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QUESTION 1 (20 marks)
Consider a policy π and a bandit environment ν with a finite set A of actions. The regret
Rn is defined as

Rn(π) = nµ∗ − E
[ n∑

t=1

Xt

]
,

where µ∗ = maxa∈A µa and where Xt is the reward at round t.

(a) Show that Rn(π) ≥ 0 for all policies π.

(b) Show that, if Rn(π) = 0 for some policy π, then P(µAt = µ∗) = 1 for all t ∈
{1, . . . , n}.

(c) For any action a ∈ A, Let ∆a be the suboptimality gap and let Ta(t) be the number
of times action a was chosen after the end of round t. Prove the regret decomposition
lemma, that is, prove that

Rn(π) =
∑
a∈A

∆aE[Ta(n)].

2 See next page.
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QUESTION 2 (20 marks)
Consider the MDP M = (S,A, p, r), as characterised in Table 1, for which it holds that
rf > rw ≥ 0, that α, β ∈ [0, 1], and that γ ∈ (0, 1). This MDP corresponds to a recycling
robot, which can have high (h) or low (l) battery, which can either fetch (f) an item to
recycle, wait (w) or possibly charge (c).

s a s′ p(s′ | s, a) r(s, a, s′)
h f h α rf
l f l β rf
h f l p(l | h, f) rf
l f h p(h | l, f) −1
h w h 1 rw
l w l 1 rw
l c h 1 0

Table 1: Transitions and deterministic rewards in the MDP M .

(a) What are the probabilities p(l | h, f) and p(h | l, f)?
(b) Define the action sets A(h) and A(l) explicitly. Can we define an MDP M ′ =

(S,A′, p′, r′) with A′(h) = A′(l) such that M and M ′ have the same optimal state-
value function v∗? If yes, state sufficient conditions on A′, p′, and r′. If no, explain
why.

(c) Write the Bellman equation for the optimal state-value function v∗ for the MDP M
as a function of γ, α, β, rf , rw, and v∗ itself, simplifying as much as possible.

(d) Consider the case where rf = 1, rw = 0, and α = β = γ = 1/2. Apply one pass of
the value iteration algorithm starting at v0(h) = 8/5 and v0(l) = 4/5, then estimate
the policy based on the obtained state-value function. What can you say about this
policy?

3 See next page.
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QUESTION 3 (20 marks)
Consider the case where M episodes have been played with a policy πb and, for any
i ∈ {1, . . . ,M}, denote by Ti the terminal time of the i-th episode and Gi,t the return
at time t ∈ {0, . . . , Ti − 1} in the i-th episode. We want to evaluate a policy π that is
different from πb in general. Define ρi,t as the ratio

ρi,t =
π(ai,t | si,t)
πb(ai,t | si,t)

with (si,t, ai,t) the state-action pair at time t in the i-th episode. Finally, define ρi,t:Ti−1

as the product
∏Ti−1

t′=t ρi,t′ .

(a) For a given state s ∈ S, let T (s) be the set of pairs (i, t) such that the state at time
t in episode i is equal to s. Consider the following two estimators of the value vπ(s)

V1(s)
.
=

∑
(i,t)∈T (s) ρi,t:Ti−1Gi,t

|T (s)|
and V2(s)

.
=

∑
(i,t)∈T (s) ρi,t:Ti−1Gi,t∑

(i,t)∈T (s) ρi,t:Ti−1

.

Compare these two estimators in the simple case where T (s) contains a single element
equal to T1 − 1, i.e., T (s) = {(1, T1 − 1)} by

i) checking whether they are unbiased and,

ii) considering what happens when π and πb differ significantly.

