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Overview of This Problem Sheet

Where pedagogically helpful, we:
e cxpand arguments into explicit step-by-step derivations;
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e add proof-structure hints (e.g. “consider the contrapositive”, “reduce to eigenbasis”, “ap-
ply spectral theorem”, “use Schur complement”);

e highlight advanced techniques frequently used in MH5200 (block matrix methods, in-
variant subspaces, polynomial functional calculus, spectral decompositions, singular value
arguments, etc.).

Structure of the sheet.

e Problem 1: Quartic polynomial interpolation as a linear system; rank and under-determined
family of solutions.

e Problem 2: Trace as Frobenius inner product; symmetry, positivity, and cyclicity of
trace.

e Problem 3: Magic matrix conditions in matrix form; row/column sums and diagonal
sums via eigenvalue and trace constraints.

e Problem 4: Symptom incidence matrix; interpretations of products as counts and co-
occurrence Gram matrices.

e Problem 5: Circular shift permutation matrix; action on vectors and finite-order property
o =1

e Problem 6: Linear operators on a 3 X 3 image; permutation and averaging matrices for
basic geometric transforms.

For academic reference only. This document is provided for educational purposes and does not constitute an official question
paper, answer key, or any formally authorised academic material. Its content is not guaranteed to be complete or accurate.
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Problem 1

Problem
Let ¢ = (c1, ¢, ¢3,¢4,¢5)T represent the coefficients of the quartic polynomial
p(z) = ¢ + cor + c32® + cgr® + csa?
Express the conditions
p(0) =0, p(0)=0, p(1)=1, p(1)=0,

as a set of linear equations Ac = b. Is the system under-determined, over-determined, or
uniquely determined?

Solution
Method 1: Direct Evaluation and Derivatives

We compute
p(0) = ci, P (r) = o + 2c37 + 3ear? + desad, p'(0) = cy.

At x =1,
p(l) =]+ C2+ 3+ ¢y + G5, p/(l) :CQ+203+3C4+4C5.

The four conditions become the linear equations

p(0) =0 <= ¢; =0,

P(0)=0 < =0,

p(l)=1 < c1+ca+cg+es+o5=1,
p'(l):() < CQ+203+3C4+4C5:0.

In matrix form,
10000 ? 0
01000 2 0
A=10010 110 = s b=
0123 4 “ 0
Cs

so that Ac = b encodes all four conditions.

To determine whether the system is under-/over-/uniquely determined, we examine
rank(A). The first two rows fix ¢; and ¢y and are clearly independent. Restricting to
the last three columns (for ¢, ¢4, ¢5), we have the 2 x 3 submatrix

1 11
2 3 4|
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which has rank 2 (its two rows are not multiples of each other). Thus
rank(A) =242 =4.

There are 5 unknowns and 4 independent equations, so the solution space has dimension
5 —4 = 1: there is a one-parameter family of solutions. The system is therefore under-
determined.

Method 2: Factorisation as an Interpolation Problem
The conditions at x = 0,

p(0) =0, p'(0)=0,
imply that £ = 0 is a root of multiplicity at least 2. Hence we can factor

pla) = 2°q(x),

where ¢ is a polynomial of degree at most 2:

q(r) = a + bz + ca®.
The remaining conditions at x = 1 become

p)=q(1)=1,  p(1)=0

Now

ql)=a+b+c=1,
and

P(x) = 2xq(x) +2°(z) = p'(1)=2¢(1) +¢(1) =0.
Since ¢(1) = 1, we get
2-1+4¢(1)=0 = 4(1)=-2

But ¢'(x) = b+ 2cx, so
qd(1)=b+2c=-2.

We have two linear equations for three unknowns a, b, c:

a+b+c=1,
b+ 2c = —2.

Solving in terms of the free parameter c:
b=—-2-—2c, a=1-b—c=1-(-2-2¢)—c=3+c.
Thus
q(z) = (3+¢) + (=2 — 2¢)z + ca?,
and
p(z) = 2%q(x) = 2* [(3 +e)+ (—2—20)z+ cxﬂ,

which is a one-parameter family of quartics satisfying the four conditions. This again shows
that the system is under-determined with one degree of freedom.
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Problem 2

Problem

Let tr(A) denote the trace of a square matrix A. For real m x n matrices A = (a;;) and
B = (b;;), prove:

(a) tr(ATB) = >0, D70 aijbij.

