NANYANG TECHNOLOGICAL UNIVERSITY
SPMS/DIVISION OF MATHEMATICAL SCIENCES

2022/23 Sem 1 MH5100 Advanced Investigations into Calculus I Week 4

Problem 1. Find all values of a such that f is continous on R

f(a:):{x;—l ifr<a

x ife>a

Solution 1. Dy = R. For a function to be continous, the following is true in it’s domain.
Case 1: x > a: This is clearly continous as x° is a polynomial.

Case 2: © < a : This is clearly continous as x + 1 is also a polynomial.

Case 3: x = a: We want to check that at x = a, il_rgf (x) exists and is equal to f (a)

lim f(z)= limzx+1=a+1
Tr—a~ r—a—

li = lim a?
At ()= e

We have the restriction that a> = a +1 = a = LQ‘/g = limf (z) = f(a) = f continous.

r—a
Thus, a = 112\/5'

Problem 2. If

=2
z=0sin?x
find the following limits
: . f(z) . f(@) _f(=@)
@ i omlR omf D

Solution 2. The trick here is to arrange the expressions f(x), f(z)/z, f(x)/sinz, and
f(x)/x? so that we can use the information we have, which is that the limit lin(lj[f(:c)/sin2 x]
T—

exists and equals 2.

(a)

lim f(z) = lim f(f) -sin?z = lim f(;ﬁ) limsin®z =2-0=0.
z—0 z—08S1n“ x z—0sin“x z=—0
(b)
. 2 .
1im—f($) = 1im7“‘f(x) T i f(l‘) Y ing
z—0 X x—0 sln2 x i x—0 sln2 €T X
= lim f(;v) - lim S lim sin x
z—0sin“x =z—0 x z—0
=2-1-0=0.
(c)
limM = liij) -sinx = lim f(f) -limsine =2-0=0.

z—0sinz  z—0sin“x z—0sin“x z—0
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(d)

. . 2
lim £ @) _ oy S@) sin’w L f@) (SM> —2.1=2

z—0 22 a:—)Osin2:L' x2 z—>Osin2 xr x—0 x

Problem 3. Prove Bernoullis inequality (142)" > 1+nx forn=2,3,... ifx > —1,2 #0

Solution 3. We prove it by mathematical induction.

The statement is true for n = 2 since (1 +x)? =1+ 2z + 2% > 1 + 2z.
Assume that the statement is true for n =k, i.e., (1 +2)F > 1+ ka.
Multiply both side by (1 + x) (which is positive since x > —1). Then we have

A+ > Q4+2)Q4+kr) =14+ (+1D22>1+(k+ 1z

Thus the statement is true for n = k + 1 if it is true for n = k.

But since the statement is true for n = 2, it must be true form =2+ 1=3,... and thus
it 1s true for all integers greater than or equal to 2.

Note that the result is not true for n = 1. Howewver, the modified result (1 + x)" > 1+ nx

s true formn=1,2,3,...
1
limz {J ,
z—0 T

where |x| is the floor function. |x| is the greatest integer that is less than or equal to x.

Problem 4. Determine the limit

Solution 4. When = > 0, one can prove that
1
l—z<z|—| <1
HE
Using the squeeze theorem for one-sided limit, we have

1
lim z|—] = lim (1-2)= lim 1=1.

z—0t "X z—0t z—07F
Similarly, when x < 0,
1
1<z|—]<1l—u.
x
Therefore,
1
lim z|—| = lim 1= lim (1—-2)=1.
z—0—- T z—0~ z—07t
The two one-sided limits exist and equal. Thus,

1
li -] =1
el
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Problem 5. The figure shows a fized circle Cy with equation (z — 1)2—f—y2 =1 and a shrinking
circle Cy with radius v and center the origin. P is the point (0,7),Q is the upper point of
intersection of the two circles, and R is the point of intersection of the line PQ and the
x-awis. What happens to R as Co shrinks, that is, as r — 0" %

A J
>

Solution 5. First, we find the coordinates of P and @ as functions of r. Then we can find
the equation of the line determined by these two points, and thus find the x-intercept (the
point R), and take the limit as r — 0. The coordinates of P are (0,7). The point @ is the
point of intersection of the two circles x> + y?> = r? and (x — 1)2 + y? = 1. Eliminating y
from these equations, we get

1
r2—:1:2:1—(x—1)2<:>r2:1—|—2ﬂ$—1<:>x:§r2.

Substituting back into the equation of the shrinking circle to find the y-coordinate, we get

1, 2 2 2 2 2 L, 1
(27") +y =r sy =r <1—4r><:>y—:tr 1—17“2.

Since Q is the upper point of intersection of the two circles, we need to take the positive

y-value. So the coordinate of Q are (%T2, ry/1— irz). The equation of the line joining P and

Q is thus

xr=—-—Tr =

) )
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Rationalizing the denominator gives that

Now we take the limit as r — 0T
1
lim z = lim 2 <1+ 1——r2> =4.
r—0+ r—0+ 4
So the limiting position of R is the point (4,0).
Problem 6. Use a graph to estimate the equations of all the vertical asymptotes of the curve

y = tan (2sinx)

Then find the exact equations of the vertical asymptotes of y = tan (2sinx) on the whole real
azis.

Solution 6. For the function y = tanw, its vertical asymptopes are at w = 2sinx = nw +
5,0 € Z. Given that —2 < 2sinz < 2, n = —1,0. Thus, vertical asymptotes are at
T = arcsin (%) +nmw,n €Z
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