taking ¢’ = |a| /2 > 0 in the
definition of the limit gives some N; € N such that n > Ny = |a, —a| < |a| /2. Therefore, for
n > Ny, |a,| > |a| — |a, —a| > |a| — |a| /2 = |a] /2 > 0, so |a,| > |a| /2 for all n > N;. O
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Method Pattern: Cauchy sequence from the definition (bound first)

1. If the target involves a product or square of the terms (e.g. {a?}), first show {a,} is bounded: a
Cauchy sequence is bounded by the same ¢ = 1 trick as Boundedness of Convergent Sequences
(take € = 1 in the Cauchy definition to bound all terms from some N onward, then take the max
over the finitely many terms before N).

2. Let M > 0 denote this bound.
3. Factor the target difference, e.g. [a2 — a2 | = |an — aml| |an + am| < 2M |a,, — a,,)-

4. Given € > 0, apply the Cauchy definition of {a,} with ¢’ = ¢/(2M) to control |a,, — a,,|, then
chain back to the target.

Skeleton. Proof. Since {a,} is Cauchy, it is bounded: [¢ = 1 argument| there is M > 0 with
la,| < M for all n € N. Let ¢ > 0 be given. Since {a,} is Cauchy, there is N € N such that

n,m > N = |a,—a,| < ﬁ Therefore, for n,m > N, |a?> — a2 | = |an — aw||an + am] <
€
lan — am| (|an] + lam]) < 2M |a, — an| < 2M - i

Method Pattern: induction

1. State the proposition P(n) to be shown for all n € N (or n > ny).

= e. Hence {a?} is Cauchy. O

2. Base case: verify P(1) (or P(ny)) directly.

3. Inductive step: assume P(k) holds for some k£ € N (the induction hypothesis), and show
P(k + 1) follows.

4. Conclude, by (mathematical) induction, that P(n) holds for every n € N.

Skeleton. Proof. We show P(n) for all n € N by induction. Base case. [Verify P(1).] Inductive
step. Suppose P(k) holds for some k& € N. [Use this to derive P(k + 1).] Therefore P(k) —
P(k +1). By induction, therefore P(n) holds for every n € N. O

Method Pattern: Archimedean arguments

1. Two interchangeable forms: Ya € R 3n € N: n > a; and Vb > 0 dn € N: % < b.

2. Use the second form whenever the target inequality already has the shape ”something < &” (the
most common exam use, inside an e-N proof).

3. Use the first form when the target is an unboundedness-flavoured claim (e.g. showing a set of
natural numbers is nonempty, as in the Archimedean Property’s own proof).

Skeleton. Proof. Let ¢ > 0 be given. By the Archimedean Property, there exists N € N such that

1
N < e. [Continue the e-N argument using this N.] O
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Method Pattern: subsequence arguments / Divergence Criterion

1. Check boundedness first. The Divergence Criterion as stated in this course applies only to
bounded sequences; for an unbounded sequence, use a different route (e.g. exhibit an unbounded
subsequence directly, or use the contrapositive of Boundedness of Convergent Sequences).

2. Exhibit two explicit index maps ny, my : N — N (strictly increasing) defining two subsequences.

3. Compute or bound each subsequence’s limit (typically via the Algebraic Limit Theorem or
Squeeze Theorem).

4. Show the two limits differ.

5. Conclude, by the Divergence Criterion, that the (bounded) sequence diverges.

Skeleton. Proof. For each n € N, |a,,| < M [bound], so {a,} is bounded. Consider the subsequences
{a,,} and {a,,,} [define ni, my]. [Compute each limit.] Then limya,, = L; and limy a,,, = Lo
with Ly # L. Since {a,} is bounded and has two subsequences converging to different limits, the
Divergence Criterion asserts that {a,} is divergent. O

Method Pattern: series — which test?

A short decision procedure for ”is ) a,, convergent?”:

1. Terms test first. If a, 4 0, then ) a, diverges immediately (contrapositive of Terms of
Convergent Series). If a,, — 0, this alone proves nothing — proceed.

2. Alternating? If a,, = (—1)""'b, (or (—=1)"b,) with b, > 0 eventually decreasing and b, — 0:
the Alternating Series Test gives convergence directly.

3. Nonnegative terms, comparable to a known series? Use the Comparison Test: find
0 < a, < b, with > b, known convergent (gives Y a, convergent), or 0 < b, < a,, with > b,
known divergent (gives ) a, divergent, by the contrapositive).

4. Mixed signs, not a clean alternating pattern? Test absolute convergence: does > |a,|
converge (often via Comparison)? If yes, the Absolute Convergence Test gives > a,, convergent. If
>~ |a,| diverges but the Alternating Series Test still applies, the series is conditionally convergent.

5. No clean comparison available? Fall back to the Cauchy Criterion for Series directly: bound
(or bound below) the tail sum |axq + -+ + anl.

Method Pattern: limit points / closure / closed sets via sequences

1. To show a is a limit point of A: exhibit a sequence {a,} C A\ {a} with a, — a (Sequential
Criterion for Limit Points).

2. To show a € A: exhibit a sequence {a,} C A (the constant sequence a,, = a is allowed if a € A)
with a,, — a (Sequential Criterion for Closures).

3. To show a set F' is closed: take an arbitrary convergent sequence {a,} C F with limit a, and
show a € F' (Sequential Criterion for Closed Sets). To disprove closedness: exhibit one convergent
sequence in F' whose limit lies outside F'.

4. To show F' is not closed via limit points instead: exhibit a limit point of F' that is not in F'.

Skeleton (proving F' closed). Proof. Let {a,} be an arbitrary convergent sequence contained in F,
with limit a. [Show a € F', typically by identifying the form of a.] Therefore a € F'. Since {a,} was
an arbitrary convergent sequence in F', by the Sequential Criterion for Closed Sets, F' is closed. O

104


https://qrsntu.org

MH3100 Real Analysis I — Revision Notes QRSQNTU

Method Pattern: compactness — prove and disprove

To prove K is (sequentially) compact, either

1. show K is closed and bounded, then cite the Sequential Compactness of Closed and Bounded
Sets; or

2. work directly from the definition: take an arbitrary sequence in K, extract a convergent subse-
quence (e.g. via Bolzano-Weierstrass), and show its limit lies in K.

To disprove compactness, exhibit one sequence in K with no subsequence converging to a limit in
K. In practice this comes from exactly one of two failures:

(a) K is unbounded: the witnessing sequence is itself unbounded (e.g. a, = n when K D N), so no
subsequence is even bounded, hence none converges.

(b) K is bounded but not closed: the witnessing sequence lies in K and converges (in R) to a point
outside K; since every subsequence of a convergent sequence shares its limit (Subsequential
Limits), no subsequence can converge to a limit inside K either.

| L

Method Pattern: answering True/False items fast

1. No justification is required on the paper, but decide correctly under time pressure by checking
against a small mental library of stock (counter)examples: a,, = (—1)"; a,, = n; a, =1/n; a, =1
if n odd, 0 if n even; the harmonic series > 1/n; the alternating harmonic series Y (—1)""!/n;
A=(0,1), A=N, A={1/n:n € N}.

2. For a claimed True statement: try to recall or instantly construct a witnessing example; if one
comes to mind within a few seconds, it is very likely True.

3. For a claimed False statement: recall the exact correct theorem and see which hypothesis,
quantifier, or strict/non-strict distinction the false statement has quietly dropped or reversed
(see the Traps below — this is precisely how most False items in Tutorials 1-5 and the sample
Midterm are built).

4. If genuinely unsure, sketch the construction on scratch paper first; a five-line justification, while
not required, prevents careless flips of True/False under time pressure.

7.3 Common Mistakes and Exam Traps

Trap 1: sup vs. max

The supremum of a set need not belong to the set (e.g. sup(0,1) =1 ¢ (0,1)), so ”s = sup A” alone
never lets you write ”s € A.” To prove m = max A you must separately exhibit m € A and show
m is an upper bound; to prove A has no maximum, do not merely note sup A ¢ A — if sup A exists
but is not attained, that already shows no maximum exists, but if A is unbounded above there is
no supremum either, and both cases must be handled explicitly.

