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Overview of This Problem Sheet

Where pedagogically helpful, we:

e cxpand arguments into explicit step-by-step derivations;

e add proof-structure hints (e.g. “consider the contrapositive”, “reduce to eigenbasis”, “ap-
ply spectral theorem”, “use Schur complement”);

e highlight advanced techniques frequently used in MH5200 (block matrix methods, in-
variant subspaces, polynomial functional calculus, spectral decompositions, singular value
arguments, etc.).

Structure of the sheet.

e Problem 1: Magic squares; parametrisation of 3 x 3 magic matrices; all-ones vector as
eigenvector with magic sum eigenvalue.

e Problem 2: Linear dependence of tridiagonal Toeplitz-type row vectors; determinant and
spectrum of pl plus adjacency matrix.

e Problem 3: Norms in orthonormal coordinates; expressing ||z|| via the coefficient vector

B.

e Problem 4: Structure of skew-symmetric matrices; orthogonality Ax L z; characterisa-
tion via vanishing quadratic form.

e Problem 5: Matrix representation of the differentiation operator in the monomial basis;
nilpotent upper-shift structure.

e Problem 6: Vandermonde matrices as evaluation operators; column independence via
polynomial root bounds and Vandermonde determinant.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Problem 1

Problem

An n x n magic matrix is a matrix M, with positive integer entries from 1 to n? whose rows,
columns, and diagonal sum to the same number.

(a) Invent a 3 x 3 magic matrix whose first row is 8, 3, 4. Can you write down a general
expression for a 3 X 3 magic matrix Mz? What is M3 times (1,1,1)7?

(b) What is M, times (1,1,1,1)7? How about M, times (1,...,1)T € R*?

Solution
Method 1: Direct Magic Sum Computation
(a) A standard 3 x 3 magic matrix with first row (8,3,4) is

8 3 4
M;= |1 5 9
6 7 2

Each row, column, and main diagonal sums to
8+3+4=1+54+9=6+7+2=15.
A general expression for a 3 X 3 magic matrix with centre entry 5 can be written as

5+a b—a+b 5-0b
Ms=|5—a—b ) S5+a+b]|,
5+b SH54+a—-b 5SH—-a
for admissible integers a, b which ensure the entries are a permutation of {1,...,9}.

Multiplying by the all-ones vector,

1 row; sum 15
M; [1| = |rowy sum| = |15
1 rows sum 15

(b) For any n X n magic matrix M,, every row has the same sum S, called the magic
constant. The total sum of all entries is

1+2+...+n2:M
5 )
Since there are n rows,
nS:n2(n2+1) N S_n(n2+1)
n 2 n - 2 M
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Thus

In particular, for n = 4,

SO

Method 2: Eigenvector Viewpoint

Let 1, = (1,...,1)T € R™. For a magic matrix M, each row sums to S,, so

n

(My1,); =Y (M,)ij = S, for all i.

j=1

Hence
Mn]-n = Snlnu

so 1, is an eigenvector with eigenvalue S,. The trace of M, is the sum of the diagonal

entries, which is exactly S, (the diagonal also sums to the magic constant), but we can also
read off S,, as

1 1
S, = —1'M,1, = — - (sum of all entries).
n n

Using the total sum w

again yields

g _ 1 n?(n*+1)  n(n®+1)

n 2 -2
and hence the same formula )
M,1, = §n(n2 +1)1,.


https://qrsntu.org

MH5200 Advanced Investigations in Linear Algebra I- Problem Sheet 2 QRSQNTU

Problem 2

Problem

Find the values of the scalar p for which the row vectors (u,1,0), (1,u,1), and (0,1, u)
are linearly dependent. For what values of u are they linearly independent? Explain your
reasoning.

Solution
Method 1: Determinant of the Row Matrix

Place the three row vectors into a 3 x 3 matrix:
w10

Ap)= |1 p 1

0 1 u

The rows are linearly dependent if and only if det A(u) = 0.
Compute the determinant, for instance by expanding along the first row:

11

detA(,u):,u‘u 1‘—1‘0 u‘—FO-(...)

L

Thus
det A() =0 <= pu(p? —2)=0 <= pe{0,v2,—V2}.

Therefore the row vectors are linearly dependent if ;1 = 0 or u = ++v/2, and linearly inde-
pendent for all other values of .