(b) tr(ATB) = tr(BT A).
) tr(ATA) > 0, with equality iff A = 0.
) tr(A7B)

= tr(BAT), even if dimensions differ.

Solution
Method 1: Entrywise Computations

(a) The matrix AT B is n x n with entries

(A"B)jy = > (A");iBiyr =Y aibij.
i=1 i=1
The trace is the sum of diagonal entries:

tr(ATB) = Zn: ATB zn: in: CLZ]bZ] in: zn: CLZ]bZ]
j=1 j=1 i=1 i=1 j=1

(b) From (a), we have

BTA Z Z bl]aw Z i CLZ]bZ] = tr(ATB)

i=1 j=1 i=1 j=1

(c) Applying (a) with B = A,
T 2
r(ATA) =) "> a} > 0.
=1 j=1
Equality holds if and only if every term afj

tr(ATA) =0 iff A=0.

= 0, i.e. all entries a;; = 0. Hence

(d) The product BAT is an m x m matrix with entries

(BAT)iw =Y " Bij(A")jo =Y byjau;.
j=1 j=1

Its trace is

3

m

tI'(BAT) = i BAT ; i bz-jaij = Z zn:aijbij = tl"(ATB),
i=1

i=1 j=1 i=1 j=1

again coinciding with the expression in (a).

4
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Method 2: Frobenius Inner Product and Cyclicity
Define the Frobenius inner product on m x n matrices by
(A, B)p = tr(A"B).
Then by definition,
(A,B)r = Z ijbij,
i,J
which proves (a).
Properties of the inner product immediately give:
e Symmetry: (A, B)p = (B, A)p gives (b): tr(ATB) = tr(BT A).
e Positive-definiteness: (A, A)r = tr(ATA) > 0 with equality only when A = 0, giving (c).
For (d), note that for conformable matrices,
tr(XY) = tr(YX),

whenever both products are square. Here AT B is n x n and BAT is m x m, so both traces
are defined, and

tr(ATB) = tr(BAT).
This is just the cyclic property of trace applied to the pair A” and B.
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Problem 3

Problem

Let 1, = (1,...,1)T € R" and M,, be an n x n magic matrix whose rows, columns, and
diagonals all sum to the same constant. Using only matrix operations on M,,, express all of
its defining conditions without referencing individual entries.

Solution
Method 1: Row/Column/Diagonal Conditions in Matrix Form
Let the common sum be s € R. The defining conditions can be expressed as:

e Row sums equal s:

M,1, =s1,.
e Column sums equal s:
MI1, =s1,.
e Main diagonal sums to s:
tr(M,) = s.

e Other diagonal sums to s: Let J be the n x n permutation matrix with ones on the
anti-diagonal and zeros elsewhere: (J);,+1—; = 1. Then

tr(JM,) =s
encodes that the anti-diagonal entries of M,, sum to s.

Together, these matrix equalities express all four magic conditions (rows, columns, both
diagonals) purely in terms of M,, and fixed matrices/vectors.

If in addition M, is a normal magic matrix with entries 1,2, ...,n% then the total sum

2(n2+1)

of entries is =%, and since each of the n rows sums to s, we must have

2(,2 1 1
nSZ% = 5:§n(n2+1).

In that case the conditions can be written explicitly as

M,1, = in(n®+1)1,, M1, =1in(n*+1)1,, tr(M,)=1in(n’+1), tr(JM,)= in(n*+1).

Method 2: Eigenvalue and Trace Interpretation
The vector 1,, is the (right) eigenvector of M,, associated with the eigenvalue s:
M1, = sl,,
and also a (left) eigenvector, since
1M, = (M]1,)" = (s1,)" = s1].

Thus the magic property can be rephrased as:
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e 1, lies in both the right and left eigenspaces corresponding to eigenvalue s.
e The main diagonal sum equals the same eigenvalue: tr(M,) = s.
e The anti-diagonal sum is also s, captured by tr(JM,) = s.