Trap 2: quantifier order

In every e-NN definition, IV is chosen after, and may depend on, € — never the reverse. Writing ”let
N € N, then for all ¢ > 0...” reverses the quantifiers and proves a strictly stronger (usually false)
statement. Likewise, N may not depend on n: choosing ” N = n” or ” N depending on the specific
n being tested” invalidates the Vn > NN clause that follows.
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Trap 3: strict vs. non-strict inequalities under limits

The Order Limit Theorem only preserves <, never <: even if {a,} eventually satisfies the strict
inequality a,, > 0, the limit may only satisfy lima,, > 0 (e.g. a, = 1/n > 0 but lima,, = 0). Never
upgrade a non-strict conclusion ”lima,, > 0” back to "lima,, > 0,” and never assume a hypothesis
stated with < can be sharpened to < after taking limits.

Trap 4: a, — 0 does not give convergence of > a,

The Theorem on Terms of Convergent Series is a necessary, not sufficient, condition: a,, — 0 never
by itself proves > a,, converges. The standard counterexample is the harmonic series ) 1/n, whose
terms — 0 but which diverges (provable directly via the Cauchy Criterion for Series: the block sum
from N+1 to 2N is always at least %, so the partial sums are never Cauchy). Only the contrapositive

direction (a, # 0 = Y a, diverges) is a valid one-line test.

Trap 5: the Divergence Criterion needs boundedness

| L

As stated in this course, the Divergence Criterion is an ”if and only if’ for bounded sequences
only; an unbounded sequence with two subsequences going to different limits (or to +00) is not
covered by this exact theorem, and citing it without first establishing boundedness is an incomplete
proof. For unbounded sequences, argue divergence directly (e.g. exhibit an unbounded subsequence,
contradicting Boundedness of Convergent Sequences).

| L

Trap 6: a limit point need not be in the set

a can be a limit point of A without a € A (e.g. A = (0,1) has limit point 0 ¢ A). Conversely,
points of A need not be limit points — they may be isolated. Do not conflate ”limit point of A” with
"element of A,” and remember every point of A is exactly one of isolated or a limit point (never
both, never neither).

Trap 7: closed and bounded are both needed

Neither hypothesis alone gives extrema or compactness. N is closed (it has no limit points at all) but
unbounded, and has no maximum. (0, 1) is bounded but not closed, and has neither a maximum
nor a minimum. Only a set that is both closed and bounded is guaranteed a max and min (Extrema
of Closed and Bounded Sets) and is guaranteed compact (Sequential Compactness of Closed and
Bounded Sets); when disproving compactness, always identify which of the two properties fails.

Trap 8: using a banned theorem

Every Q3/Q4-style proof question in this course typically forbids one or more named theorems (e.g.
Sample Q3 bans the e-Criterion for Suprema and Infima; Sample Q4 and Tutorial 2 Q5(b) ban the
Cauchy Criterion and the Algebraic Limit Theorem). Read the restriction line before drafting the
proof: a mathematically correct proof that cites a banned theorem earns little to no credit, since
the entire point of the question is to test the raw definition. Always re-check the final write-up
against the stated restrictions before moving on.
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Trap 9: sentence fragments and missing ”therefore”

A bare chain of symbols, even if mathematically correct, does not satisfy the course’s marking
rubric. Every inferential step needs an explicit connective (”therefore,” "hence,” ”so,” or ), and
every quantifier needs words around it: never write a bare Ve > 0 AN € N ...” string inside a
Proof paragraph — write ”Let € > 0 be given. There exists N € N such that ....” Compare the bad

fragment ”|a| <b. —b < a < b.” with the required ”|a| < b. Therefore —b < a < b.”

7.4 Integrated Worked Review Examples

Integrated Example 1: a recursive sequence (Lectures 1-3, 5, 9)

Define a; :=1 and a,, 1 := v/2 + a, for each n € N. Show that {a,} converges, and find its limit.
Method 1: Induction for bounds and monotonicity, then the Monotone Convergence
Theorem

Proof. Bounded. Let P(n) be the statement 0 < a,, < 2. We show that P(n) holds for every
n € N by induction. Base case: a; = 1 and 0 < 1 < 2. Therefore P(1) holds. Inductive step:
suppose P(k) holds for some k € N, that is, 0 < a;, < 2. Adding 2 gives 2 < 2+ a; < 4. For
v—u

VUt Vu

real numbers 0 < u < v we have \/v — \/u = > 0, so taking square roots preserves strict

inequalities between positive numbers. Hence

V2<V2Far<vVi = V2<aj1<2 = 0<ap <2

Therefore P(k) = P(k + 1), and by induction 0 < a,, < 2 for every n € N.
Increasing. Let n € N. Since 0 < a,, < 2, we have a,, —2 < 0 and a,, + 1 > 0. Therefore

(an—2)(a,+1) <0 = a2 —a,—2<0 = a> <2+a,=a’,,.

Hence 0 < a2, — a2 = (an+1 — ap)(@nt1 + a,). Since a,41 + a,, > 0, therefore a, 1 — a, > 0, that
is, a,, < a,y1. Since n € N was arbitrary, {a,} is increasing.

Convergent. {a,} is increasing, and a, < 2 for every n € N. Therefore {a,} is monotone and
bounded, hence convergent (MCT). Let L := lim,, ., a,.

Limit. The sequence {a,} is the subsequence {a,, } with the strictly increasing indices n, = k+1.
Therefore lim,,_, a,4+1 = L (Subsequential Limits). Squaring the recursion gives a2, =2 + a,, for
every n € N. By the Algebraic Limit Theorem (product rule and sum rule),

lim a’,, =L-L=L? and lim (2 +a,) =2+ L.

n— oo n—00
Since {afl +1} and {2 + a, } are the same sequence, uniqueness of limits gives
’=2+L = I’°-L-2=0 = (L-2)(L+1)=0 = L=2or L=-1.

For every n € N, a,, > 0, so a,, > 0. Therefore L > 0 (Order Limit Theorem). Hence L # —1, and
therefore L = 2. O

lim a, = 2.
n—oo

Method 2: Contraction estimate and the definition of limit
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Proof. Positivity. We show a,, > 0 for every n € N by induction. Base case: a; = 1 > 0.
Inductive step: if ax > 0 for some k € N, then 24+ a, > 2 > 0, s0 axy1 = /2 + ap > 0. Therefore
a, > 0 for every n € N, and every a,.1 = /2 + a, is defined.

One-step estimate. Let n € N. Since a,, > 0, we have v/2 4+ a,, + 2 > 2. Multiplying and dividing

by v2 4+ a, + 2,

(2+an)_4|_ |an_2| <|an_2|'

s |
[ans =2/ = | “ | V2+a,+2 +ta,+2 2

Geometric bound. We show |a,, — 2| <

for every n € N by induction. Base case: |a; — 2| =

— 9n—1
1 1
1 = 2 Inductive step: if |ap —2| < SE=T for some k£ € N, then the one-step estimate gives
1 1 1
lagr1 — 2] < 3 71 = 9% Therefore the bound holds for every n € N.

Next, 2"~! > n for every n € N, by induction: 2° =1 > 1, and if 2*=! > k then 2% = 2.2%"1 > 2k >
k + 1. Therefore

1
|an - 2| S 2n—1

1
< — for every n € N.
n

1
Limit. Let € > 0 be given. By the Archimedean Property there is N € N such that N < e. Let
n € N with n > N. Then

Therefore Ve > 0 thereis N € N such that Vn >
lima,, = 2 (def. of limit).