Method 2: Spectral Interpretation
Write

A(p) = pul + B, B =

o = O

1
0
1

O = O

The matrix B is symmetric and represents a path graph on three nodes. Its eigenvalues are
well-known (or can be computed directly) to be

)\1 — \/5, /\2 - 0, )\3 - —\/5

Thus the eigenvalues of A(u) = pul + B are

BN, A b A =+ V2o - V2

4
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The matrix A(u) is singular exactly when one of these eigenvalues is zero, i.e.
p+V2=0 or pu=0 or pu—+v2=0

which again gives pu € {0, +v/2}.
For all other u, A(u) is invertible, so its rows are linearly independent.
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Problem 3

Problem

Suppose aq, ..., a are orthonormal vectors in R" and x = $1a1 + . . . 4+ Sra, where 51, ..., O
are scalars. Express ||z|| in terms of 5= (54, ..., Bk)-

Solution

Method 1: Direct Expansion Using Orthonormality

Compute the squared norm:

|2|* = 2"z
= (6ia1 + ...+ Bkak)T(ﬁlfh + ...+ Brax)
k k
= Z Z Blﬁj CL,LTCLJ'.
i=1 j=1

Since the vectors are orthonormal,

| i
aiTaj:{’ Z ‘].’
0, ©1#7,

so all cross terms vanish and we obtain

lel? = 82+ + 6.

lzll =181l = /87 + - + B¢

Method 2: Matrix Formulation

Thus

Form the n X k matrix
A: [a/l .. ak]’

whose columns are orthonormal. Then ATA = I,. Writing 8 = (84, ..., 8)T, we can express

k
r=Y _ Bia;=AB.
i=1

Therefore
z]]> = |AB|I> = (AB)"(AB) = BTATAB = 8" 1.3 = 5753,

so again |[z]| = [|5]l2.
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Problem 4

Problem

An n x n matrix A is said to be skew-symmetric if AT = —A.

(a) Find all 2 x 2 skew-symmetric matrices.
(b) Explain why the diagonal entries of a skew-symmetric matrix must be zero.

(c¢) Show that for a skew-symmetric matrix A, and any vector z € R™, Az is orthogonal
to x: (Az) L x.

(d) Now suppose that A is any matrix for which (Az) L = for any x € R™. Show that A
must be skew-symmetric.

Solution

Method 1: Coordinate Computations

(a) Let
a b
Ay
The condition AT = —A gives
a c|_ |a bl _|-a —=b
b d|  |c d|  |—-c —d|’

a=—a, d=-—d, c=-b b= —c.

Equating entries,

Thus a =d =0 and ¢ = —b. Let w = ¢; then b = —w, and

0 —1
A=w [1 0 } , w e R.
(b) For a general n x n skew-symmetric matrix A, we have A;; = (A?); = —A;;. Hence

2A; =0, s0 A; =0 for all 1.
(c) For skew-symmetric A, consider the scalar
7 (Ar) = (Az) - 2.

We have

2T Az = (2T Ax)" = 2T ATx = 27 (- A)z = —27 A

Thus 27 Ar = —27 Az, so 227 Az = 0 and 27 Az = 0 for all 2. Therefore (Az) -z =0,
which means Ax 1 z.
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Equivalently, working in indices,

.TTAQZ' = Z Aij.ZCil’j = Z Aijilfil'j -+ Z Aij:ci:cj = Z Aija;ixj + Z Ajixjxi

i\ i<j i>j i<j i<j
and since Aj; = —A;;, each pair of terms cancels, giving zero.
(d) Assume now that A is an arbitrary matrix satisfying (Ax) L x for all x € R™. Then
27 (Az) =0 for all x.
In particular, take x = ¢; (the i-th standard basis vector). Then
0= eiTAei = A;

for all 7, so the diagonal entries are zero.

Next, take x = e; 4+ e; with ¢ # j. Then

0= (ei =+ ej)TA(ei + Bj)
=e] Ae; + ¢ Aej + efAei + e?Aej
:0+Az‘j+Aﬁ+O,

since e Ae; = A;; and we already know A;; = A;; = 0. Thus
Aij + Aji =0 = Aji = _Aij

for all 4 # j. Together with A; = 0, this is exactly the condition AT = —A. Hence A
must be skew-symmetric.

