ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

NANYANG TECHNOLOGICAL UNIVERSITY
SEMESTER II EXAMINATION 2022-2023

MH3110 — Ordinary Differential Equations

MAY 2023 TIME ALLOWED: 2 HOURS

INSTRUCTIONS TO CANDIDATES

1. This examination paper contains FIVE (5) questions and comprises SIX (6)
printed pages including an appendix.

2. Answer ALL questions. The marks for each question are indicated at the
beginning of each question.

3. Answer each question beginning on a FRESH page of the answer book.

4. This IS NOT an OPEN BOOK exam.

5. Candidates may use calculators. However, they should write down systemati-
cally the steps in the workings.

6. A list of useful formulae is given in the Appendix on pages 5 to 6.



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

MH3110

QUESTION 1. (35 marks)

(a) Solve the initial value problem

dy 1+

=7 1) =1.
iy y(1)
(7 marks)
(b) Reduce the second-order differential equation
y/
y”—;+(y’)2=0, z >0,
to a first-order differential equation and find its general solution.
(8 marks)

(c) Show that using the substitution v = zy, we can convert the differential equa-
tion

x dy
into a separable equation. Find the general solution of

rdy 2 + x2y?
ydr 2 —z2y?

(10 marks)

(d) Use the variable substitution = = #* to solve the differential equation
'+ -1y +y =1, t>0.

(10 marks)



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

MH3110
QUESTION 2. (20 marks)
Find the general solution to the following nonhomogeneous differential equations

(a) y" —4y"+5y — 2y =sinz.

(10 marks)
1

b 1 — .

() y'+y EY I (0,7)
(10 marks)
QUESTION 3. (15 marks)

Consider the second-order linear equation

a(z)y” + b(z)y’ + c(z)y = 0, (1)

where a,b, c are continuous functions on some finite interval I containing 0, and
a(z) # 0 on I. Let y;, y2 be two solutions of (1), and let W(z) = Wy, ys](z) be
the Wronskian.

(a) Suppose that a(z) and b(z) in (1) are linearly dependent and W (0) = W'(0) =
1. Find the expression of W (z) using the Abel’s formula.
(7 marks)
(b) Let a(z) =z —1, b(z) = —z and ¢(z) = 1 in (1). Verify that y = z is a
solution and find its general solution.
(8 marks)
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QUESTION 4. (15 marks)
Use Laplace transform to solve the initial value problem
Y43y +2y=g(t) +6(t-2), y(0)=1y(0)=0,

where §(-) is the Dirac Delta function and

() = 1, 0<t<1,
W=V t>1

QUESTION 5. (15 marks)

Consider the linear system of first-order DEs in the matrix form
o' (t) = Ax(t), (2)
where x(t) = (z1(t), z2(t), z3(t))T, and
2 -5

A=|0 2
-1 4

= o O

Is the matrix A defective? Explain why. Find the general solution of (2) by using
the eigenvalue method.

End of Paper
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Appendix: List of Useful Formulae

Trigonometry and limit:

sin(z 4+ y) = sinz cosy + coszsiny
cos(z +y) = coszcosy —sinzsiny
tanz +tany

sin(z —y) = sinzcosy — cos zsiny
cos(z —y) = coszcosy + sinzsiny
tanz — tany

t =——T=J tan(z — ) = —— 9
an(z +y) 1 —tanztany an(z —y) 1+tanztany
1 1
coszcosy = 5 (cos(z +y) + cos(z — y)) sinzsiny = §(cos(m —y) —cos(z +y))
sin(z £ 7) = —sinz, cos(z 7)) = —cosz lim 2% =1
u—0 U
Differentiation:
P , E)’zu'v—uv’ Chain Rul du _du dy
(uv) = v'v+uv (v — (Chain Rule) — iz dy iz
1
(") = nz"? (e) =¢® (lnz) ==
z
(sinz) = cosx (cosz)' = —sinz (tanz)’ = sec’z
1 1
cot )’ = —cosecz arcsinz)’ = —— arccosz) = —————
(cot®) (resine) = =g (erecosa) =~ T
1 1
(arctanz) = T2 (arccotz) = e
Integration:
integration by parts wv' dr =uv — [ v'v dz; (sine integral smmdm S
& 2
(Laplace integrals) /°° CBYT dw=—e9% and / wsmwm = Loz
P & o w?4+a?  2a w2+a2 © =3¢

n+1
/w"dwzw +C

n+1

/tan:c dz = —In|cosz| + C,

1 1
/m dx = Earctan (z) +C

/ldaczlnla:H-C, /
x

/cotac dz =In|sinz|+ C

| =

1
e dr=—-e**+C
a

dz = arcsin (g) +C

2
/\/a2+m2dm=g a2+m2+%1n(m+ Va?+z?2)+C

. 1. .- n—1 .
/sm”z dz = —=sin"" 'zcosz+ —— [ sin" 2z dz
n n

1 _ i n—1 _
/cos”m dz = =cos" lzsinz + —— [ cos" %z dz
n n

. x n _
/m”smam dm:——cosaw-i——-/m" lcosaz dz
a a
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n z" : n n—1 _:
z" cosax dr = — sinax — — T sinaz dz
a a

ax

/e” sinbz dz = asinbx — bcosbz) + C

= (
a2+b2
axr

a? + b2

/e‘” cosbr dr = (acosbz + bsinbz) + C

Solution formulas for some ODEs:

d
e The general solution of % +p(z)y = q(z) is

y(z) = 1—(15{ / a(@)I(@)dz +C}, where I(z) = e/ P

d
e The general solution of the Bernoulli’s equation d—y +p(z)y = q(z)y™ withn #1is
z

Y= ﬁ{(l - 'n)/q(m)I(m)dw + C}, where I(z) = e(=m) [ pz)dz

o Consider the DE: P(z,y)dz + Q(z,y)dy = 0 with Py # Q.. An integrating factor (IF) is

I(z) = exp(/ %dm), if %Qx = a function of = only.

Similarly, an IF is

— Py—QI . Py“Qz_ .
I(y)—exp(—/Tdy), if —5 = a function of y only.

e Let y;,ys be two linearly independent solutions of the second-order linear equation:
v +p@)y +q(z)y = 0.
Then a particular solution of the nonhomogeneous equation
v+ @)y +a(z)y = f(=z)
is

_ Yo f y1f
yp(:c) - / W(yla yz) 9z + 12 / W(y1,v2) da-

Laplace transform:

n!

! 1
L[t"] = gl >0, L[e*]= Pt >a, L[cosbt] = , §>0,

_5

52 + b2
b /

‘C[Sinbt] = m, s> 0, ﬁ[t_l/zl = g, s> 0,

Le®f] = F(s — a), L[ua(t)f(t - a)] =e **F(s), where L[f(t)] = F(s),
L6t —to)] =e*, ¢, >0; L[61)]=1.
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Please read the following instructions carefully:

1. Please do not turn over the question paper
until you are told to do so. Disciplinary action
may be taken against you if you do so.

2. You are not allowed to leave the examination hall unless
accompanied by an invigilator. You may raise your hand if
you need to communicate with the invigilator.

3. Please write your Matriculation Number on the front of the
answer book.

4. Please indicate clearly in the answer book (at the
appropriate place) if you are continuing the answer to a
question elsewhere in the book.