Integrated Example 2: a Cauchy sequence generates a telescoping series (Lectures 6,

(AT

Let {a,} be a Cauchy sequence, and define b,, := a, 11 — a,, for each n € N. Show that fo:l b,, is
convergent, and find its sum.
Method 1: Telescoping partial sums, Cauchy Criterion, Algebraic Limit Theorem

Proof. Partial sums. For N € N let sy := by + by + - + by. We show sy = an,; — a; for
every N € N by induction. Base case: s; = b; = ay — a;. Inductive step: if s, = a1 — a; for some
k € N, then

Skt1 = Sk + b1 = (ahy1 — 1) + (Ahy2 — Apy1) = Appa — an.
Therefore sy = ayy1 — aq for every N € N (telescoping).
Convergence of {a,}. {a,} is Cauchy. Therefore {a,} is convergent (Cauchy Criterion). Let
L := lim, ,, a,. The sequence {ax,1} is the subsequence of {a,} with the strictly increasing
indices ny = k + 1. Therefore limy ., a3 = L (Subsequential Limits).
Sum. The constant sequence {a;} converges to a;. Hence, by the Algebraic Limit Theorem
(difference of two convergent sequences),

lim sy = lim (ay4; —ay) = L —ay.
N—oo N—>oo( + )

Therefore the sequence of partial sums {sy} converges to L — ay, so Y. b, is convergent with sum

L — a, (def. of convergence of a series). O
oo
g (Gpny1 — a,) = lim a, — ay.
1 n—oo
o
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Method 2: Cauchy Criterion for Series, then an index shift

Proof. Block sums. Let m,n € N with n > m. In the sum

bm+1 + bm+2 SF ook bn — (am+2 - am+1) + (am+3 - am+2) SFoooSp (an+l - an)

each a; with m 42 < j < n appears once with sign + and once with sign —. Therefore by, +-- -+
b, = Gpy1 — Gpy1. In the same way, sy := by + -+ by = any1 — ap for every N € N.
Convergence. Let ¢ > 0 be given. Since {a,} is Cauchy, there is N € N such that |a, —a,| < e
forall p,g > N. Let n>m > N. Thenn+1>m+1> N, so

|bm+1 S oco e bn| = \an+1 = am+1| < eE.

Therefore Ve > 0 there is N € N such that Vn > m > N, |by1+ -+ b, < e. Hence > b, is
convergent (Cauchy Criterion for Series). Let s := limy_, Sn-

Sum. For every N € N, ayy1 = sy + a;. Therefore ayy; — s+ a; as N — oo (Algebraic Limit
Theorem). Let £ > 0 be given. There is N; € N such that |ayy1 — (s + a1)| < € for every N > Nj.
Let n > N;+1. Thenn = (n—1)+1 withn—1> Ny, so |a, — (s + a;)| < e. Therefore a,, — s+a,
(def. of limit), that is, lim, . a,, = s + a;. Hence s = lim,, . a,, — a;. O

o0

(apny1 — a,) = lim a, — ay.
1 n— o0
n=

Integrated Example 3: divergence of a bounded sequence via the Divergence Criterion

(Lectures 3, 5, 7-8)

(=n"

Define ¢, := (—1)" + ——— for each n € N. Show that {¢,} is divergent.
n

Method 1: Boundedness and two subsequences with different limits (Divergence Cri-
terion)

1
Proof. Bounded. Let n € N. Then ¢, = (—1)" (1 I —>, SO
n

1 1
rcn|=|<—1>”\-(1+—)=1+-51+1:2.
n n

Therefore |c,| < 2 for every n € N, and {¢, } is bounded.
The sequence {1/k}. Let ¢ > 0 be given. By the Archimedean Property there is N € N with

1 1 1 1 1
~<e. >N, |=—0l=><—<e. N . of limit).
N < e. For every k > N, ? 0 S < €. Therefore ’ 0 (def. of limit)

Even and odd subsequences. The index maps n, = 2k and m;, = 2k — 1 are strictly increasing,
s0 {car } and {ca,_1} are subsequences of {c, }. For each k € N,

1 1

e =1+ T CQk—1:_1_2k_1-

N~

Since § — 0, the Algebraic Limit Theorem gives ¢z — 1+ % -0 = 1. For the odd terms, 2k —1 > k,

1
2% — 1 < z for every k € N. Since the constant sequence 0 and the sequence % both tend to

0, the Squeeze Theorem gives

so 0 <

1
5% —1 — 0. Hence cy,_; — —1—0 = —1 (Algebraic Limit Theorem).
Conclusion. {c,} is bounded, and it has two subsequences with limits 1 and —1, where 1 # —1.
Therefore {c,} is divergent (Divergence Criterion). O
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{c,} is divergent (bounded, with subsequential limits 1 and — 1).

Method 2: Contradiction from the definition of limit with e =1

1 1 .
Proof. Bounded. For each n € N, |¢,| = |(—1)"] (1 + —> =1+ — < 2. Therefore {c,} is
n n

bounded.
Subsequential limits. Let ¢ > 0 be given. By the Archimedean Property there is K € N with

1
?<5. Let kK > K. Then

1 1
?<57 |C2k—1_(_1)’:2k_1 <

1
K

< < <e.

| =
| =

1
—1==<
AT
Therefore ¢ — 1 and cop—; — —1 (def. of limit).
Divergence. Suppose, for contradiction, that {c,} converges to some L € R. Taking ¢ = 1 in the
definition of limit, there is N € N such that |c, — L| < 1 for every n > N. Both 2N > N and
2N +1 > N, and

1 1 1 1
- —(1+—)—(-1- —24+ 2
S AT ( +2N> ( 2N+1> ToN Tavy1 T

On the other hand, by the triangle inequality,

lcan — cony1| < |cay — L|+ |L —cony1| <1+1=2.

Hence 2 < con — cany1 < |cany — Cany1| < 2, which is impossible. Therefore {c, } does not converge,
that is, {c,} is divergent.

{c,} is divergent (bounded, with subsequential limits 1 and — 1).

Integrated Example 4: limit points, closure, closedness, and compactness of one set
(Lectures 5, 13-16)

Define A := {(—1)" :L_ 1 inE N}. Find the limit points of A, find A, and determine whether A
n

is closed or (sequentially) compact.
Method 1: Sequential Criterion for Limit Points and a tail-gap argument

Proof. Leta, :=(-1)" i ] for n € N, so A= {a, : n € N}. For each k € N,
n

2% 1 _ k-1 1

T okl 2kl T T Tan T 2k

n n
Bounds. For every n € N, 0 < ] < 1. Hence |a,| = —— < 1, that is, -1 < a,, < 1.
n n

+1
Therefore A is bounded, 1 ¢ A and —1 ¢ A.
1 and —1 are limit points. Let € > 0 be given. By the Archimedean Property there is K € N

1
with e < e. For every k > K,

! <1< (=1)] 1<1<
—=<e& Qop—1 — ()| = 5 < = <e.
2%+1 K et K

|agr — 1| =
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Hence ay, — 1 and agy,_1 — —1 (def. of limit). Since ag, # 1 and aqp,_1 # —1 for every k € N, {aq}
lies in A\ {1} and {aox_1} lies in A\ {—1}. Therefore 1 and —1 are limit points of A (Sequential
Criterion for Limit Points).

No other limit points. Let 2 € R with 2 # 1 and z # —1, and let d := { min{|z — 1], |z + 1]}

Then d > 0, |z — 1| > 2d and |z + 1| > 2d. By the Archimedean Property there is K € N with
1 1
% < d. Let n € N with n > 2K. If n = 2k is even, then £k > K and |a, — 1| = < — <

2k+1 K
so by the triangle inequality

la, —z| > |z — 1] —|a, — 1] > 2d —d = d.

1 1
Ifn:2k—1isodd,then2k:—122Kgivesk>K,so|an+1]:%<g<dand

la, — x| > |z + 1| —|a, + 1| >2d —d=d.

Hence |a,, — x| > d for every n > 2K. The set FE := {|a, —z|: 1 <n < 2K, a, # x} is a finite set
of positive numbers, so 6 := min({d} U E) > 0. Let y € A\ {z}. Then y = a,, for some n € N with
a, # x. If n > 2K, then |y — x| > d > 0; if n < 2K, then |y — z| € E, so |y — x| > . Therefore no
y € A\ {x} satisfies |y — 2| < 0, and z is not a limit point of A (def. of limit point). Hence the set
of limit points of A is exactly {—1,1}.

Closure and closedness. By definition, A = A U {limit points of A} = AU{—1,1}. Since 1 € A
and 1 ¢ A, A Z A. Therefore A is not closed (Closure Criterion).

Compactness. The sequence {ay;} lies in A and converges to 1. Every subsequence of {as}
converges to 1 (Subsequential Limits), and by uniqueness of limits it converges to no other number.
Since 1 ¢ A, no subsequence of {ay;} converges to a limit in A. Therefore A is not (sequentially)
compact (def. of compactness). Together with the bounds, A is bounded but not closed.

Limit points of A = {—1,1}; A= AU{-1,1};
A is bounded but not closed, hence not compact.