Method 2: Bilinear Form and Polarisation

Define the bilinear form B(z,y) = 27 Ay. Then
v Ax = B(x, z).
If A is skew-symmetric, then
B(z,y) =a"Ay =y" A" = —y" Az = —B(y, z),

so B(z,x) = —B(z, z), which forces B(x,z) = 0 and hence 7 Az =0, i.e. Az | z.
Conversely, suppose 27 Az = 0 for all 2. Using the polarisation identity for bilinear forms,

Blx,y) + Bly,2) = 5 (Bl +y,2+y) — Bx,) ~ B(y,v)).

and substituting B(z,2) = 27 Az = 0 for all z gives
B(z,y) + B(y,z) = 0.

Thus 2T Ay = —yT Az = —aT ATy for all ,y, so A= —AT ie. A is skew-symmetric.
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Problem 5

Problem

Let p be a polynomial of degree n — 1 or less, given by p(t) = ¢; + ot + ... + ¢, t" L
Its derivative with respect to ¢ is a polynomial of degree n — 2 or less, given by p/(t) =
dy + dot + ...+ d,_1t" 2. Find a matrix D for which d = Dec.

Solution

Method 1: Matching Coefficients

We have X 1
p(t) = ch‘-i-ltk; = p/(t) - Z ka+ltk_1
k=0 k=1
Thus
dlz]_'CQ, d2:2'03, ceey dn_lz(n—l)-cn.
In vector form,
4 (01 00 0 | .
dl 0020 0 Cl
d=1| 2 |=[000 3. 0 2| _. De
(s 0000 - (n-1f L™

Equivalently,
D = [0p-1)x1 diag(1,2,...,n—1)].
Method 2: Operator View via Basis Transformation

Let {1,¢,...,t""'} be the standard basis of the space of polynomials of degree at most n— 1.
The derivative operator % acts on this basis by

d d
— () =k"1 k=1,...,n—1 —(1) =0.
dt ( ) Y Y Y n ) dt ( )
Therefore, relative to the ordered basis (1,¢,...,t" 1), the matrix of the derivative operator
has entries
—1, i=j—1, j>2
py =l b =it Lz
0, otherwise,
which gives exactly the same upper-shift diagonal matrix as above:
o010 0 --- 0
002 0 -- 0
D= o :
000 - 0 n—1


https://qrsntu.org

MH5200 Advanced Investigations in Linear Algebra I- Problem Sheet 2 QRSQNTU

Thus d = Dc represents p’ = %p in coefficient form.

10
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Problem 6

Problem

A Vandermonde matrix is an m x n matrix of the form

1t 2 - !
v 1ty t2 ... !
1ty t3 - !
where tq,...,t,, are real numbers.
(a) Provide an interpretation of the result of multiplying a vector ¢ = (cy,...,c,)T € R"

by the Vandermonde matrix V.

(b) Assume that m > n. Show that the columns of a Vandermonde matrix are linearly
independent if the numbers ¢4, ...,t,, are distinct.

Solution
Method 1: Polynomial Evaluation Argument
(a) Let
C1
c=|: and p(t) =i+ egt+ -+ t" L
Cn

Then the ¢-th entry of Ve is
(VC)Z =C1 + CQtz‘ —f- s + Cnt?_l = p(tz)

Thus Ve is the vector of polynomial evaluations

(b) Suppose Ve = 0. Then
p(t;) =0 fori=1,...,m.

If the t; are distinct, this says that the polynomial p of degree at most n — 1 has at
least m distinct roots. Since m > n, we have at least n distinct roots. A non-zero
polynomial of degree at most n — 1 can have at most n — 1 distinct roots, so the only
possibility is that p = 0, i.e. all coefficients ¢y, ..., ¢, vanish. Hence V¢ = 0 implies
¢ = 0, so the columns of V' are linearly independent.

11
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Method 2: Vandermonde Determinant (Square Case) and Reduction

Assume first m = n, so V' is a square n xn Vandermonde matrix. Its determinant is explicitly

detV =[] t—t)

1<i<j<n

If the t; are distinct, each factor t; —t; # 0, so det V' # 0, and hence V' is invertible. Therefore
its columns are linearly independent.

Now if m > n, consider the n xn submatrix V' formed by any n distinct rows, correspond-
ing to n distinct points among {t1, ..., ¢, }. By the same determinant formula, det V' # 0, so
V' has linearly independent columns. If the original columns of V' were linearly dependent,
then restricting to these n rows would also give a linear dependence among the columns
of V', contradicting invertibility. Hence the columns of V' are linearly independent for all
m > n when the t; are distinct.

12
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