All these statements use only matrix operations (multiplication, transpose, trace) and fixed
vectors/matrices.
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Problem 4

Problem

Given an N x n matrix S = (s;;) where

Sz'j =

1 if patient ¢ exhibits symptom 7,
0 otherwise,

interpret in words, giving dimensions and entry descriptions:
(a) S1n,
(b) ST 1y,
(c) ST,
(d) SST.

Solution
Method 1: Entrywise Counting Interpretation
(a) S1, is an N-dimensional column vector:
S1, € RY.

Its i-th entry is
1,); = Z Sijs
j=1

the number of symptoms exhibited by patient i.
(b) ST1y is an n-dimensional column vector:
ST1y e R™

Its j-th entry is

STlN ZSU’

the number of patients who exhibit symptom j.

(c) STS is an n x n matrix. Its (4, j)-th entry is

N
STS Z Skj = Z SkiSkj-
k=1

QRS@QNTU

Since sy;sk; = 1 exactly when patient k& has both symptoms 7 and j, this counts the
number of patients who simultaneously exhibit symptoms ¢ and j. The diagonal entries

(STS);; are simply the counts of patients having symptom 4.

8
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(d) SST is an N x N matrix. Its (4, k)-th entry is

n

(SST), = Z 5ijSkj

j=1
the number of symptoms shared by patient ¢ and patient k. The diagonal entries
(SST)ii = >, sij give the number of symptoms of patient i.
Method 2: Gram Matrix Viewpoint

View each row of S as a vector r; € {0,1}" encoding the symptom profile of patient i, and
each column as a vector ¢; € {0,1}" encoding which patients have symptom j.
Then:

S1,, collects ||r;||1 (the number of ones in each row), i.e. symptom counts per patient.

ST1y collects ||¢ |1 (the number of ones in each column), i.e. patient counts per symptom.

STS is the Gram matrix of the column vectors ¢; under the standard inner product:
(5T8)i; = ci cj,
the number of patients sharing symptoms ¢ and j.

SST is the Gram matrix of the row vectors 7;:

(SST)lk = T;TF’I“]C,
the number of symptoms shared by patients ¢ and k.

Thus ST captures symptom co-occurrence, while SS” captures similarity between patients.
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Problem 5

Problem

Let
00 0 01
1 0 0 00

C=101000

00100
00 010

(a) Describe how Cz acts on any z € R5.

(b) Compute C°.

Solution
Method 1: Action on Coordinates and Powers

Let = (21,...,25)T. Then

0000 1| |ag Ts
1 00 00 ) T
Cxr=101 0 0 O 3| = T2
0 01 0 0] [z T3
00 0 1 0f |z5 Ta

(a) Thus C performs a circular shift of the entries of & down by one position with wrap-
around: the last component x5 moves to the top, and each other component moves
down one slot.

(b) Applying C repeatedly:
CQx = C<C$) = C(.Tg,, X1,T2,T3, x4)T = (.1'4, T5,T1,T2, x3)T7

and in general each application shifts by one more position. After 5 applications, each
entry has been shifted through all positions and returns to its original spot:

C°x =z forall z € R®.

Therefore
05 = -[57

the 5 x 5 identity matrix.
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Method 2: Permutation Matrix and Cycle Structure

The matrix C' is a permutation matrix corresponding to the cycle
(12345)7'=(15432),
depending on the chosen convention. Its action on the standard basis vectors e; is
Cei =ey, Cey=ce3, C(Cez=eq, Cey=e5 C(Ce;=ce,

or equivalently C' represents a 5-cycle. A permutation matrix has order equal to the least
common multiple of the lengths of its cycles; here the single cycle has length 5, so C® = I
and no smaller positive power equals the identity. This again implies that C°x = x for all x.

11
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Problem 6

Problem

Represent a monochrome 3 x 3 image as a vector z € RY via row-major ordering. For each
transformation y = f(z) below, find the 9 x 9 matrix A such that y = Az:

(i) Flip the image upside down.

(ii) Rotate the image clockwise by 90°.

(iii) Translate up by 1 pixel and right by 1 pixel, filling new pixels with 0.

(iv) Set each pixel y; to the average of its neighbors in row and column directions of the
original.

Solution
Preliminaries: Indexing Convention

With row-major ordering, we identify

T
T2
T3
Ty 1 T X3
T = |T5 e Ty Ty Tg
Te T7 Tg X9
Z7
Ty
Ty

All formulas below use this convention.