Method 2: e-definition with a case split on the position of x, then Sequential Compact-
ness

2k 1 2k — 1 1
Proof. TFor k € Nlet p, := 11 = 1_2k+ T and q; := — o —1—1—%; these are the terms

of A with even and with odd index, so A = PUQ with P := {p, : k € N} and Q := {¢; : k € N}.

1 1
Since 1 and % decrease as k increases, {p;} is increasing and {q;} is decreasing. Hence, for
every k € N|
P=m<p<1l and —1<q<q=-3.
Therefore P C [2,1) and Q C (—1,—3]. Hence A C (—1,1), so A is bounded and +1 ¢ A, and A
has no point in (—3,2). Let z € R.

Case r =1 or x = —1. Let ¢ > 0 be given. By the Archimedean Property there is & € N with
1 1

7 <€ Then p, € A\ {1} with |[p, — 1| = ST <e,and ¢ € A\ {—1} with |gx + 1| = o <€
Therefore 1 and —1 are limit points of A (def. of limit point).
Casez>lorz<—1.Ifz>1lete:=2—1>0;everyy € Asatisfiessy <1,s0 |y —z|=z—y >
z—1l=c. Ifx < —1,lete:=—1—x > 0;every y € Asatisfiesy > —1,s0|ly —z| =y—ax > —1—-x =-¢.
In both cases no y € A\ {z} satisfies |y — z| < &, so x is not a limit point of A.

Case —5 <2 < 2. Let ¢ := min{z + 3, 2 — 2} > 0. Bach y € A satisfies y < — ory > 2. If
y<-—i then|y—z|=c—-y>c+1>eify>2 then|y—z|=y—2>2—x >ec. Therefore z
is not a limit point of A.
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1
Case % <z < 1. Since 1 — z > 0, the Archimedean Property gives K € N with e <1l-2z s0

1 1
1— = >z Let
SK+1 KU

px =1-—

a minimum of finitely many positive numbers, so ¢ > 0. Let y € A\ {z}. If y € Q, then y < —1
and |y — z| :x—yzx—i—% >e. lfy=p, with k> K, theny > px >z and |y — x| > px —z > €.
If y = pp with k < K, then p; # 2 and |y — z| > e. Therefore z is not a limit point of A.

1
Case -1 <z < —%. Since z + 1 > 0, the Archimedean Property gives K € N with 74 <z+1,so

1 1
=—1+-—<-14+— . Let
qK +2i < + < x. Le

e:=min({z — gk, 3 —2}U{lgx —2[: 1<k <K, g #2}) > 0.

Let y € A\ {z}. If y € P, then y > £ and |y — x| :y—ng—sz—:. If y = q, with k > K, then
y<gqx <zand|y—z|>z—qx >e. lf y=q, with k < K, then g, # x and |y — x| > . Therefore
2 is not a limit point of A.

The five cases cover every = € R. Therefore the set of limit points of A is exactly {—1,1}, and

A= AU{-1,1} (def. of closure).

1
Not closed. Let € > 0 be given. By the Archimedean Property there is N € N with N < €. For

1 1 1
= oh 1 <z < N <¢& Therefore {p;} is a sequence in A with p, — 1 (def.

of limit), and 1 ¢ A. Hence A is not closed (Sequential Criterion for Closed Sets).
Not compact. A set of real numbers is (sequentially) compact if and only if it is closed and
bounded (Sequential Compactness). A is bounded but not closed. Therefore A is not compact. O

every k > N, |py — 1]

Limit points of A = {-1,1}; A=AuU{-1,1};
A is bounded but not closed, hence not compact.

Integrated Example 5: the Nested Set Property in action (Lectures 3, 15, 16—17)

11
For each n € N, define K,, := {__, il
n'n

Property, and identify (), K.
Method 1: Limit-point definition for each piece, union of closed sets, Archimedean
Property

} U{5}. Show { K, } satisfies the hypotheses of the Nested Set

Proof. Closed. Fix n € N and write I, := [-%,1] 50 K,, = I,, U {5}.

I, is closed. Let a € R with a ¢ I,,. If a > %, let € :=a — % > 0; every x € [, satisfies z < %, o)
lt—al=a—2>a—-2=c Ifa< -1 lete:=—1—a>0; every z € I, satisfies z > —1, s0
|z —a| =z —a>—2 —a=e. Inboth cases no z € I,, \ {a} satisfies |z — a| < €, so a is not a limit
point of I,,. Therefore every limit point of I, lies in I,,, and I,, is closed (def. of closed set).

{5} is closed. Let a € R with a # 5, and let € := 1 |5 — a| > 0. The only element of {5} \ {a} is 5,
and |5 — a|] = 2e > e. Therefore no z € {5} \ {a} satisfies |[x — a| < ¢, so a is not a limit point of
{5}. Hence every limit point of {5} lies in {5}, and {5} is closed.

The union of two closed sets is closed (Tutorial 5 Q4(a)). Therefore K,, = I,, U {5} is closed.
Bounded and nonempty. Let x € K,,. Then x =5 or —% <z< %; since % < 1, in both cases
—1 < x <5, 50 |z| <5. Therefore K, is bounded. Also 0 € I, C K,,, so K,, # ().

Nested. Let n € N and z € K, ;. If z = 5, then € K,. Otherwise |z| < n+r1 < %, S0
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x € I, C K,,. Therefore K,,,; C K, for every n € N. Hence {K,,} is a nested sequence of nonempty,
closed, bounded sets, and therefore ()~ K,, # () (Nested Set Property).

Intersection. For every n € N, 5 € K,, and 0 € K,,. Therefore {0,5} C N, K,. Conversely, let
x € R with  # 0 and « # 5. Then |z| > 0, so by the Archimedean Property there is n € N with
L < |z|. Hence x ¢ I,,; since also x # 5, x ¢ K,,. Therefore x ¢ (N, K,,. Hence N, K, = {0,5}. O

N K. = 0.5} £0.

Method 2: Sequential Criterion for Closed Sets and the Order Limit Theorem

Proof. Closed. Fix n € N. Let {z,,} be a sequence in K, that converges to some = € R. For
each m € N, either z,, = 5 or —% <z, < %, so at least one of these two alternatives holds for
infinitely many indices m.
Case 1: x,, = 5 for infinitely many m. Listing these indices in increasing order m; < mgy < --- gives
a subsequence with x,,,, = 5 for every j, so x,,,, — 5. By Subsequential Limits this subsequence also
converges to z. Therefore x = 5 € K,, (uniqueness of limits).

1

Case 2: —- <z, < 711 for infinitely many m. Listing these indices as m; < my < --- gives a

subsequence with x,,, — x (Subsequential Limits). For every j, Tm; + % > 0 and % — Ty, = 0. By
the Algebraic Limit Theorem these two sequences converge to x + 711 and % — x, so the Order Limit
Theorem gives x + % > 0 and % —x > 0. Hence —% <z< %, and r € K,,.

In both cases x € K,,. Therefore K, is closed (Sequential Criterion for Closed Sets).

Bounded, nonempty, nested. Every x € K, satisfies z = 5 or |2] < £ <1, so |z| < 5; therefore

K, is bounded. Also 0 € K,,,s0 K,, #0. If z € K., then z =5 € K,, or |z| < n+r1 < L; therefore

z € K, and K, ;; C K,,. Hence {K,} is nested, nonempty, closed and bounded, and N, K, # 0
(Nested Set Property).

Intersection. For every n € N, 0 € K,, and 5 € K,,, so {0,5} C ), K,,. Conversely, let z € ), K,,
with © # 5. Then for every n € N, z € K, and  # 5, so |z| < %, that is, b, := = — [z > 0.
Since % — 0 (Archimedean Property and def. of limit), the Algebraic Limit Theorem gives b, —
0 — |z| = — |z|. The Order Limit Theorem then gives — |z| > 0. Hence |z| < 0, so x = 0. Therefore
M, Kn = {0,5}. O

ﬁan{o,s)};Aw.

