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Problem 1. Explain why if some function f(x) is continuous on some interval, then so is
the function |f(x)|. If |f | is continuous, does it follow that f(x) is continuous?

Problem 2. Prove that for any pair a, b ∈ R of positive numbers, the following equation has
at least one solution in the interval (−1, 1):

a

x3 + 2x2 − 1
+

b

x3 + x− 2
= 0.

Problem 3. f(x) is continuous on [a, b]. f(a) < a and f(b) > b. Show that there exists a
number ξ ∈ (a, b) such that f(ξ) = ξ.
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Problem 4. The derivative function f ′(x) of a differentiable function f(x) is not
necessary to be continuous.

Consider the function

f(x) =

{
x2 sin

(
1
x

)
, if x 6= 0

0, if x = 0

(a) Show that f(x) is continuous in its domain.
(b) Show that f(x) is differentiable everywhere.
(c) Show that f ′(x) is not a continuous function.

Problem 5. Recall that every rational x can be written in the from x = m/n, where n > 0
and m and n are integers without any common divisors. When x = 0, we take n = 1.
Consider the function f defined on R by

f(x) =

{
0, if x is irrational
1
n , if x = m

n

Prove that lim
t→x

f(t) = 0 for every x ∈ R.

Problem 6. A real-valued function f defined in (a, b) is said to be convex if

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)
whenever a < x < b, a < y < b, 0 < λ < 1. Prove that every convex function is continuous.