Method 1: Constructing A via Coordinate Mapping
(i) Flip upside down.

Flipping vertically swaps the first and third rows of the image. Thus the output pixels
y; satisfy

Y1 =27, Y2 =1Tg, Y3 = Ty,

Y4 = Ty, Ys = T5, Y6 = Ts,

Y7 = T1, Yg = T2, Yg = T3.

12
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(i)

(iii)

The corresponding matrix Ag, has one 1 in each row and column (a permutation

matrix):

o
=H
T
|
cCor o000 Oo OO

Rotate clockwise by 90°.

T
Writing the original as | x4
L7
SO
Thus -~
0
0
1
0
Aot = |0
0
0
0
10

O R OO O oo oo

X2
X5
xs

_ o OO OO oo oo

€3
Te
Ty

DO DD OO R OO o

Yy = 7,
Yg = Ty,

Yr = Xy,

O OO R OO o oo

—_ O O OO oo oo

(ol el el ool olNell )

y = Apip.

OO OO+ OO OO
SO O OO oo o
SO DO OO o OO
(>l NololoNeoll ™)
S OO OO o+~ O 0o

, @ 90° clockwise rotation yields

X7 Tg4 I1
xrg Ts T2f ,
Tg Tg I3

Yo = Ty, Y3 = T1,

Ys = T5, Yo = T2,

Ys = Tg, Y9 = T3.

Yy = Arotl"

DO OO OO OO
O R OO oo o oo
S OO oo oo oo
[l e eNoNolY =l elo)
SO OO O o oo

Translate up by 1 pixel and right by 1 pixel, filling new pixels with 0.

The transformation sends a pixel from position (r,¢) (row, column) to position (r —
1,¢+ 1) when this lies inside the 3 x 3 grid; otherwise it is discarded and the resulting
pixel is set to zero. Valid original positions are:

(2,1)— (1,2), (2,2)—(1,3), (3,1)—(2,2), (3,2)—(2,3).

13
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In terms of indices (row-major):

(2,1) < T4, (1,2) < Yo,
(2,2) < Ts, (1,3) < Y3,
(3, 1) — Ty, (2, 2) <~ Us,
(37 2) < Ts, (27 3) < Ys
All other y; are zero. Hence
(0000000 0 0]
0001O0O0O0OTOP® O
000O01O0O0OO0OO O
000O0O0OO0OO®OOQO
Atrans 00000010 0], y=Aums?
0000O0OO0OOT1F®O0
000O0O0OO0OO®OO® O
000O0O0OO0OGO®OOQO
000 0O0O0O0O0 0]

(iv) Average of neighbors in row/column directions.

For each pixel at position (r,c), we take the average of its neighbors in the four direc-
tions: up, down, left, right (using only those that lie within the image). For example,
the top-left pixel (1,1) has neighbors (1,2) and (2, 1).

Writing the neighbor relationships in terms of the z;-indices, we obtain:

y1 = 522 + 24),

Yo = =(z1 + 23 + x5),

Y3 = = (72 + ),

Ys = 5 (21 + x5 + 27),

ys = —(z2 + x4 + x6 + T3),

1
Yo = §($3 + x5 + 29),

S R, WP R,W RN~

1
Yyr = §($4 + wg),
1
Ys = §(£135 + z7 + x9),

1
Yg = §($6 + xg).
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Thus the averaging matrix A,y is

020200000
030350000
0200042000
1 0004%04%00
Aavg:OiOiOiOiO,y:Aavgx.

00 Lo loool

3 3 3
00032 000TF30
00003503 0 g
00000404 0]

Method 2: Basis-Vector Construction (Conceptual)

Each of the above matrices can also be constructed systematically by specifying the image
of the standard basis vectors ey, ..., e9 under the transformation and stacking these images
as columns:

Ae; = output when the original image has a single 1 at pixel j and 0 elsewhere.

For geometric transformations (flip, rotation, translation), each e; maps to another basis
vector or to 0, producing permutation-type columns. For the averaging operator, each e;
spreads to its neighbors with equal weights, giving columns with a few non-zero entries whose
pattern mirrors the neighborhood structure. This procedure automatically yields the same
matrices Agip, Arot, Atrans, Aave as above.
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