Integrated Example 6: which test? conditional convergence of a mixed series (Lectures

3, 5, 10-12)

for n € N. Determine whether > °° (—1)"d,, is absolutely convergent, condi-

n=1

n
Define d,, :=
efine RO

tionally convergent, or divergent.
Method 1: Alternating Series Test, then Comparison with > %

Proof. Step 1 (decreasing). For each n € N, d,, > 0. Expanding the numerator of d,, — d,,, 1,
n(n+1)?+1]-(n+)R*+1) =R +2r+2n) - (P +n’+n+1)=n>+n—1

Hence
n n+1 B n>+n-—1
n2+1 (m+1)2+1 @2+D[(n+1)2+1]
Since n > 1, n>+mn—1> 1> 0, and the denominator is positive. Therefore d,, — d,,; > 0 for every
n € N, so {d,} is decreasing.

dn - dn+1 =
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1

Step 2 (d,, — 0). For each n € N, n> +1 > n? s0 0 < d, < % = —. Let € > 0 be given. By

n n

1 1 1
the Archimedean Property there is N € N with N < g, and for every n > N, — < ~ < e. Hence
n

1 1
— — 0 (def. of limit). Since 0 < d,, < and both bounding sequences tend to 0, d,, — 0 (Squeeze
n

Theorem).
Step 3 (convergent). d,, > 0, {d,} is decreasing, and d,, — 0. Therefore Y (—1)""'d,, is conver-
gent (Alternating Series Test). Since (—1)"d, = (=1) - (=1)""'d,, for every n, the Algebraic Limit

Theorem for Series with ¢ = —1 shows that Y (—1)"d,, is convergent.
Step 4 (3 5 diverges). Let N € N. The block from n = N 41 to n = 2N has N terms, and for
1 1
N +1<n < 2N we have 2n < 4N, so each term satlsﬁes — > N Hence
v Loy L 1
e AN " 1

Therefore, with € = i, for every N € N the indices 2N > N > N give a block sum that is at least
€. So the partial sums of > ﬁ do not satisfy the Cauchy condition, and > ﬁ diverges (Cauchy

Criterion for Series).
Step 5 (not absolutely convergent). For each n € N, n? > 1 gives n? +1 < 2n?, so

n n
d, = >_— = _—>0.
n2+1 = 2n?

Suppose, for contradiction, that Y |(—1)"d,| = Y>> d, converges. Then 0 < 5~ < d, for every n,
and the Comparison Test gives that ﬁ converges, contradicting Step 4. Therefore Y [(—1)"d,,|
diverges. Hence  (—1)"d,, is convergent but not absolutely convergent, that is, conditionally con-

vergent (def. of conditional convergence). O
i(—l)” 2n is conditionally convergent.
— n?+1

Method 2: Splitting d, = % = m into the alternating harmonic series and an abso-

lutely convergent series

Proof. Splitting. For each n € N,

1 1 _(*+1)-1 n* o
n nm2+1) nn24+1l)  nwmE+l) w2+l T
, 1 1 (—1)
Write e,, ;== ————. Then d,, = — — ¢, and (—1)"d,, = — (=1)"e, for every n € N.
n(n?+1) n

> e, converges. For each n € N, n? >n,son>+1>n+1 and

1 1 1
0<e, £ ——=—— .
nin+1l) n n+1

Let ty = Zg_l (l — #) By induction, ty =1 — 1= t; =1 -1 andift, =1 — k+1 then

n n+1 N+1 2
tk+1:1_kT1+kT1_kT2 l—m The sequence {ﬁ} is a subsequence of{%},andgﬁo
(Archimedean Property and def. of limit), so 5 — 0 (Subsequential Limits). Therefore ty — 1
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(Algebraic Limit Theorem), and > ﬁ converges. Hence ) e, converges (Comparison Test).

Since |(—1)"e,| = e, Y_(—1)"e, converges (Absolute Convergence Test).

Z% converges. % >0, n%rl < % for every n, and + — 0. Therefore Z% converges
(Alternating Series Test), and so does Y % (Algebraic Limit Theorem for Series, ¢ = —1).
Convergent. By the Algebraic Limit Theorem for Series (sum rule, and ¢ = —1),

1y, =S D LS

S = 3 =L 4 (1) Y (1)

n=1 n=1 n=1

is convergent.

Not absolutely convergent. |(—1)"d,| = d,, for every n. Suppose, for contradiction, that > d,

converges. Since % =d, + e, and > e, converges, the Algebraic Limit Theorem for Series gives

that Z% converges. But for every N € N, each of the N terms % with N +1 <n < 2N is at least

1

SN SO

R | P

N+1 N+2 2N = 2N 2
Hence, with € = %, the Cauchy condition fails for the indices 2N > N > N, for every N € N, and
>~ L diverges (Cauchy Criterion for Series). This is a contradiction. Therefore Y d, diverges, and

> (=1)"d, is convergent but not absolutely convergent, that is, conditionally convergent. O

Z(—l)” 21 7 is conditionally convergent.
n
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7.5 Midterm Revision Checklist

Checklist Part 1: can you, without notes, ... (Lectures 1-9)

O state the definitions of upper/lower bound, supremum/infimum, and maximum/minimum, and
the e-Criterion for Suprema and Infima;

O state the Axiom of Completeness and explain why it fails for Q (e.g. {¢ € Q : ¢* < 2} has no
rational supremum);

O prove the Nested Interval Property and the Archimedean Property from the Axiom of Complete-
ness;

O write the e-IN definition of @ = lim a,, from memory, with quantifiers in the correct order;

O prove Uniqueness of Limits and Boundedness of Convergent Sequences directly from the definition
of limit;

O state all four parts of the Algebraic Limit Theorem and all three parts of the Order Limit Theorem,
and recall which parts were actually proved on the slides (part 4 of ALT and parts 2-3 of OLT
were not);

O apply the Squeeze Theorem, and recall it does not need the Order Limit Theorem;

O write both equivalent forms of the Cauchy sequence definition, and prove the Cauchy Criterion
in both directions;

O construct a subsequence explicitly via a strictly increasing index map ny, and prove Subsequential
Limits;

O state the Divergence Criterion correctly, including the boundedness hypothesis, and use it to
prove a specific bounded sequence diverges;

O sketch the supremum-based construction behind the Bolzano—Weierstrass Theorem;

O state the Monotone Convergence Theorem and the Monotone Convergence Lemma, and know
which one needs boundedness.
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Checklist Part 2: can you, without notes, ... (Lectures 10-17, and exam craft)

O distinguish a series’ terms from its partial sums, and explain why a, — 0 is necessary but not
sufficient for Y a,, to converge;

O explain why the Cauchy Criterion for Series is a direct transport of the (sequence) Cauchy Cri-
terion to the partial sums;

O apply the Alternating Series Test, the Comparison Test, and the Absolute Convergence Test, and
sketch each one’s Cauchy-Criterion-based proof;

O distinguish absolute from conditional convergence, with an example of each;

O state the Sequential Criterion for Limit Points, for Closures, and for Closed Sets, and use each to
compute the limit points, closure, and closedness of a given set;

O prove that A = A and that the limit points of A equal the limit points of A;

O state and use the Closure Criterion for Closed Sets (F closed iff F' C F);

O

state the definition of (sequential) compactness and the Sequential Compactness of Closed and
Bounded Sets theorem, and use it both to prove and to disprove compactness of a given set;

prove the Extrema of Closed and Bounded Sets theorem;
prove the Nested Set Property using Sequential Compactness;

answer a True/False item in under a minute using the mental library of stock (counter)examples;

O O o O

for any Q3/Q4-style proof, identify which named theorems the question bans before writing, and
produce a first-principles proof instead.

7.6 Master Memory Sheet

Master Memory Sheet 1: Real Numbers and Completeness (Lectures 1-3)

b upper bound for A :Va € A, a <b. Similarly lower bound.

s =sup A : s upper bound for A, and s no greater than any upper bound for A.
m =max A :m € A and m upper bound for A. max A (if exists) = sup A.
e-Criterion: s =sup A <= s upper bound and Ve >0 Jda € A: s—¢ < a.
Axiom of Completeness: A # @), bounded above = A has a supremum.

Nested Interval Property: I,, = [an, by] closed, bdd., nested —> ﬂ[n # ().

Archimedean Property: Ya € R 3n € N: n > a. Equiv.: Vb > 0 In € N: % <b.
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Master Memory Sheet 2: Sequences and Limits (Lecture 4)

Sequence: a function N — R, {a,}. Tail: ay,an+1,... Eventually: some tail satisfies it.
a=lima,:¥e>03IN eNVn>N: |a, —a| <e.