(b) Let G1, G2, . . . , Gn be realisations of the return from the same state s ∈ S and define
an estimate of the value at s as

V̂n
.
=

1

Cn

n∑
k=1

WkGk,

for n ≥ 2, with Cn =
∑n

k=1 Wk.

i) Relate V̂n to either V1(s) or V2(s) and define n, Wk, and Gk based on T (s), ρi,t,
and Gi,t, with i ∈ {1, . . . , N} and t ∈ {0, . . . , Ti − 1}.

ii) A new realisation Gn+1 of the return at s is made available, together with the
corresponding weight Wn+1. Express V̂n+1 and Cn+1 as a function of V̂n, Cn,
Gn+1 and Wn+1.

(c) i) For this question, we consider a given episode i ∈ {1, . . . , N} and omit i from
the notations for the sake of simplicity. Prove that

Eπb
[ρt:T−1Rt+k | St = s] = Eπb

[ρt:t+k−1Rt+k | St = s].

4 See next page.
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ii) Propose an expression for V1(s) of the form

V1(s) =
1

|T (s)|
∑

(i,t)∈T (s)

G̃i,t,

by explicitly defining G̃i,t, simplifying as much as possible.

5 See next page.
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QUESTION 4 (20 marks)
We consider an episodic task in which the policy is parameterised via the exponential
soft-max distribution as

π(a | s, θ) ∝ exp(h(s, a, θ)),

for some parameter θ and some preference function h.

(a) Give and explain two of the advantages of this approach when compared to approx-
imating the action-value function directly?

(b) Given that the gradient of the objective function J(θ) can be expressed as

∇J(θ) =
∑
s

η(s)
∑
a

∇π(a | s, θ)qπ(s, a),

with η(s) the expected number of time steps spent in state s in a single episode,
prove that

∇J(θ) ∝ Eπ

[
Gt∇ log π(At | St, θ)

]
.

(c) Let f(x) = 1/(1+ e−x) be the logistic function and consider the case where only two
actions {1, 2} are available in all states, with h(s, 1, θ)− h(s, 2, θ) = θ⊺x(s) for some
feature vector x(s). Express the policy π(· | s, θ) via the logistic function.

(d) Now consider the case where the action space is A(s) = R for all s ∈ S, with

π(a | s, θ) ∝ 1

σ(s, θ)
exp

(
− 1

2σ(s, θ)2
(a− µ(s, θ))2

)
.

i) Is this policy part of the family of policies parameterised via the exponential
soft-max distribution? If yes, define the function h corresponding to it. If no,
explain what additional assumptions need to be made for it to be the case.

ii) Consider the case where σ(s, θ) does not actually depend on θ and is written
as σ(s). Let µ(s, θ) = θ⊺x(s) with x(s) some given feature vector. How would
the vector θt in the t-th iteration of the REINFORCE algorithm be updated?
Write the recursion explicitly as a function of x, σ, µ, a learning rate α, and the
current state-action pair (St, At).

6 See next page.
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QUESTION 5 (20 marks)
Proximal Policy Optimisation (PPO) is an algorithm that updates the parameters of the
policy network πθ via

θk+1 = argmax
θ

Jθk(θ)

where the objective function is Jθk(θ) = Eπθk

[
L(S,A, θk, θ)

]
and where

L(s, a, θk, θ) = min

{
πθ(a | s)
πθk(a | s)

Cθk(s, a), g(ϵ, Cθk(s, a))

}
,

with Cθk(s, a) the advantage function and with

g(ϵ, x) =

{
(1 + ϵ)x if x ≥ 0

(1− ϵ)x if x < 0,

for any x ∈ R and for some given ϵ ∈ (0, 1).

(a) Study the behaviour of L(s, a, θk, θ), i.e., when and how much it increases or de-
creases, considering separately the cases where the advantage function is non-negative
and when it is negative.

(b) What are the benefits when using the objective function Jθk(θ) in general, as well
as compared to TRPO?

(c) A parameterised value function Vϕ is required to define the advantage function. If

{τi}Ni=1 is a collection of trajectories, with trajectory τi having return Ĝi,t at time
t ∈ {0, . . . , Ti − 1}, for any i ∈ {1, . . . , N}, then how can the value function Vϕ be
trained?

END OF PAPER
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