Uniqueness of Limits: a convergent sequence has a unique limit.

{an} bounded: IM >0V¥n e N: |a,| < M.

Boundedness of Convergent Sequences: convergent = bounded (converse false).

Master Memory Sheet 3: Limit Theorems and Cauchy Sequences (Lectures 5—6)

ALT: a,, — a, b, > b = ca, — ca; ap +b, = a+b; azb, — ab; 1/a, — 1/a (a # 0, unproved).
OLT: a,, > 0 ev. = lima,, > 0 (proved on slides).
an < b, ev. = lima, <limb,; a, <cev. = lima, < ¢ (not proved on slides).
Squeeze: a,, < b, <c¢, ev., lima,, =lime¢,, =1 = b, — [.
{an} Cauchy: Ve > 03N e NVn,m > N : |a, — an| <e.
Cauchy Criterion: {a,} convergent <= {a,} Cauchy.

Master Memory Sheet 4: Subsequences and the Big Theorems (Lectures 7—9)

Subsequence: an,;Gp,, ..., N1 < ng < --- strictly increasing in N.

Subsequential Limits: a, - a = every subsequence a,, — a.

Divergence Criterion ({a,} bounded): divergent <= two subseq. with different limits.
Bolzano—Weierstrass: {a,} bounded = has a convergent subsequence.

Monotone: a, < a,+1 Vn (increasing); similarly decreasing.

Monotone Conv. Lemma: eventually monotone + convergent subseq. = convergent.

Monotone Conv. Thm.: eventually monotone + bounded = convergent.

| L

Master Memory Sheet 5: Series (Lectures 10-12)

Series: Z an, partial sum s, :=aj; + -+ + a,. Z a, convergent : {sn} convergent.

Terms of Conv. Series: Z a, convergent = a,, — 0 (not sufficient!).

Cauchy Crit. for Series: Z ap convergent <= Ve >03IN Vn>m > N: |ami1 + - +an| <e.
Alternating Series Test: b,, > 0 decreasing, b, - 0 = Z(—l)”_lbn convergent.

Comparison Test: 0 < a,, < b,, an conv. — Zan conv.

Absolute Conv. Test: Z lan| conv. = Zan conv.

Z a,, absolutely convergent: Z |ar| convergent. Conditionally: convergent but not absolutely.
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Master Memory Sheet 6: Limit Points and Closure (Lectures 13—-14)

a limit point of A:Ve > 03z € A\ {a}: |z —a|<e.

a isolated point of A :a € A, a not a limit point of A.

Seq. Crit. Limit Pts.: a limit pt. of A < F{a,} C A\ {a}: a, — a.

A := AU {limit points of A}. e-Crit. Closure: a € A < Ve >03Jz € A: |z —a| <e.
Seq. Crit. Closures: a € A <= J{a,} CA: a, — a.

Limit Pts. of Closures: @ limit pt. of A <= a limit pt. of A. Hence A=

Master Memory Sheet 7: Closed Sets and Compactness (Lectures 15-17)

F closed: contains all its limit points. Closure Crit.: F closed <= F C F.

Seq. Crit. Closed Sets: F' closed <= every conv. seq. in F' has its limit in F.

K (sequentially) compact: every sequence in K has a convergent subseq. with limit in K.
Extrema of Closed & Bdd. Sets: K # (), closed, bounded = K has a max and a min.
Sequential Compactness: K closed and bounded <= K compact.

Nested Set Property: K, nonempty, closed, bdd., nested —- ﬂKn =+ .
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A Theorem & Definition Reference

Chapter 1: Real Numbers and Completeness (Lectures 1-3)

Definitions

Upper bound / bounded above: b € R is an upper bound for A C R if Va € A a < b; A is bounded
above if it has an upper bound. Lower bound / bounded below are defined symmetrically; A is bounded
if it is bounded above and below.

Supremum: s = sup A if s is an upper bound for A and s is not greater than any other upper bound
for A. Infimum inf A is defined symmetrically.

e Maximum: m = maxA if m € A and m is an upper bound for A. Minimum min A is defined
symmetrically.
Results

Axiom of Completeness: every nonempty A C R that is bounded above has a supremum. [axiom; no
proof]

Theorem (Axiomatic Definition of the Real Numbers): all ordered fields satisfying the Axiom of
Completeness are isomorphic to each other; R is the ordered field satisfying it. [stated on slides, not
proved in the course (deferred to Spivak); cite by name only]

Theorem (e-Criterion for Suprema and Infima): for A C R and s € R, s = sup 4 iff s is an upper
bound for A and Ve > 0 Ja € A s — € < a (symmetric criterion for inf A). [proved in L2]

Theorem (Nested Interval Property): if I,, = [a,,b,] is a closed and bounded interval for each n € N
with I,, 2 I,,4 for all n € N, then (), o I, # 0. [proved in L3]

Theorem (Archimedean Property): Va € R 3n € N n > a (equivalently, Vb > 0 3n € N 1/n < b).
[proved in L3]

Procedures

e-Criterion template: unpack s = sup A via a chain of iffs turning ”s — ¢ is not an upper bound” into
"da € Aa>s—¢g".

Nested Interval Property template: let A = {a,, : n € N} (the left endpoints); the Axiom of Complete-
ness gives ¢ = sup A4; show a,, < ¢ (as ¢ is an upper bound) and ¢ < b, (as c¢ is the least upper bound),
so ¢ € I, for every n.

Archimedean Property template: let A = {n € N : n < a}; if A = () then any n works; else the
Axiom of Completeness gives s = sup A; s — 1 is not an upper bound, so In € A with n > s — 1; then
n+1¢ A son+1>a.

Chapter 2: Sequences, Limits, and Cauchy Sequences (Lectures 4-6)

Definitions

Sequence: a function from N to R, written {a,}. A tail of {a,} is an,an+1,aN12,... for some N € N;
{a,} satisfies a property eventually if some tail satisfies it.

Limit of a sequence: a = lima, if Ve > 03N e NVn e N(n > N = Ja, —a| < ¢). {a,} is
convergent if it has a limit, otherwise divergent.

Bounded sequence: {a,} is bounded if 3M > 0Vn € N |a,| < M.
Cauchy sequence: {a,} is Cauchy if Ve > 03IN e NVh e N (n > N = |a, — an| < €); equivalently,
Ve>03dN eNVn,meN (n,m>N = |a, — | <¢).
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Results

Theorem (Uniqueness of Limits): a convergent sequence {a,} has a unique limit. [proved in L4]

Theorem (Boundedness of Convergent Sequences): every convergent sequence is bounded. [proved in
LA4]

Theorem (Algebraic Limit Theorem): if a,, — a and b,, — b, then ca,, — ca for all ¢ € R; a,,+b, — a+b;
a,b, — ab; and, provided a # 0, 1/a,, — 1/a. [parts 1-3 proved in L5; part 4 (reciprocal) stated on
slides; QRS proof in Chapter 2]

Theorem (Order Limit Theorem): for convergent {a,},{b,}: if eventually a, > 0 then lima, > 0; if
eventually a,, < b, then lima, < limb,; if eventually a,, < ¢ then lima, < c. [part 1 proved in L5;
parts 2-3 stated on slides; QRS proof in Chapter 2]

Theorem (Squeeze Theorem): if eventually a,, <b, < ¢, and lima,, = lime¢, = [, then {b,} converges
to l. [proved in L5]

Theorem (Cauchy Criterion): {a,} is convergent iff it is Cauchy. [proved in L6]

Procedures

Uniqueness of Limits template: show |a — a/| < 2 for every € > 0, then substitute ¢ = |a — a'| /2 to
force a = a'.

Boundedness of Convergent Sequences template: apply the limit definition at the specific value ¢ = 1
to get {a,} eventually inside (a — 1,a + 1), hence bounded.

Algebraic Limit Theorem (sum/product) template: split the target e into controllable pieces (e.g. £/2

each, or a min{y/¢/2, ...} combination) and use the add-and-subtract identity a,b, —ab = (a,, —a)b, +
a(b, — b) to bound |a,b, — ab|.

Cauchy Criterion (”if”) template: from finitely many e,-neighbourhoods build running max/min se-
quences ¢,,, d,, bracketing the tail terms, giving nested intervals [c,,, d,,]; apply the Nested Interval
Property to obtain the limit candidate, then e-chase.

Chapter 3: Subsequences, Bolzano-Weierstrass, and Monotone Con-
vergence (Lectures 7-9)

Definitions

Subsequence: {a,, } where n; < ny < nzg < --- is a strictly increasing sequence in N; the subsequence
is proper if n, # k for some k£ € N.

Monotone sequence: {a,} is increasing if Vn € N a,, < a,,41 (strictly increasing if <); decreasing sym-
metrically (>, strictly >). Either case is monotone (strictly monotone). {a,} is eventually monotone
if some tail is monotone.

Results

Theorem (Subsequential Limits): if a,, — a and {a,, } is a subsequence of {a, }, then a,, — a. [proved
in L7]

Theorem (Divergence Criterion): a bounded sequence {a,} is divergent iff it has two subsequences
converging to different limits. [proved in L7 (”if”); L8 ("only if”)]

Theorem (Bolzano-Weierstrass Theorem): every bounded sequence has a convergent subsequence.
[proved in L8]

Lemma (Monotone Convergence Lemma): an eventually monotone sequence with a convergent subse-
quence is convergent. [proved in L9]
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Theorem (Monotone Convergence Theorem): an eventually monotone and bounded sequence is con-
vergent. [proved in L9

Procedures

Subsequential Limits template: reuse the original N as K, using n; > k.

Divergence Criterion (”if”) template: contrapositive of Subsequential Limits (boundedness not needed
for this direction).

Bolzano-Weierstrass template: let a = sup{z € R : z < a, for infinitely many n} (Axiom of Com-
pleteness); use the e-Criterion to show infinitely many terms lie within any e, of a; recursively pick
the next qualifying term to build {a,, }.

Divergence Criterion ("only if”) template: apply Bolzano-Weierstrass to {a,} to get a,, — a; the
terms at distance > ¢ from a are infinite and still bounded, so Bolzano-Weierstrass applies a second
time to extract {a,,, } converging away from a.

Monotone Convergence template: pass to a tail to assume {a,, } monotone; sandwich an arbitrary term
between two subsequence terms already e-close to the limit via |a,, — a| < max{|a,, — a|,|am — al}
for m > m/ > m”; chain Bolzano-Weierstrass with the Monotone Convergence Lemma to get the full
theorem.

Chapter 4: Series (Lectures 10-12)

Definitions

Series: Zf:’:l a, for a sequence {a, }; the n-th partial sum is s, := a1 + az + -+ + a,.

Convergence of series: Y.~ a, converges (to s) if {s,} converges (to s), and then s is the sum;
. o0 . .
otherwise >~ a, is divergent.

Absolute / conditional convergence: Y a,, is absolutely convergent if 3 |a,| converges; conditionally
convergent if >_>° | a, converges but >_ |a,| diverges.

Rearrangement: »_ b, is a rearrangement of > - | a, if there is a bijection f : N — N with by, = a,,.

Results

Theorem (Terms of Convergent Series): if > | a, converges, then a, — 0. [stated on slides; QRS
proof in Chapter 4]

Theorem (Algebraic Limit Theorem for Series): if > a, — s and Y. b, — t, then Y ca,, — cs for all
c€R, and > (a, +b,) — s+ t. [stated on slides; QRS proof in Chapter 4]

Theorem (Cauchy Criterion for Series): > > a, converges iff Ve > 03N € NVn,m € N (n > m >
N = |ams1+ Qmi2 + -+ a,| < ). [stated on slides; QRS proof in Chapter 4]

Theorem (Alternating Series Test): if {b,} is decreasing and b, — 0, then > (—1)""'b, converges.
[proved in L11]

Theorem (Comparison Test): if 0 < a,, < b, for all n € N and }_ b, converges, then > a, converges.
[proved in L12]

Theorem (Absolute Convergence Test): if > |a,| converges, then Y a, converges. [proved in L12]
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Procedures

e Cauchy-tail-estimate template (replaces a Monotone-Convergence-Theorem argument): bound the
target series’ tail sum by a reference series’ tail sum, via 0 < a,, < b,, or the triangle inequality, then
invoke the Cauchy Criterion for Series.

e Alternating Series Test template: group consecutive terms of the tail into nonnegative pairs (using

{b,} decreasing) to bound the tail sum by a single term by, then use b, — 0 together with the
Cauchy Criterion for Series.

Chapter 5: Limit Points, Closures, and Closed Sets (Lectures 13—15)

Definitions

e Limit point: a € R is a limit point of A CR if Ve > 0 3z € A\ {a} |z —a| < € (also called a cluster
point or accumulation point).

e Isolated point: a € A is an isolated point of A if it is not a limit point of A.
e Closure: the closure of A C R is A := AU {limit points of A}.
e Closed set: F' C Ris closed if it contains all its limit points (equivalently, F' has no limit points outside

F).

Results

e Theorem (Sequential Criterion for Limit Points): a is a limit point of A iff there is a sequence {a,} in
A\ {a} with a,, = a. [proved in L13]

e Theorem (e-Criterion for Closures): a € A iff Ve > 0 3z € A |z — a| < e. [stated on slides; QRS proof
in Chapter 5]

e Theorem (Sequential Criterion for Closures): a € A iff there is a sequence {a,} in A with a,, — a.
[stated on slides; QRS proof in Chapter 5]

e Theorem (Limit Points of Closures): a is a limit point of A iff a is a limit point of A. [proved in L14]

e Corollary (Closures of Closures): A=A [stated on slides; QRS proof in Chapter 5]

e Theorem (Closure Criterion for Closed Sets): F is closed iff FF C F. [proved in L15]

e Theorem (Sequential Criterion for Closed Sets): F' is closed iff every convergent sequence contained
in F has its limit in F". [proved in L15]

Procedures

e c,-trick: turn a Ve statement into a witnessing sequence using a specific null sequence {e,, }; conversely,
extract a single e-witness from a sequence limit by taking x = ay.

e "Closure adds nothing new” template: given z € A within € of a, use the e-Criterion for Closures to
findy € Awith |y — 2| < min{|z — a|,e—|x — a|} (soy # a), then bound |y —a| < |y — z|+|z —a| < ¢
via the triangle inequality.

e "Identify-and-substitute” template: prove a new Criterion by identifying both of its sides with sets
already shown equal via earlier Criteria, e.g. identify {limits of convergent sequences in F'} with F,
and 7 F closed” with ”F C F”.
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Chapter 6: Compact Sets (Lectures 16-17)

Definitions

(Sequentially) compact set: K C R is (sequentially) compact if every sequence contained in K has a
convergent subsequence with limit in K.

Results

Theorem (Extrema of Closed and Bounded Sets): a nonempty, closed, and bounded set K C R has a
maximum and a minimum. [proved in L16]

Theorem (Sequential Compactness of Closed and Bounded Sets): K C R is closed and bounded iff
every sequence in K has a convergent subsequence with limit in K. [proved in L16]

Theorem (Nested Set Property): if K, C R is nonempty, closed, and bounded for each n € N with
K, 2 K,y for all n € N, then (o K,, # 0. [proved in L17]

Procedures

Extrema template: the Axiom of Completeness gives sup K; the (unproved, exercise) fact sup A € A

together with the Closure Criterion for Closed Sets (K C K) place sup K € K, making it the maximum
(symmetrically for the minimum, via —K).

Sequential Compactness (”if”, boundedness) template: prove the contrapositive by constructing an
explicit unbounded witness sequence a,, € K with |a,| > M, for an unbounded {M,, }, showing every
subsequence of {a,} is unbounded, hence divergent (Boundedness of Convergent Sequences).

Nested Set Property template: pick a, € K,; Sequential Compactness of K; gives a convergent
subsequence {a,, }; since n;, > n for k > n, every tail of {a,, } lies in K,,, so its (unchanged) limit lies
in K,, by the Sequential Criterion for Closed Sets, for every n € N.

Dependency chain

Axiom of Completeness = &-Criterion for Suprema and Infima.

Axiom of Completeness = Nested Interval Property.

Axiom of Completeness = Archimedean Property.

Nested Interval Property = Cauchy Criterion (sequences, ”if” direction).

Axiom of Completeness, e-Criterion for Suprema and Infima = Bolzano-Weierstrass Theorem.
Bolzano-Weierstrass Theorem = Divergence Criterion (”only if”).

Bolzano-Weierstrass Theorem —> Monotone Convergence Theorem (with the Monotone Convergence
Lemma).

Bolzano-Weierstrass Theorem =—> Sequential Compactness of Closed and Bounded Sets.
Subsequential Limits = Divergence Criterion (”if”).

Subsequential Limits = Sequential Compactness of Closed and Bounded Sets (”if”, closedness
direction).

Subsequential Limits = Nested Set Property.
Cauchy Criterion (sequences) = Cauchy Criterion for Series.

Cauchy Criterion for Series — Alternating Series Test, Comparison Test, Absolute Convergence
Test.
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e Sequential Criterion for Limit Points = Sequential Criterion for Closures.

e Sequential Criterion for Closures = Limit Points of Closures = Closure Criterion for Closed
Sets.

o Closure Criterion for Closed Sets = Sequential Criterion for Closed Sets.
e Closure Criterion for Closed Sets, Axiom of Completeness = Extrema of Closed and Bounded Sets.

e Sequential Criterion for Closed Sets, Bolzano-Weierstrass Theorem, Subsequential Limits, Bounded-
ness of Convergent Sequences = Sequential Compactness of Closed and Bounded Sets.

e Sequential Compactness of Closed and Bounded Sets, Subsequential Limits, Sequential Criterion for
Closed Sets = Nested Set Property.

B Notation

Throughout these notes N = {1,2,3,...} excludes 0; when 0 must be included the course writes Ny :=
NU{0}. Sequences are written {a,} (curly braces, not the tuple notation (a,) used in some textbooks),
with full index range {a,}, ., used once at first definition and abbreviated thereafter. Limits are stated
value-first: a = lima,, (equivalently a,, — a), read “a equals the limit of a,,”. A sequence has a property
eventually if some tail ay, ani1,any2, ... has that property. A series ., a, is understood via its partial
sums S, := a; + ag + - - - + a,, and closure of a set A is written A. Quantifiers V, 3 and the connectives
— , <= are used in run-on, colon-free chains (e.g. Ve >03IN e NVvn e N n> N = |a, —a| < ¢);
in written proofs these symbols must always be surrounded by words (“for every”, “there exists”, “which
implies”, “if and only if”), not left to stand alone in a sentence.

Number systems

Symbol Meaning Context / first
appears
N natural numbers {1,2,3,...} (starts at 1) L1
No N U {0}, nonnegative integers L1
Z integers L1
7+, ¢ positive integers (= N); nonnegative integers (= Np) L1
7=, Zy negative integers; nonpositive integers L1
Q rational numbers L1
QF, Qf, Q7, Q, | positive / nonnegative / negative / nonpositive rationals L1
R real numbers L1
R, RS, R™, Ry positive / nonnegative / negative / nonpositive reals L1

The “0” subscript consistently marks the version of a sign-restricted set that includes zero; the same
pattern applies to Z, Q and R.
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Logic, sets and bounds

Symbol Meaning Context / first
appears
v, d for every; there exists L2 (bounds), pas-
sim
=, implies; if and only if L2 (bounds), pas-
sim
ACR A is a set of real numbers L2
upper bound b / |[Va€ Aa<b/Va€ Aa>cfor A L2
lower bound
bounded above / | A has an upper bound / lower bound / both L2
below / bounded
sup A, inf A supremum (least upper bound); infimum (greatest lower | L2
bound) of A
max A, min A maximum; minimum of A (an element of A that is also | L2
sup A / inf A)
supl) = —oco every real number is an upper bound for (), so () has no | L2
supremum; the slides write sup ) = —oco
sup A = oo convention: A not bounded above L2
Ve >0 da € A s — | e-Criterion for Suprema and Infima (s = sup A) L2
e<a
I, = [an,b,] closed and bounded interval, indexed for nested-interval ar- | L3
guments
LD2OLD--- nested sequence of closed and bounded intervals L3
Sequences and series
Symbol Meaning Context / first
appears
{a,} sequence, written with curly braces; short for {a,} -, L4
a1, G9,03, ... terms of a sequence listed directly L4
a = lima, (or | limit, value written first; equivalently a,, — a L4
lim,, o ay,)
la, —a| <e absolute value / distance-to-limit, workhorse of every e- | L4
proof
tail used to define “eventually” (some tail has the property) L4
AN, AN+1, AN+25 - - -
M > 0, —M < | bounded sequence L4
a, <M
{an,} subsequence of {a,} (n1 < ny < ---); proper if n, # k for | L7
some k
1 tail of a subsequence L17
Yo, Yoo ay series; sum may also start at n =0 L10
Sp:=ay +---+a, | partial sum of a series L10
s=>."a, sum of a convergent series L10
>~ |an| convergent | absolute convergence L12
> a, conv. but | conditional convergence L12
> lay,| div.
f : N — N bijec- | rearrangement of a series, giving > b, L12

tion, by = ay,
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Sets of real numbers

Symbol Meaning Context / first
appears

Ve > 0 dz € A\ | ais a limit point (cluster / accumulation point) of A L13

{a} |z —a| <¢

A closure of A: AU {limit points of A} L14

A closure of the closure (equals A) L14

Ve > 03z € A |z — | e-Criterion for Closures: a € A L14

al <e

FCR letter reserved for a closed set (vs. A for a general set) L15

F closed F contains all its limit points; F C F L15

(sequentially) com- | every sequence in the set has a convergent subsequence with | L16

pact limit in the set

—K := {—a : a € | reflection of a set K L16

K}

K, 2 Ky;2--- 20 | nested sequence of nonempty closed and bounded sets (the | L17
slides write 2 () for “nonempty”)

C Exam & Admin Information

Midterm Test

Item Detalils

Coverage Lectures 1-17: the real numbers (Axiom of Completeness) — sequences
and series — sets of real numbers (limit points, closures, closed sets, com-
pact sets). Lectures 18-20 (function limits, continuity) are not examined.

Format 4 questions on 8 printed pages, answered in the boxes provided (use the
facing page for more space). On the sample paper each question carries 6
marks (total 24) and the time allowed is 60 minutes.

Materials Closed book; no help sheet. The sample paper allows calculators.

Citing results

“You may cite any results proved in the lectures and tutorials, unless you
are asked by the question to prove the result.” Questions often forbid a
named shortcut (e.g. “Do not use the e-Criterion for suprema and infima”).

Question styles

True/false statements (no justification required) and “write down the def-
inition of ..., and use the definition to show ...” proofs.

Weighting

Not stated in the materials available to QRS; check the official course
outline.

How Proofs Are Marked

The course states three writing expectations. They apply to every proof you hand in.

1. Complete sentences. Write “b is an upper bound for A if foralla € A, a <b.”, not “a € A, a < b.”

2. Logical connectives join related statements. Write “ja|] < b =

unconnected formulas.

3. Inference is signposted with “therefore”, “hence”, “thus”, “so” or ...

—-b<a<b”

—b < a < b7, not two

write “|a] < b. Therefore

In these notes, every Proof paragraph is written to this standard. The Idea paragraph that precedes
it is scratch work and would not be handed in.
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Resources

e Main reference: the MH3100 lecture slides (A/P Chua Chek Beng, AY2026/27), Lectures 1-17 for the
Midterm.

e Textbook: S. Abbott, Understanding Analysis (the slides follow its notation and theorem names).
e Tutorials 1-5 and their official hints; the sample midterm.
¢ QRS@NTU materials: enhanced tutorial solutions, the Midterm Memory Sheet, and practice papers

at qrsntu.org.

Revision Checklist Before the Midterm

State every definition in Lectures 1-17 from memory, with the quantifiers in the right order.

Prove s = sup A from the definition (upper bound + least), and again with the e-Criterion.

Write an e~N proof for a limit, including the Idea (find N) and the clean Proof.

Use the definition of a Cauchy sequence directly (no Cauchy Criterion, no Algebraic Limit Theorem).
Know one counterexample for each true/false trap in Tutorials 2-5.

Find limit points, isolated points and closures of standard sets; decide closedness and compactness.

O 0O 0o o o o o

Reread the three writing expectations above and check your proofs against them.
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